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a b s t r a c t

Hydraulic fracturing and commingle production of multiple layers are extensively adopted in uncon-
ventional tight gas reservoirs. Accurate determination of parameters of individual layers in multilayered
tight gas reservoirs is essential for well performance evaluation and development strategy optimization.
However, most analytical models for fractured vertical wells in stratified gas reservoirs focus on fully
penetrated hydraulic fractures, neglecting the influence of partial penetration of hydraulic fractures. This
paper presents a semi-analytical model to investigate the transient pressure behavior of vertically
fractured wells in dual porosity multi-layered tight gas reservoirs. The partial penetration of hydraulic
fracture, the vertical heterogeneities of layer properties, the differences between hydraulic fracture
lengths in each layer and the stress sensitivity are all incorporated in the proposed model. The point-
source solution, Laplace transformation, Fourier transformation, Pedrosa's transformation, perturbation
technique, and the superposition principle are applied to obtain the analytical solution of transient
pressure responses. The proposed model is validated against a commercial software, and the transient
pressure behavior of vertically fractured wells in multi-layered tight gas reservoirs are analyzed. Based
on the characteristics of the type curves, seven flow regimes can be identified, including wellbore
storage, transitional flow period, reservoir linear flow period, vertical pseudo-radial flow in fracture
system, inter-porosity flow period, late-time pseudo-radial flow period, and the boundary-dominated
flow period. Sensitivity analyses reveal that the penetration ratio of hydraulic fracture has primary in-
fluence on early-time transient pressure behavior and production contribution, while the stress sensi-
tivity mainly affects the late-time transient pressure behavior. Gas production at the initial stage is
mainly contributed by the high-pressure/high-permeability layer, and gas backflow will occur during
initial production stage for obviously unequal initial formation pressures. Finally, two field cases are
conducted to illustrate the applicability of the proposed model. The model and corresponding conclu-
sions can provide technical support for performance analysis of tight gas reservoirs.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction (commingled production) has become one of the important tech-
Tight gas, as one of the major unconventional gas resources, has
become an important component of natural gas development in
China (Zou et al., 2012; Jia, 2017). Tight sandstone gas reservoirs are
usually characterized by strong heterogeneity, low porosity, and
low permeability. Due to the ultra-low permeability of the tight
formations, hydraulic fracturing is always applied to obtain com-
mercial production of gas wells. Moreover, considering the low
productivity of individual layer, co-production of multiple layers
uo), wanghaitao1999_@163.
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nologies to improve well performance in tight gas reservoirs (Chai
et al., 2022; Wang et al., 2023).

Compared with the tight reservoirs in North America, most of
the China's tight sandstone gas reservoirs are deposited in conti-
nental or transitional deposit facies (Jiang F.J. et al., 2023; Jiang L.
et al., 2023; Zhang et al., 2020). The frequent migration and
swing of rivers result in strong heterogeneity of reservoir proper-
ties, both vertically and laterally. The main tight gas reservoirs in
China, such as Ordos Bain (Meng et al., 2016; Wang et al., 2024),
Sichuan Basin (Guo et al., 2023), usually exhibit strong heteroge-
neity in reservoir properties. The physical properties of formations
as well as the initial pressures of different layers can be quite
different, which will lead to interlayer interference during the
commingled production. The interlayer interference during multi-
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layer coproduction mainly includes fluid flowing from high-
pressure layer into low-pressure layer though the wellbore, the
inhibition of effective gas production from some layer, and the
uneven recovery factor of different layers (Zhang et al., 2024; Liang
et al., 2023). To efficiently and effectively exploit tight gas reser-
voirs, it is essential to accurately characterize the effect of interlayer
heterogeneity on transient pressure behavior and production
dynamics.

Lots of efforts have been done to characterize the transient
pressure dynamics of multi-layer gas reservoirs. Early studies
mainly concentrate on vertical wells, and various researchers pro-
posed lots of analytical models to investigate the pressure transient
behavior of vertical wells in multi-layer reservoirs, considering
different initial conditions or boundary combinations. Lefkovits
et al. (1961) investigated the transient pressure behavior of a
completely penetrating vertical well in a bounded reservoir with
several stratified layers, in which different layers were connected
only at thewellbore. Gao et al. (1994) proposed amodel to calculate
the pressure drawdown response of a vertical well in a commingled
production reservoir. The differences of formation properties, un-
equal layer radii and outer boundary condition were incorporated
in Gao's model, while the unequal initial pressures of different
layers were not taken into account. Based on the above models, a
number of researchers have also proposed a variety of analytical
solutions in the literature to describe the flowing problems in
layered reservoirs with unequal initial pressures (Rahman and
Matter, 2007; Lu et al., 2019; Shi et al., 2020a). Moreover, consid-
ering the lateral reservoir heterogeneity caused by artificial or
natural processes, such as tectonic movements and reservoir
stimulation, many researchers adopted compositemodel to analyze
the pressure transient behavior of stratified reservoirs. Gomes and
Ambastha (1993) developed an analytical model for multi-layered
composite reservoirs, in which each layer was divided into two
different zones, while the outer boundary of each layer was
assumed to be the same. Shi et al. (2020b) adopted the composite
model to describe the permeability heterogeneity caused by acid
fracturing, and they proposed an analytical model to investigate the
transient pressure behavior of gas wells in carbonate reservoir with
multiple layers. However, the unequal layer radii were not taken
into account in their model, either.

Due to the fact that the permeability of tight formations is al-
ways very low, the stimulation treatments such as acid fracturing
and hydraulic fracturing are usually adopted to achieve commercial
production (Liu et al., 2022; Zhang et al., 2023). Extensive research
has been made to investigate the transient pressure dynamics of
fractured wells in multilayer reservoirs. Shi (2021) summarized the
seepage models published since 1960 for multilayered reservoirs.
Among the 89 models, only 8 models were proposed for fractured
wells considering commingled production of two or more layers.
Osman (1993) was among the first to propose a series of mathe-
matical models to analyze the transient behavior of fractured ver-
tical well in a bounded reservoir withmultiple layers. Based on this,
various attempts have been made to capture the transient flowing
behavior of fracturedwells with commingled production. Manrique
and Poe (2009) presented a procedure to optimize the productivity
of fractured wells in stacked pay reservoirs based on the analysis of
commingled production behavior of fractured wells in multilayer
reservoirs. Sun et al. (2017) presented an analytical solution for
fractured vertical wells in the three-layer reservoir, in which the
pseudo-steady state crossflow between adjacent layers was taken
into account, but only the mid-layer was hydraulically fractured in
their model. More recently, Li et al. (2022) proposed a tri-linear
flow model to investigate the behavior of fractured vertical wells
in stratified reservoirs. However, the trilinear flow assumption is
not valid in the radial flow regime. Wei et al. (2024) proposed a
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semi-analytical model to investigate the transient pressure
behavior of vertical wells with finite-conductivity hydraulic frac-
ture in stratified reservoirs. The hydraulic fractures were assumed
to fully penetrate the formation layer in their model, and the in-
fluences of fracture conductivity on transient pressure behavior
were discussed. In sum, compared with analytical models of ver-
tical wells in multi-layer reservoirs, the analytical or semi-
analytical models of vertically fractured wells in multi-layered
reservoirs are relatively limited.

Apart from the analytical and semi-analytical models, numerical
simulation models are also adopted to investigate the multilayer
co-production dynamics in gas reservoirs. Santiago et al. (2021)
established a radial model to simulate the contribution of indi-
vidual layer to the total production, in which the properties and
dimensions of each layer varied within a given range. Their reser-
voir simulation results indicated that strong contrast in individual
layer can lead to severe production inhibition of some layers
because of interlayer interference. Chai et al. (2022) adopted a
commercial numerical simulation software to simulate the pro-
duction dynamics of multilayer co-production in tight gas reser-
voirs, and random forest method was employed to quantitatively
figure out the primary influencing parameters of interference time
and recovery factor. The simulation results revealed that the
interlayer pressure difference has the most significant effect on the
interference time and the recovery factor of each layer, while it has
a relatively weak effect on the recovery factor of the gas reservoir
under the condition of single gas-phase flow.

In recent years, extensive efforts have also been made on
experimental characterization of interlayer interference during co-
production of multiple layers. Liu et al. (2020) and Tao et al. (2022)
conducted several experiments with core samples collected from
the Ordos Basin to evaluate the effects of pressure difference,
physical property and production rate on the commingle produc-
tion performance. A power-law relationship between the backflow
time and the flow rate was found based on the analysis of experi-
ment data. Wang et al. (2021) carried out a series of simultaneous
and progressive production experiments with full-diameter cores
to figure out the influence of interlayer interference. Experimental
results indicated that progressive production of multiple layers
could effectively avoid the occurrence of backflow, and thus the
recovery factor of all layers could be improved. But larger interlayer
pressure difference would lead to lower gas recovery in both
simultaneous and progressive production. By considering the
retention of the working fluid during drilling or fracturing, Ding
et al. (2019) experimentally investigated the commingled produc-
tion behavior of water-bearing cores. The experimental results
confirmed that both gas and water back-flow from high-pressure
layer to low-pressure layer occurred during commingled produc-
tion, leading to a decrease in gas permeability in the near-wellbore
area of the low-pressure layers.

Laboratory experiment and theoretical method (including
analytical models and numerical simulation methods) are generally
adopted to characterize the interlayer interference and pressure
dynamics during commingled production. Compared with the lab-
oratory experiments, the primary advantage of theoretical method
lies in its repeatability together with time saving. However, most of
the pressure transient analysis models proposed in literature for
multilayer reservoirs focused on vertical wells or fully penetrated
fractured vertical wells, and very little work has been reported for
fractured wells with limited fracture height. Actually, due to the
complex in-situ stress states, the existence of natural fractures, and
the changes in lithology, hydraulic fractures with limited fracture
height may be generated during hydraulic fracturing in tight gas
reservoirs (Scott et al., 2013). Yuan et al. (2013) investigated the
geometry of the hydraulic fractures created in the upper Triassic
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tight formation in the western Sichuan Basin in China. The petro-
physical and geomechanical profiles of the target perforated interval
indicate a fairly continuous and homogeneous sandstones by stable
Gamma response, stable Young's modulus and Poisson's ratio.
However, the vertical fracture height is limited to about 4.5 m based
on the radioactive tracer log after stimulation. With the integrated
analysis of data collected from various sources including cores,
borehole image logs and so on, they concluded that the vertical
hydraulic fracture with limited height mostly developed with the
presence of low-angle bed-parallel features. Fan et al. (2020) further
conducted a series of true tri-axial fracturing experiments to
investigate the influence of complex in-situ stress state and natural
fractures on hydraulic fracture geometry. Experimental results also
validate that when the ratio of the overburden stress to the mini-
mum horizontal stress is less than 1.2, and with the existence of
preexisting low angle natural fracture, the vertical fracture with a
limited height may form as a result. Another possible cause for
limited hydraulic fracture height is the prevention of potential water
invasion during production. For tight gas reservoirs with distributed
aquifer zones or complex gasewater relationship, for example, the
western and northern parts of Sulige Gas Field (Meng et al., 2016;
Cheng et al., 2023), an artificial barrier was placed to control the
vertical height of hydraulic fracture.

To understand the pressure transient behavior of vertical wells
with limited fracture height in multi-layer gas reservoirs, a semi-
analytical model is proposed in this work. The model takes into
account the differences of formation properties, unequal initial
pressures, different hydraulic fracture lengths and hydraulic frac-
ture penetration ratios in each layer, as well as stress sensitivity.
Point source function, Laplace transformation, Fourier trans-
formation are adopted to obtain the semi-analytical solution of the
presented model. The influences of prevailing factors, such as un-
equal initial formation pressure, unequal half-length of hydraulic
fracture, penetration ratio of the hydraulic fracture, on the transient
pressure behavior are discussed. Finally, two field cases are pre-
sented to verify the feasibility of the proposed model.
2. Physical model

Fig. 1 shows a schematic of a fractured vertical well in a multi-
layer tight gas reservoir. The gas reservoir contains M layers. A
vertical well penetrates multiple layers, and each layer is stimu-
lated by hydraulic fracturing. The height of the hydraulic fracture in
layer j is hwj, and the vertical midpoint of the hydraulic fracture in
layer j is represented by zmj. The commingled production of mul-
tiple layers is adopted, and the total production rate of the fractured
Fig. 1. Schematic of a fractured vertical well in a multilayer commingled
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well is constant.
Other corresponding assumptions are as follows.

(1) Each layer is represented by dual-porosity media to account
for the fracture network caused by hydraulic fracturing as
well as natural fractures. Assuming that an impermeable
barrier of a certain thickness exists between adjacent for-
mation layers, and there is no crossflow between adjacent
layers during production.

(2) The physical properties are assumed to be homogeneous in
each layer, while the physical properties are assumed to be
different for different layers. Considering that tight gas res-
ervoirs are generally characterized by tiny pores and com-
plex pore-throat structures, gas flowing in tight formation is
always subject to stress sensitivity, which may affect the
transient pressure behavior. Therefore, the stress sensitivity
of fracture system in each layer is taken into account.

(3) The initial reservoir pressures of each layer can be different.
The initial reservoir pressure of layer j is pij (j ¼ 1, 2, …, M).

(4) The multi-layer reservoir is stimulated by separate layer
fracturing. The properties of the hydraulic fracture in each
layer, such as the fracture penetration height, fracture half-
length, can be different. Moreover, the transverse fracture
in each layer may not be parallel, which means there may be
a certain angle between the hydraulic fractures in adjacent
layers. The hydraulic fracture in each layer is assumed to be
symmetrical with respect to the wellbore.

(5) The hydraulic fracture is assumed to have infinite conduc-
tivity. The flux within each hydraulic fracture varies with
location and production time. Gas flowing directly from the
matrix to the wellbore is negligible.

(6) Both the upper and lower boundaries of the reservoir are
impermeable. The outer boundary of each layer is also
assumed to be impermeable. The radius of the outer
boundary of each layer can be different, and the outer
boundary of layer j is rej (j ¼ 1, 2, …, M).

(7) The reservoir is assumed to have uniform temperature. Gas
flowing during the production is assumed to be isothermal
flow, and it is assumed to conform to Darcy's law.

(8) The fractured vertical well produces at a constant rate qsc,
while the production rate of each layer is variable.

(9) The gravity effect, capillary forces, and wellbore hydraulics
are ignored. The skin factor in each layer can be different.
dual porosity gas reservoir. (a) 3-dimensional view; (b) side view.
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3. Mathematical model and solution

3.1. Point-sink solution in layer j

Assuming that a continuous point-sink is located at point
(xwj, ywj, zwj) in layer j in a multi-layer gas reservoir, and the
production rate of the point sink under standard condition is bqjðtÞ.
By combining the continuity equation, motion equation, and
Table 1
Definitions of dimensionless parameters.

Dimensionless parameter

Dimensionless pseudo-pressure of the natural fracture system in layer j (based on the
jIj)

Dimensionless pseudo-pressure of the matrix system in layer j (based on the initial ps

Dimensionless wellbore pseudo-pressure in layer j (based on the initial pseudo-pressu

Dimensionless pseudo-pressure of the natural fracture system in layer j (based on the

Dimensionless pseudo-pressure of the matrix system in layer j (based on the referenc

Dimensionless wellbore pseudo-pressure in layer j (based on the reference pseudo-pr

Dimensionless initial pressure in layer j (based on the reference pseudo-pressure, jr)

Dimensionless permeability modulus

Dimensionless distance of x-, y- and z-coordinates in layer j
Dimensionless z-coordinate of the point-sink in layer j
Dimensionless z-coordinate of the vertical midpoint of the hydraulic fracture in layer
Dimensionless radial distance in layer j

Dimensionless radial infinitesimal variable in layer j
Dimensionless vertical infinitesimal variable in layer j
Dimensionless length of hydraulic fracture in layer j

Dimensionless formation thickness of layer j

Dimensionless perforated formation thickness of layer j

Dimensionless time

Dimensionless production rate of the point-sink in layer j

Formation coefficient ratio of layer j among multiple layers

Storativity ratio of natural fracture system of layer j

Storativity ratio of layer j among multiple layers

Inter-porosity flowing coefficient of layer j

Gas viscosity ratio

cj

24v2jsfDj

vr2Dj
þ 1
rDj

vjsfDj

vrDj
þ L2fDj

v2jsfDj

vz2Dj
�gDj

 
vjsfDj

vrDj

!2

�gDjL
2
fDj

 
vjsfDj

vzDj

!2

¼ L2fDjh
2
Dje

gDjjsfDj

�
uju

0
jmRj

vjsfDj

vtD
þcjlj

�
jsfDj �jsmDj

��
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equation of state, the governing equations and corresponding
initial and boundary conditions can be obtained, and the detailed
derivation can be found in Appendix A. With the definitions of
relevant dimensionless parameters shown in Table 1, we can obtain
the dimensionless governing equations for a point-sink in layer j
with consideration of stress sensitivity.

The dimensionless governing equation for natural fracture sys-
tem is
Definition

initial pseudo-pressure of layer j,
jsfDj ¼ pðkfhhÞtTsc

pscqscT
ðjIj � jf jÞ

eudo-pressure of layer j, jIj) jsmDj ¼ pðkfhhÞtTsc
pscqscT

ðjIj � jmjÞ
re of layer j, jIj) jswDj ¼ pðkfhhÞtTsc

pscqscT
ðjIj � jwjÞ

reference pseudo-pressure, jr) jfDj ¼
pðkfhhÞtTsc
pscqscT

ðjr �jf jÞ with jr ¼ maxðjIjÞ
e pseudo-pressure, jr) jmDj ¼ pðkfhhÞtTsc

pscqscT
ðjr � jmjÞ

essure, jr) jwDj ¼ pðkfhhÞtTsc
pscqscT

ðjr � jwjÞ

jIDj ¼ pðkfhhÞtTsc
pscqscT

ðjr � jIjÞ

gDj ¼ bj
pscqscT

pðkfhhÞtTsc
xDj ¼ xj=Lf j , yDj ¼ yj=Lf j , zDj ¼ zj=hj
zwDj ¼ zwj=hj

j zmDj ¼ zmj=hj

rDj ¼ rj
Lf j

, rj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj � xwjÞ2 þ ðyj � ywjÞ2

q
sDj ¼ sj=Lf j
εDj ¼ εj=Lf j

LfDj ¼ Lf j
hj

ffiffiffiffiffiffiffiffiffiffi
kfvj0
kfhj0

s

hDj ¼ hj
rw

ffiffiffiffiffiffiffiffiffiffi
kfhj0
kfvj0

s

hwDj ¼ hwj

rw

ffiffiffiffiffiffiffiffiffiffi
kfhj0
kfvj0

s

tD ¼ ðkfhhÞtt
½ðffhCf Þt þ ðfmhCmÞt�mI1rw2bqDj ¼ bqDjðtDÞ ¼ bqjðtÞ=qsc

cj ¼
kfhj0hj
ðkfhhÞt

with ðkfhhÞt ¼PM
j¼1kfhj0hj

uj ¼ ff jhjCf j
ff jhjCf j þ fmjhjCmj

u
0
j ¼

ff jhjCf jþfmjhjCmj�
ffhCf

�
t
þðfmhCmÞt

with ðffhCf Þt ¼PM
j¼1ff jhjCf j ,

ðfmhCmÞt ¼PM
j¼1fmjhjCmj

lj ¼ ajkmjrw2

kfhj0

mRj ¼ mIj
mI1

35
(1)
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The dimensionless governing equation for matrix system is

�
1�uj

�
u0
jmRj

vjsmDj

vtD
�cjlj

�
jsfDj �jsmDj

�
¼0 (2)

Corresponding initial conditions are as follows:

jsfDj
�
rDj; zDj; tD

�			
tD¼0

¼0 (3)

jsmDj
�
rDj; zDj; tD

�		
tD¼0 ¼0 (4)

The impermeable lateral, upper and lower boundary conditions
of layer j are given as

vjsfDj
�
rDj; zDj; tD

�
vrDj

					
rDj¼reDj

¼0 (5)

vjsfDj
�
rDj; zDj; tD

�
vzDj

					
zDj¼0

¼0 (6)

vjsfDj
�
rDj; zDj; tD

�
vzDj

					
zDj¼1

¼0 (7)

Given that the production rate of the continuous point-sink is bqjðtÞ,
the inner boundary condition can be expressed as

lim
εDj/0

ðzwDjþεDj=2

zwDj�εDj=2

24 lim
sDj/0

 
cjrDje

�gDjjsfDj
vjsfDj

vrDj

!
rDj¼sDj

35dzDj ¼
� bqDjðtDÞ (8)

Due to the strong nonlinearity caused by consideration of stress
sensitivity, it is difficult to obtain the analytical solution for the
above continuous point-sink model. The Pedrosa's transformation
is introduced to linearize the above model.

jsfDj
�
rDj; tD

�¼ � 1
gDj

ln
h
1�gDjxsfDj

�
rDj; tD

�i
(9)

in which xsfDj can be expanded as the following power series in the
parameter gDj:

xsfDj ¼ xsfDj0 þ gDjxsfDj1 þ g2DjxsfDj2 þ/ (10)

where xsfDj0, xsfDj1, and xsfDj2 are the zero-order, first-order, and
second-order approximations of xsfDj.

The corresponding terms 1
1�gDjxsfDj

and � 1
gDj

ln½1�gDjxsfDj� can be

also expanded with respect to gDj as follows:

1
1� gDjxsfDj

¼1þ gDjxsfDj þ g2Djx
2
sfDj þ/ (11)

� 1
gDj

ln
h
1�gDjxsfDj

i
¼ xsfDj þ

1
2
gDjx

2
sfDj þ/ (12)

Considering the small value of dimensionless permeability
modulus, gDj, a zero-order approximate solution can meet the
practical accuracy requirement (Zhang and Yang, 2021).

Therefore, the governing equations for natural fracture and
matrix systems, i.e., Eqs. (1) and (2), can be transformed into the
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following forms:

cj

(
v2xsfDj0

vr2Dj
þ 1
rDj

vxsfDj0
vrDj

þ L2fDj
v2xsfDj0

vz2Dj

)

¼ L2fDjh
2
Dj



uju

0
jmRj

vxsfDj0
vtD

þcjlj

�
xsfDj0 �jsmDj

�� (13)

�
1�uj

�
u0
jmRj

vjsmDj

vtD
�cjlj

�
xsfDj0 �jsmDj

�
¼0 (14)

The initial and boundary conditions become

xsfDj0
�
rDj; zDj; tD

�			
tD¼0

¼0 (15)

jsmDj
�
rDj; zDj; tD

�		
tD¼0 ¼0 (16)

vxsfDj0
�
rDj; zDj; tD

�
vrDj

					
rDj¼reDj

¼ 0 (17)

vxsfDj0
�
rDj; zDj; tD

�
vzDj

					
zDj¼0

¼ 0 (18)

vxsfDj0
�
rDj; zDj; tD

�
vzDj

					
zDj¼1

¼ 0 (19)

lim
εDj/0

ðzwDjþεDj=2

zwDj�εDj=2

24 lim
sDj/0

 
cjrDj

vxsfDj0
vrDj

!
rDj¼sDj

35dzDj ¼ � bqDjðtDÞ
(20)

Performing the Laplace transformation with respect to tD and
Fourier finite cosine integral transformation with respect to zD on
Eqs. (13)e(20), and followed by Ozkan and Raghavan (1991), we
can obtain the solution of point-sink in layer j in the Laplace-
Fourier domain as follows:

~
xsfDj0

�
rDj;n; s

�¼ bqDjðsÞ
cj

cos
�
npzwDj

�
�
"
K0
�
an;jrDj

�þK1
�
an;jreDj

�
I1
�
an;jreDj

� I0�an;jrDj�
#

(21)

where s is the Laplace transformation variable, dimensionless; *

represent the Laplace transformation of parameter *; *
�
represent the

Fourier finite cosine transformation of parameter *;

an;j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sf ðsÞ þ n2p2LfDj

2
q

ðn ¼ 0; 1; 2; /Þ, and the expression of

f ðsÞ is given as

f ðsÞ¼
u0
jmRjh

2
DjL

2
fDjcjlj þ suj

�
1� uj

�
u0

j
2mRj

2h2DjL
2
fDj

cj

h
s
�
1� uj

�
u0
jmRj þ cjlj

i (22)

Performing inverse Fourier finite cosine integral transformation
on Eq. (21), we can obtain the basic point-sink solution of layer j in
the multi-layer dual porosity reservoir in the Laplace domain as
follows:
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cj
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3.2. Line-sink solution in layer j

Based on the superposition principle, the line-sink solution of
layer j in the multi-layer reservoir incorporating stress sensitivity
effect can be obtained by integrating the basic point-sink solution
(Eq. (23)) along the perforation part, which is
xsfDj0 ¼
ðzmjþ

hwj
2

zmj�
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2

q
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qsccj
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dzwj (24)
where q
͝
jðsÞ is the Laplace transformation of q

͝
jðsÞ, and q

͝
jðsÞ is the

production rate of the line-sink in layer j, m3/s.
With some mathematical simplification, Eq. (24) can be written

as
xsfDj0 ¼ q
͝
jðsÞ

qsccj
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Eq. (25) is the basic zero-order line-sink solution of layer j in the
multi-layer dual porosity reservoir in the Laplace domain.
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3.3. Transient pressure solution of the multi-layer reservoir

Based on the superposition principle, the transient pressure
caused by the hydraulic fracture in layer j can be obtained by
integrating Eq. (25) along the hydraulic fracture with respect to xwj

from �Lfj to Lfj.
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where qf jðxwj; sÞ is the Laplace transformation of qf jðxwj; tÞ;
qf jðxwj; tÞ is the flux density of the hydraulic fracture in layer j, m3/

(m$s); rDj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxDj � xwDjÞ2 þ ðyDj � ywDjÞ2

q
.

Since the bottomhole pressure or the pressure along the hy-
draulic fracture is the parameter of interest in the pressure tran-
sient analysis of gas wells, thus we can set yDj ¼ ywDj. Then by
introducing the following dimensionless flux density

qfDjðsÞ¼
2qf jðsÞLf j

qsc
(27)

andwith the assumption of infinite-conductivity hydraulic fracture,
Eq. (26) can be written as
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dxwDj (28)
Since in the same layer, the hydraulic fracture is symmetrical
with respect to the wellbore, the flux density of the hydraulic
fracture is also symmetrical with respect to the wellbore. Eq. (28)
thus can be further written as
xsfDj0 ¼ 1
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Eq. (29) represents the zero-order approximation of the
dimensionless pseudo-pressure response caused by the hydraulic
fracture in layer j. It is noted that qfDjðxwDj; sÞ is a function of xwDj in
the Laplace domain, which cannot be analytically solved.

Following Gringarten et al. (1974) andWang (2014), the method
of discretization of hydraulic fractures is adopted to obtain the
semi-analytical solution of Eq. (29). As illustrated in Fig. 2, the hy-
draulic fracture in each layer is discretized intoN discrete segments.
The dimensionless length of each segment is DxD ¼ 1=N. When the
number of the discrete segments is large enough, it is reasonable to
assume that the flux of each fracture segment is uniform.

With the discretization of the hydraulic fracture in layer j, Eq.
(29) can then be written as
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where qfDi;jðsÞ is the Laplace transformation of qfDi;jðtÞ; and qfDi;jðtÞ
is the dimensionless flux of fracture segment i in layer j.

Since the conductivity of the hydraulic fracture is assumed to be
infinitely large, the dimensionless wellbore pseudo-pressure is
equal to the dimensionless pressure along the hydraulic fracture,
which gives

xsfDj0

�bxDk;j;0; zmDj

�
¼ xswDj0; k ¼ 1; 2; 3; /; N (31)

where xswDj0 is the Laplace transformation of xswDj0; xswDj0 is the
zero-order approximation of the dimensionless wellbore pseudo-
pressure defined based on the initial pseudo-pressure of layer j;bxDk;j is the dimensionless x-coordinate of fracture segment k in
layer j.

Combination of Eqs. (30) and (31) yields
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Fig. 2. Schematic of discretization of the hydraulic fracture in layer j.
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The subscript k in Eq. (32) represents the kth (k ¼ 1, 2, 3, …, N)
discrete segment in the hydraulic fracture, while the subscript j
represents layer j (j ¼ 1, 2, 3, …, M). By writing Eq. (32) for all
fracture segments, we can obtain M � N equations. However, the

number of unknowns, which are qfDi;jðsÞ and xswDj0 (i¼ 1, 2, 3,…, N;
j ¼ 1, 2, 3,…,M), isM� NþM. Additional equations are required to
successfully solve the problem.

It should be addressed that xswDj0 in Eq. (32) is the zero-order
approximation of jswDj, and jswDj is defined based on the initial
reservoir pressure of layer j. As the initial pressures of different
layers can be different, the expressions of jswDj for different layers
are actually different. To ensure that each individual layer has the
same expression of dimensionless pressure, jwDj, which is defined
based on the unified initial reservoir pressure, is introduced.

According to the definitions of jswDj and jwDj shown in Table 1,
the following equation can be obtained
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(32)
jwDj ¼jIDj þ jswDj (33)

where jIDj is the dimensionless initial pseudo-pressure of layer j,
and its expression is given in Table 1.

Taking into account the effect of skin factor in layer j, Eq. (33) can
be further written as

jwDj ¼jIDj þ jswDj þ Sj (34)
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Since the wellbore hydraulic is ignored, the wellbore pseudo-
pressures in different layers are identical, which yields

jwD1 ¼jwD2 ¼ jwD3 ¼ … ¼ jwDM (35)

Combination of Eqs. (34) and (35) yields

jID1 þjswD1 þ S1 ¼ jID2 þ jswD2 þ S2 ¼ jID3 þ jswD3 þ S3 ¼ …

¼ jIDM þ jswDM þ SM
(36)

Performing the Laplace transformation on Eq. (36), we can have

jID1 þ S1
s

þjswD1 ¼ jID2 þ S2
s

þ jswD2 ¼ jID3 þ S3
s

þ jswD3 ¼ …

¼ jIDM þ SM
s

þ jswDM

(37a)

Thus the zero-order approximation of Eq. (37a) can bewritten as

jID1 þ S1
s

þ xswD1;0 ¼ jID2 þ S2
s

þ xswD2;0 ¼ jID3 þ S3
s

þ xswD3;0

¼ … ¼ jIDM þ SM
s

þ xswDM;0

(37b)

In addition, the constant production rate constraint of the gas
well should be always satisfied

1¼
XM
j¼1

XN
i¼1

qfDi;jDLfDj (38)

where qfDi;j is the dimensionless flux density of the ith fracture
segment in layer j, i.e., the discrete segment (i, j), which is defined
by Eq. (39); DLfDj is the dimensionless length of the discrete
segment (i, j), which is defined by Eq. (40).

qfDi;j ¼
2qf i;jLf j
qsc

(39)

DLfDj ¼
DLf j
Lf j

(40)

Performing Laplace transformation on Eq. (38), we can obtain

XM
j¼1

XN
i¼1

qfDi;jDLfDj ¼
1
s

(41)

where qfDi;j is the Laplace transformation of qfDi;j.
Eq. (37b) actually represents M � 1 equations, thus Eqs. (32),

(37b) and (41) correspond to M � N þM equations. The total

number of the unknowns is also M� Nþ M, thus qfDi;jðsÞ and xwDj0

(i ¼ 1, 2, 3, …, N; j ¼ 1, 2, 3, …, M) can be solved by Gaussian
elimination method.

Since the wellbore pressure in different layers are the same,

xwDj0 (j ¼ 1, 2, 3, …, M) is abbreviated as xwDO0. According to van
Everdingen and Hurst (1949), the effect of wellbore storage effect
can be taken into account with the following equation
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xwD0 ¼
sxwDO0

sþ CDs3xwDO0
(42)

where xwD0 is the Laplace transformation of xwD0, and xwD0 is the
zero-order analytical approximation of the dimensionless wellbore
pseudo-pressure taking into account the effects of wellbore storage

and skin factor; xwDO0 is the Laplace transformation of xwDO0, and
xwDO0 is the zero-order analytical approximation of the dimen-
sionless wellbore pseudo-pressure without wellbore storage and
skin effect; CD is the dimensionless wellbore storage coefficient.

With Stehfest numerical inversion method (Stehfest, 1970), the
above analytical solution in the Laplace domain can be transformed
into the real-time domain, and we can obtain the zero-order
approximation of the wellbore pseudo-pressure as well as the
production rate of different layers. Then with Eq. (9), the true
wellbore pseudo-pressure can thus be obtained.
3.4. Conditions of applicability of the model

The proposed model, incorporating unequal initial formation
pressure, limited fracture height and dual porosity medium, is
proposed to interpret transient pressure behavior of vertically
fractured well in multi-layered tight gas reservoirs. Although the
model is proposed for naturally fractured reservoirs (i.e., dual-
porosity medium), it can be applied to interpret transient pres-
sure behavior of layered reservoir in which some layers of the
reservoir can be homogeneous (by setting uj ¼ 1 and lj ¼ 0 in the
presentedmodel). Under this condition, the expression of f ðsÞ in Eq.
(22) reduces to the following expression:

f ðsÞ¼
u0
jmRjh

2
DjL

2
fDj

cj
(43)

Moreover, themodel can also be applied to analyze the transient
pressure responses of hydraulic fracture which fully penetrates the
formation, by setting hwj=hj ¼ 1 in the presented model. For hy-
draulic fractures fully penetrate the layer thickness, the basic zero-
order line-sink solution in layer j, Eq. (25), reduces to:

xsfDj0 ¼
q
͝
jðsÞ

qsccj

"
K0
�
a0;jrDj

�þK1
�
a0;jreDj

�
I1
�
a0;jreDj

� I0�a0;jrDj�
#

(44)

Moreover, the presented model and corresponding solution are
derived for vertically fractured wells with a constant production
rate. However, in practice the gas well may produce at variable
production rates. With the superposition principle, the model can
also be applied to analyze the transient pressure behavior of frac-
tured wells with non-steady state production history, i.e., multi-
rate production history. Assuming that the well produces at a
sequence of rate qsc1, qsc2, …, qscn, with respective starting times t1,
t2, …, tn. Using the principle of superposition, we can calculate the
transient pressure response of the fractured well by superposing
the drawdown responses of constant-rate production, which can be
expressed as follows:

Dj¼
Xn
k¼1

h
qsck � qscðk�1Þ

i
Djunitðt� tkÞ (45)

In addition, based on the superposition principle, the presented
model can also be applied to interpret pressure responses collected
during pressure build up process.
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3.5. Possible extension of the model to gasewater two-phase flow

The object of this work is to present an analytical model to
better understand the single-phase transient pressure behavior of a
fractured well in multi-layer reservoirs. When the water saturation
of the reservoir is below the irreducible water saturation, only
single phase gas flows after well opening, which is valid at the early
production stage of tight gas wells. However, in some cases, gas and
water two-phase flow may occur due to the flowback after hy-
draulic fracturing. With the concept of pseudo-pressure of two-
phase flow, the presented model can also be extended to investi-
gate the transient pressure behavior of fractured wells in multi-
layer gas reservoirs with gasewater two-phase flow.

The derivation of the two-phase flow model and corresponding
solution strategy are briefly described here, providing an optional
analytical approach to simulate wellbore pressure responses of
tight gas reservoirs considering gasewater two-phase flow. More
efforts will also be made in our future work.

Assuming that a continuous point-sink is located at point (xwj,
ywj, zwj) in layer j in a multi-layer gas reservoir, and single porosity
medium is considered for simplicity. The gas production rate and
water production rate of the point sink under standard condition
are bqgscj and bqwscj. According to the derivation presented in
Appendix B, we can obtain the following dimensionless model of
the point-sink in layer j with gasewater two-phase flow.
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The definitions of relevant dimensionless parameters are as
follows:
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mRj ¼
rg1krg1
mg1

þ rw1krw1
mw1
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mwj

(52c)

bqDjðtDÞ ¼ rgscbqgscj þ rwscbqwscj
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(52d)

u
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fjhjCj�
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�
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(52e)

The definitions of other dimensionless parameters are the same
as those presented in Table 1.

The model expressed by Eqs. (1)e(8) is referred to as single-
phase model, and the model expressed by Eqs. (46)e(51) is
referred to as two-phase model. Comparing these two models, we
can find that they share similar expressions. By setting uj ¼ 1 and
lj ¼ 0, the dimensionless form of single-phase model is exactly the
same as the two-phase model, indicating that the solution strategy
presented in Sections 3.1 to 3.3 can be directly adopted to obtain
analytical solutions of the gasewater two-phase flow model.
Similarly, the influence of stress sensitivity can also be incorporated
by applying the Pedrosa's transformation and the perturbation
method.
4. Model validation

To the best of our knowledge, semi-analytical solutions for
fractured vertical wells incorporating different fracture penetration
ratio, dual porosity and unequal initial reservoir pressures in multi-
layer reservoirs have not been reported in the literature. Therefore,
two simplified cases are used to verify the reliability of the pro-
posed model in this work. The calculated results of the proposed
model were compared with those obtained by Saphir, a commercial
software designed for transient pressure data analysis and inter-
pretation. The commercial software offers limited height fracture
option for multi-layer reservoirs. However, it can only handle single
porosity reservoirs with infinitely large outer boundary condition.

To compare the results calculatedwith the proposedmodel with
the results obtained from the commercial software, the proposed
model is simplified into single porosity medium by setting uj ¼ 1,

and the item K1ðan;jreDjÞ
I1ðan;jreDjÞ I0ðan;jrDjÞ in Eq. (21) is set as zero tomodel the

infinitely large outer boundary case.
Two sets relevant parameters of well, fluid, hydraulic fracture,

and reservoir are given in Table 2. Fig. 3 shows the comparisons of
the transient pressure responses calculated by the proposed model
in this paper with results calculated by the commercial software. It
can be seen that for the two cases, the calculated results obtained
by the proposed model match excellently with the results given by
the commercial software, which verifies the accuracy and reliability
of the proposed mathematical model and corresponding solutions.
5. Results and discussion

Based on the above presented model, a synthetic case under the
condition of constant gas production rate is calculated to identify
the characteristic flowing regimes and to discuss the influences of
relevant factors on transient pressure dynamics. The basic param-
eters of well, fluid, hydraulic fractures, and reservoir for the syn-
thetic case are presented in Table 3, other parameters are same as
those presented in Table 2.



Table 2
Detailed input parameters used in the model validation cases.

Parameter Value

Case 1 Case 2

First layer Second layer Third layer First layer Second layer Third layer

Half-length of hydraulic fracture, m 50 70 60 65 85 70
Formation thickness, m 18 10 14 8 13 11
Formation horizontal permeability, mD 0.6 0.4 0.2 0.5 0.7 0.3
Permeability ratio kvj/khj 0.76 0.78 0.77 0.74 0.76 0.72
Formation porosity, % 7 9 8 8.3 9.2 7.8
The ratio of the hydraulic fracture height to the formation thickness 0.65 0.63 0.64 0.66 0.64 0.68
Initial formation pressure, MPa 22.6 22.6 22.6 31.7 31.7 31.7
Initial formation temperature, �C 49 49 49 56 56 56
Total compressibility, MPa�1 0.037 0.037 0.037 0.021 0.021 0.021
Initial gas viscosity, mPa$s 0.021 0.021 0.021 0.025 0.025 0.025
Wellbore radius, m 0.1 0.1
Production rate of gas well, m3/d 80000 60000
Wellbore storage coefficient, m3/MPa 0.117 0.152
Skin factor 0.1 0.13

Fig. 3. Comparisons of transient pressure responses calculated by the proposed model in this paper with results obtained by a commercial software. (a) Case 1; (b) case 2.

Table 3
The physical properties of well, fluid, hydraulic fractures, and reservoir in the synthetic case.

Parameter Value

First layer Second layer Third layer

The ratio of the hydraulic fracture height to the formation thickness 0.65 for dual-porosity case;
0.52 for single-porosity case

0.63 for dual-porosity case;
0.53 for single-porosity case

0.64 for dual-porosity case;
0.51 for single-porosity case

Inter-porosity flowing coefficient 1.4 � 10�6 1.2 � 10�6 1.1 � 10�6

Storativity ratio of each layer 0.11 0.12 0.13
Formation radius, m 760 780 740
Initial formation pressure, MPa 22.4 22.6 22.8
Total compressibility, MPa�1 0.037 0.037 0.037
Initial gas viscosity, mPa$s 0.021 0.021 0.021
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5.1. Flowing regimes

Fig. 4 presents the dimensionless type curves of a fractured
vertical well in a dual-porosity reservoir with multi-layers. The
initial reservoir pressures, half-length of the hydraulic fracture, and
the radius of the outer boundary are unequal for different layers.
The upper red line and the lower blue line represent the wellbore
pseudo-pressure and pressure derivative, respectively. According to
Fig. 4, the transient pressure behavior can be divided into 7 char-
acteristic flowing regimes.

(1) Wellbore storage period. During the starting-up process of
the well, the initial surface production rate of the well is
3367
nearly totally contributed by the compressibility of the fluid
stored in the wellbore, resulting in a difference between the
sandface flow rate and the wellhead flow rate. During this
flowing period, both the pressure and the pressure derivative
curves exist a unit-slope straight line. The duration of this
flowing period is mainly controlled by the value of the
wellbore storage coefficient.

(2) The transitional flowing period. During this period, the
sandface flow rate gradually increases until it becomes equal
to thewellhead flow rate. The flowing period is characterized
by a “hump” in the pressure derivative curve, and the dura-
tion of this flowing period is up to the combination of the
wellbore storage coefficient and the skin factor.



Fig. 4. Transient pressure behavior of a fractured vertical well in a dual-porosity three-
layer reservoir.
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(3) Reservoir linear flow period. Linear gas flowing perpendic-
ular to the hydraulic fracture over a limited vertical interval
(the fracture height) occurs in each layer of the reservoir
(Fig. 5(a)), and a straight line with a slope of “1/2” appears in
the pressure derivative curve. The duration of the linear flow
period depends on the parameters of the hydraulic fracture
and layer properties.

(4) The vertical pseudo-radial flow in the natural fracture sys-
tem. As the well continues to produce, the pressure wave
propagates further into the formation. When the hydraulic
fracture doesn't fully penetrate the whole formation layer,
approximate radial flow (i.e., pseudo-radial flow) can be
observed around the hydraulic fractures (Fig. 5(b)). A hori-
zontal line can be observed in the pressure derivative curve
at this stage. The duration of this flow regime depends on the
ratio of the fracture height to the formation thickness. As the
height of the hydraulic fracture gradually approaches the
formation thickness, this flowing period may not be
observed in the type curves.

(5) Inter-porosity flow between natural fracture and matrix
system. The pressure of natural fracture system decreases
due to the production of natural gas, resulting in pressure
difference between natural fracture and matrix system.
Therefore, natural gas stored in the matrix system flows into
the natural fracture system driven by the pressure difference,
providing energy for the natural fracture system. As a result,
the pressure depletion rate of natural fracture system and the
bottomhole pressure becomes smaller, which is reflected by
a characteristic “dip” in the pressure derivative curve. The
appearance time and the shape of the “dip” are mainly
affected by the storativity ratio and the inter-porosity coef-
ficient of the dual porosity reservoir.

(6) The late-time pseudo-radial flow in the natural fracture and
matrix systems. With the continuous gas flowing from ma-
trix to natural fractures, the pressure difference between the
natural fracture and matrix system decreases until it reaches
zero. Then the pseudo-radial flow of the total system ap-
pears, and gas flows radially toward the hydraulic fracture in
each individual layer (Fig. 5(c)). This flowing period is char-
acterized by a flat line in the pressure derivative curve, and
the value of the pressure derivative curve during this flowing
period is “0.5”.

(7) Boundary-dominated flowing period. As the production time
elapses, the pressure wave eventually reaches the imper-
meable boundary of the reservoir, and the well enters the
boundary-dominated flowing period. During this period,
both the dimensionless pressure curve and the pressure
derivative curve exhibit as a unit-slope straight line. The
occurrence time of the late-time boundary-dominated
3368
flowing period mainly depends on the value of radius of the
reservoir boundary.

It should be mentioned that due to the influence of inter-
porosity flowing, the characteristics of some flowing periods may
be covered and cannot be observed in the dimensionless type
curves. Fig. 6 shows the dimensionless type curves of a fractured
vertical well in a single-porosity reservoir with multi-layers. The
corresponding transient pressure behavior can also be divided into
7 characteristic flowing regimes, in which the characteristics of the
flowing periods (1) to (3) and periods (5) to (7) are similar to Fig. 4.
In Fig. 6, after the reservoir linear flow period (i.e., period 3),
another straight line with a slope of “1/2” can be observed in the
pressure derivative curve, which is a reflection of the second-linear
flow period. During this period, linear gas flowing occurs over the
whole formation thickness in each layer of the reservoir (Fig. 5(d)).

5.2. Sensitivity analysis

Fig. 7 shows the influence of unequal initial formation pressures
on the dimensionless transient pressure behavior of a fractured
vertical well in a dual-porosity reservoir with multi-layers. In Fig. 7,
the upper solid lines and lower lines with dots represent the
dimensionless pressure and pressure derivative curves, respec-
tively. In the synthetic case, the initial pressure of layer 3 is the
highest and is kept unchanged during the calculation. It can be
observed that unequal initial formation pressure mainly affects the
early-time transient pressure behavior of the fractured vertical well
in the dual-porosity three-layer reservoir. The pressure derivative
curve during the transitional flowing period is higher when the
dimensionless initial pressures increase. This is because jIDj is
defined based on the maximum initial pressure of the multi-layer
reservoir (as shown in Table 1), jIDj ¼ 0 denotes that all three
layers in the reservoir have the same initial pressures, and a posi-
tive value of jIDj denotes larger initial pressure difference between
different layers. With the same total production rate and the same
initial pressure of layer 3, as the dimensionless initial pressures of
layer 1 and layer 2 increase, the pressure drops caused by the
production in the layers with lower initial pressures (layer 1 and
layer 2 in the case) are larger, which is reflected by higher location
of the pressure derivative curve.

The proposed model can consider the case of limited fracture
height in dual-porosity multi-layer gas reservoirs. Fig. 8 shows the
effect of the hydraulic fracture height on the transient pressure
behavior of a fractured vertical well in a dual-porosity three-layer
reservoir. It is found that the limited fracture height mainly has
effect on the transient pressure behavior during the reservoir linear
flow period. As the ratio of the hydraulic fracture height to the layer
thickness increases, the contact area between the infinite-
conductivity hydraulic fracture and the reservoir increases, lead-
ing to lower pressure drop during production.

Fig. 9 shows the influence of the hydraulic fracture half-length
on the transient pressure behavior of a fractured vertical well in a
dual-porosity three-layer reservoir. As shown in Fig. 9, the variation
of fracture length has obvious influence on the transient pressure
behavior during the transitional flowing period, the reservoir linear
flow period, and the vertical pseudo-radial flowing period. With
the increase in fracture half-length, the pressure curve and pressure
derivative curve during the above periods drop down, indicating
smaller pressure drop. When the value of the fracture half-length
increases to a certain value, the vertical pseudo-radial flowing
period may not be observed in the transient pressure and pressure
derivative curves.

Figs. 10 and 11 show the influence of the parameters related to
dual-porosity medium. It is found that the variations of the



Fig. 5. Schematic of the characteristic flowing periods. (a) The reservoir linear flow; (b) the first vertical pseudo-radial flow; (c) the late-time pseudo-radial flow; (d) the second
linear flow.

Fig. 6. Transient pressure behavior of a fractured vertical well in a single-porosity
three-layer reservoir.

Fig. 7. Transient pressure behavior of a fractured vertical well in a dual-porosity three-
layer reservoir with unequal initial pressures.

Fig. 8. Effect of limited fracture height on the transient pressure behavior of a frac-
tured vertical well in a dual-porosity three-layer reservoir.

J.-J. Guo, C.-Z. Jiang, H.-T. Wang et al. Petroleum Science 22 (2025) 3357e3379

3369
storativity ratio and inter-porosity coefficient have primary effect
on the transient pressure behavior during inter-porosity flow
period. With the decrease in the storativity ratio, the “dip” in the
pressure derivative curve becomes more obvious. For larger inter-
porosity coefficient, the inter-porosity flowing between natural
fracture system and matrix occurs earlier, and the appearance time
of the “dip” in the pressure derivative curve is also earlier. In
addition, the variation of the storativity ratio also affects the
pressure behavior during the reservoir linear flow and the vertical
pseudo-radial flow periods. It can be seen from Fig. 10 that smaller
value of the storativity ratio leads to higher position of the pressure
and pressure derivative curves during reservoir linear flow period.



Fig. 9. Effect of fracture half-length on the transient pressure behavior of a fractured
vertical well in a dual-porosity three-layer reservoir.

Fig. 10. Effect of storativity ratio on the transient pressure behavior of a fractured
vertical well in a dual-porosity three-layer reservoir.

Fig. 11. Effect of inter-porosity flowing coefficient on the transient pressure behavior of
a fractured vertical well in a dual-porosity three-layer reservoir.

Fig. 12. Effect of formation permeability on the transient pressure behavior of a frac-
tured vertical well in a dual-porosity three-layer reservoir.

Fig. 13. Effect of formation coefficient ratio on the transient pressure behavior of a
fractured vertical well in a dual-porosity three-layer reservoir.
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Fig.12 shows the comparison of transient pressure responses for
different values of formation permeability of layer 1. All other pa-
rameters, including the parameters of hydraulic fracture, parame-
ters of dual-porosity medium, stay the same. Since the
dimensionless pseudo-pressure and dimensionless time are
defined based on the summation of the permeability-thickness
product of multiple layers (ðkfhhÞt), while the variation of perme-
ability of layer 1 will inevitably affect the specific values of
dimensionless pseudo-pressure and dimensionless time. In order
to compare the pseudo-pressure responses for different values of
formation permeability, all the dimensionless pseudo-pressures
and dimensionless time are evaluated based on the base case
presented in Table 2 (i.e., K1 ¼ 0.6 mD). As the formation perme-
ability increases, the pressure wave spreads faster in the reservoir.
The larger the formation permeability is, the earlier the flow re-
gimes III to VII appear. On the other hand, with the same constant
production rate, the larger the permeability is, the smaller the
pressure drop, corresponding to lower position of dimensionless
pressure and pressure derivative curves.

Fig. 13 compares the transient pressure responses for two cases
with different values of formation coefficient ratio, cj. In the first
case the formation coefficient ratios of all three layers are
approximately the same (c1 ¼ 0.34, c2 ¼ 0.33, c3 ¼ 0.33), which is
referred to as the uniform formation coefficient ratio case. While in
the second case, the formation coefficient ratios of the three layers
are quite different (c1 ¼0.80, c2 ¼ 0.10, c3 ¼ 0.10), which is referred
to as the non-uniform formation coefficient ratio case. It should be
mentioned that the summation of the permeability-thickness

product of multiple layers (
�
kfhh

�
t
) is kept constant in the two

cases. We can observe that the formation coefficient ratio, cj, affects
almost all the flow regimes except for the wellbore storage period.
Fig. 14. Effect of wellbore storage on the transient pressure behavior of a fractured
vertical well in a dual-porosity three-layer reservoir.



J.-J. Guo, C.-Z. Jiang, H.-T. Wang et al. Petroleum Science 22 (2025) 3357e3379
The larger the difference between the cj of different layers, the
higher the dimensionless pressure and pressure derivative curves.
Compared with the uniform formation coefficient ratio case, the
inter-porosity flow and boundary-dominated flow periods appear
earlier for the non-uniform case. This is because in the non-uniform
case, the formation coefficient ratio of layer 1 is obviously larger
than other layers, indicating obviously larger permeability of layer
1. The propagation of pressure wave in the layer 1 is faster than that
in the uniform formation coefficient ratio case, resulting in earlier
reflection of inter-porosity flow and boundary-dominate flow pe-
riods in the dimensionless pressure derivative curves.
Fig. 15. Effect of skin factor on the transient pressure behavior of a fractured vertical
well in a dual-porosity three-layer reservoir.

Fig. 16. Effect of stress sensitivity on the transient pressure behavior of a fractured
vertical well in a dual-porosity three-layer reservoir.

Table 4
The physical properties of well, fluid, hydraulic fractures, and reservoir in the synthetic

Parameter

Half-length of hydraulic fracture, m
Formation thickness, m
Formation horizontal permeability, mD
Permeability ratio kfvj/kfhj
Total formation porosity, %
Formation radius, m
The ratio of the hydraulic fracture height to the formation thickness
Inter-porosity flowing coefficient
Storativity ratio
Initial formation pressure, MPa
Initial formation temperature, �C
Total compressibility, MPa�1

Initial gas viscosity, mPa$s
Wellbore radius, m
Production rate of gas well, m3/d
Wellbore storage coefficient, m3/MPa
Skin factor
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Figs. 14 and 15 show the dimensionless pressure and pressure
derivative curves with different wellbore storage and skin factors,
separately. Results show that the wellbore storage has significant
influence on early-time flow regimes including wellbore storage
period, transitional flowing period, and reservoir linear flow period.
When the value of wellbore storage coefficient increases to a
certain extent, early time transient pressure responses may be
masked by wellbore storage. On the other hand, the value of skin
factor mainly affects the amplitude of the hump in the pressure
derivative curve during the transitional flowing period, and a larger
skin factor will always correspond to a larger hump.

Fig. 16 shows the influence of stress sensitivity modulus on
transient pressure responses of a fractured vertical well in a dual-
porosity three-layered gas reservoir. As can be seen, the stress
sensitivity mainly affects the intermediate to late time transient
pressure responses. During early production stage, no significant
difference can be observed in the transient pressure compared with
no stress sensitivity case. This is because the pressure drop at early
production stage is relatively small, the change in the pore-throat
structure and reduction of permeability is not obvious. As pro-
duction continues, the pressure drop in the gas reservoir increases,
and the decrease in permeability caused by stress sensitivity be-
comes more obvious. Gas flowing in the formation needs to over-
come larger flowing resistance, leading to an upward tendency of
dimensionless pseudo-pressure and derivative curves. With the
increase in the stress sensitivity modulus, the upward of dimen-
sionless pseudo-pressure and derivative curves becomes more
obvious.

In the proposed model, the production rate of the commingled
production gas well is set as constant; however, the gas volume
produced from different layers is different, and it varies with pro-
duction time. In order to analyze the characteristics of production
contribution by different layers, another synthetic case is designed
to obtain the production performance of each layer under the
condition of constant total production rate. The basic parameters of
well, fluid, hydraulic fractures, and reservoir adopted in the basic
synthetic case are presented in Table 4.

Fig. 17 presents the production rate contribution of individual
layer in a three-layer gas reservoir. The total production rate of the
fractured well is set as constant. Except for formation permeability,
other parameters of different layers are all the same. It can be
observed that the gas output of thewell at the initial stage is mainly
contributed by the high-permeability layer, i.e., layer 1 in Fig. 17.
With the increasing production time, the production contribution
case for production contribution analysis.

Value

First layer Second layer Third layer

50 50 50
14 14 14
0.4 0.4 0.4
0.75 0.75 0.75
11 11 11
760 760 760
0.65 0.65 0.65
1.0 � 10�6 1.0 � 10�6 1.0 � 10�6

0.13 0.13 0.13
22.8 22.8 22.8
49 49 49
0.037 0.037 0.037
0.021 0.021 0.021
0.1
80000
0.117
0.1



Fig. 17. Effect of permeability difference on the production rate contribution of a
fractured vertical well in a dual-porosity three-layer reservoir.

Fig. 18. Effect of formation coefficient ratio on the production rate contribution of a
fractured vertical well in a dual-porosity three-layer reservoir.

Fig. 19. Effect of fracture half-length on the production rate contribution of a fractured
vertical well in a dual-porosity three-layer reservoir.

Fig. 20. Effect of unequal initial pressures on the production rate contribution of a
fractured vertical well in a dual-porosity three-layer reservoir.
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of the high-permeability layer gradually decreases, while the pro-
duction contributions of the medium- and low-permeability layers
gradually increase. This is because the cumulative gas volume
produced from the high-permeability layer is larger compared with
the other two layers, thus the pressure depletion in the high-
permeability layer (layer 1) is also more obvious. While the for-
mation pressure of the other low-permeability layers is relatively
higher, the gas production from the low-permeability layers grad-
ually increases at intermediate and late stages, and the difference
between production contributions of high-permeability and low-
permeability layers gradually diminishes.

Fig. 18 shows the comparison of production rate contributions of
individual layer in a three-layer gas reservoir with different for-
mation coefficient ratios. In the two cases presented in Fig. 18, the
formation coefficient ratio of layer 1 (i.e., c1) is the largest, while the
formation coefficient ratio of layer 3 (i.e., c3) is the smallest among
the three layers. Similar to Fig. 17, gas production of different layers
varies at different production stages. At the initial stage, the gas
production mainly results from the high-permeability layer (layer
1). As the well continues to produce, the contribution of layers with
relatively smaller permeabilities (layer 2 and layer 3) gradually
increases at the intermediate and late stages as the energy of high-
permeability layer has been consumed significantly. Comparing the
production rate contributions of the two cases in Fig. 18, the larger
the difference between layer properties, the more obvious the
difference between production contributions from different layers.
The difference between c1 and c3 in case 2 is larger, causing the
production contribution of layer 1 at the early stage in case 2 is also
obviously larger than that in case 1.

Fig. 19 shows the production contributions of individual layer
for a commingle production well in a dual-porosity three-layer
reservoir, in which the length of the hydraulic fracture in each layer
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is different. It can be seen that the fracture half-length has primary
influence on production contribution at initial stage, while it has
little effect on the production contribution during intermediate and
late stages. During the initial production period, the layer with
larger fracture length produces more gas. As the pressure wave
gradually propagates in the formation, the influence of fracture
half-length gradually decreases, and the production contribution
difference also gradually decreases with increasing production
time.

Fig. 20 shows the production contribution of each layer in a
dual-porosity three-layer reservoir under the condition of constant
total production rate. In order to observe the production contri-
bution of different layers at the initial period more clearly, the x-
axis in Fig. 20 is shown in the logarithmic coordinate. Two cases are
presented in Fig. 20, and the solid lines correspond to the pro-
duction rates of multiple layers in case 1, in which the initial
pressures of the three layers are jID1 ¼ 1, jID2 ¼ 0.5, and jID3 ¼ 0.
The dashed lines correspond to the production rates of multiple
layers in case 2, in which the initial pressures of the three layers are
jID1 ¼ 0.7, jID2 ¼ 0.3, and jID3 ¼ 0. It can be observed that the
production rate of the fracturedwell is mainly contributed from the
high-pressure layer at the initial period. It should also be addressed
that due to the unequal initial pressures, the bottomhole flowing
pressure may be higher than the formation pressure of the low-
pressure layer at the initial stage. Thus, the gas will flow from the
high-pressure layer to the low-pressure layer (i.e., gas backflow
phenomenon), and the initial gas production rate of the low-
pressure layer is negative. The gas backflow phenomenon will
cause interlayer interference and prohibit the efficient recovery of
the low-pressure layer. As the production time increases, the bot-
tomhole flowing pressure decreases gradually. When the bottom-
hole flowing pressure is lower than the formation pressure of the



Fig. 21. Effect of storativity ratio of multiple layers on the production rate contribution
of a fractured vertical well in a dual-porosity three-layer reservoir.

Fig. 22. Effect of limited fracture height on the production rate contribution of a
fractured vertical well in a dual-porosity three-layer reservoir.
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low-pressure layer, the gas backflow in the low-pressure stops, and
the contribution of the low-pressure layer gradually increases.
Larger difference between the unequal initial formation pressures
will cause longer duration of the backflow and larger backflow
volume. Compared with case 2 in Fig. 20, the difference between
layer 1 and layer 3 in case 1 is larger, and the gas backflow volume
in case 1 is also larger. At the intermediate and late stage, the
pressure of high-pressure layer (layer 1 in Fig. 20) gradually de-
clines due to gas production, while the pressures of the low-
pressure layers (layer 2 and layer 3) remain at a relatively high
level because the productions from these two layers at initial stage
are much smaller. As a result, the production of the high-pressure
layer gradually decreases due to insufficient energy, while the
contribution of the low-pressure layers (layer 2 and layer 3) grad-
ually increases.

Fig. 21 shows the effect of storativity ratio of multiple layers, u0
j,

on production contribution of each layer in a dual-porosity three-
layer reservoir. Two cases are presented in Fig. 21, and the vertical
permeability distribution of different layers are the same in the two
cases. It is obvious that the u0

j has significant influence on the

production contribution of individual layer in a multi-layer system.
At early stage of production, the gas contribution of different layers
is mainly dependent on the product of layer permeability and layer
thickness. Because the vertical distributions of layer permeability
and layer thickness are same in the two cases, the gas production
contribution of different layers at initial stage is quite similar. The
storativity ratio, which reflects the relative storage capacity of
different layers, has primary effect on production rate contribution
after initial stage. The larger the storativity ratio of individual layer
(for example, layer 1 in case 1), the larger the production
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contribution of the layer during the intermediate and late stages.
Fig. 22 shows the influence of fracture height on the production

contribution of each layer in a dual-porosity three-layer reservoir.
In the two cases presented in Fig. 22, the fracture penetration ratios
of layer 1 are different, while other parameters, including the
fracture penetration ratios of other two layers, the storativity ratio
and the formation coefficient ratio, are kept unchanged. It can be
seen that the fracture height has a primary influence on the early-
time production behavior. Because layer 1 is the high-permeability
layer, the production contribution of layer 1 at initial stage is
obviously larger compared with the other two layers. With the
decrease in the fracture penetration ratio of layer 1, the production
contribution of layer 1 also decreases. As production continues, the
influence of fracture penetration on production contribution
gradually decreases, which is consistent with the phenomena
observed in Fig. 8.

6. Field case

In this section, two case studies are performed to show the
practicality of the proposed model. Fig. 23 shows the procedures to
obtain reservoir and fracture parameters with the proposed model.
The basic parameters of well, individual layer, natural gas and hy-
draulic fracture are obtained from drilling data, well logging
interpretation results, laboratory experiments, and fracture prop-
agation modeling results or micro-seismic monitoring. Based on
these basic parameters, theoretical and measured pseudo-pressure
and pressure derivative curves can thus be calculated. Based on the
characteristics of measured log-log curves, the type curve fitting
procedure is conducted to obtain an acceptable match between
theoretical and measured curves. During this process, the produc-
tion logging data, which provides layer contribution, is adopted to
determine the formation coefficient ratio. For well testing problems
of multi-layer reservoirs, production logging data can help reduce
the non-uniqueness of well testing interpretation, and is necessary
for determination of physical parameters of individual layer.

6.1. Case study 1

The proposed model is applied to analyze the transient pressure
data collected from a gas well (well A) to demonstrate its applica-
bility. Well A is a two-layer commingled production gas well, which
is located in the Sichuan Basin in China. The reservoir temperature
is 82 �C, and the specific gravity of the produced natural gas is 0.601.
The wellbore radius is 0.08 m. Before putting into production, each
layer produced by well A was stimulated by hydraulic fracturing,
separately. The total production time of well A is about 5000 h
before the buildup test, and the total duration of the buildup test is
407.3 h.

Because of the lack of separate layer testing data, the transient
bottomhole pressure data collected during the buildup testing was
analyzed by our proposed model based on the workflow shown in
Fig. 23. The pressure and pressure derivative matching of well A is
shown in Fig. 24(a), and the corresponding interpretation results
are shown in Table 5. It can be seen that the theoretical pressure
and pressure derivatives calculated by the proposed model fit
perfectly with the measured data. The pressure history matching
results of well A are shown in Fig. 24(b), which indicates the
interpretation results are reasonable and acceptable.

As mentioned earlier, the production logging data is crucial to
accurate determination of parameters of individual layers. Because
of the lack of production logging data for well A, the layer contri-
bution data provided by another well in the same block was used to



Fig. 23. The flow chart to obtain reservoir and fracture parameters with the proposed model.

Fig. 24. (a) Pressure and pressure derivative matching of well A with the proposed model; (b) pressure history matching of well A.
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obtain the layer parameters. The procedure and the matching re-
sults demonstrate that the proposed model is capable and feasible
to determine the physical parameters for individual layers, and can
provide technical support for performance analysis of multi-
layered tight gas reservoirs.

6.2. Case study 2

The proposed model is applied to analyze the transient pressure
data collected from another gas well (well B) to further demonstrate
its applicability. Well B is a commingle production gas well in the
Sichuan Basin in China. It intersects twomain production layers, and
hydraulic fracturing is applied to each layer to obtain a commercial
production rate. The reservoir temperature is 105 �C, and the specific
gravity of the produced natural gas is 0.59. The wellbore radius is
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0.0762 m. The pressure buildup test was conducted to obtain dy-
namic parameters of the reservoir and hydraulic fracture.

As shown in Fig. 25 (a), wellbore storage period, transitional
flow period, linear flow period, and radial flow period with con-
stant pressure derivative curve can be identified from the log-log
plot of measured pressure and pressure derivative curves. In
addition, a concave in the pressure derivative curve can also be
observed during the late stage, which is commonly regarded as a
reflection of dual porosity medium. Core analysis also indicates that
there are natural fractures in reservoir rocks. Therefore, the pro-
posed model for multi-layer dual porosity reservoirs was adopted
to analyze the pressure buildup data.

The analysis of the transient well testing data of well B was
conducted based on the workflow shown in Fig. 23. As illustrated in
Fig. 25(a), the theoretical pressure and pressure derivatives



Table 5
The interpretation results of well A.

Parameter Result

Layer 1 Layer 2

Half-length of hydraulic fracture, m 32 28
Horizontal permeability of the formation, mD 0.045 0.075
Permeability ratio kvj/khj 0.45 0.41
The ratio of the hydraulic fracture height to the formation thickness 0.8 0.7
Skin factor 0.65 0.73
Wellbore storage coefficient, m3/MPa 0.62

Fig. 25. (a) Pressure and pressure derivative matching of well B with the proposed model; (b) pressure history matching of well B.

Table 6
The interpretation results of well B.

Parameter Result

Layer 1 Layer 2

Half-length of hydraulic fracture, m 56 45
Horizontal permeability of the formation, mD 0.086 0.041
Permeability ratio kvj/khj 0.48 0.42
The ratio of the hydraulic fracture height to the formation thickness 0.76 0.71
Inter-porosity flowing coefficient of each layer 1.21 � 10�6 0.87 � 10�6

Storativity ratio of each layer 0.24 0.18
Skin factor 0.11 0.07
Wellbore storage coefficient, m3/MPa 0.78
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calculated by the proposed model fit perfectly with the measured
data, validating the reliability of the presented model. The corre-
sponding interpretation results are shown in Table 6. Moreover,
Fig. 25(b) also presents the pressure history matching results of
well B, and a good agreement can also be observed, indicating that
the interpretation results are reasonable and acceptable.

7. Conclusions

In this paper, we propose a semi-analytical model for fractured
vertical wells with limited fracture height and unequal initial
pressure in dual-porosity layered gas reservoirs. The proposed
model is verified by comparisonwith a commercial software and by
the matching with two field cases. Characteristic flowing regimes
and the characteristics of production contribution from different
layers are discussed, and a sensitivity analysis is conducted to
identify prevailing influential factors. Based on the presented work,
the following conclusions are obtained.

(1) Comparedwith the currentmodels for fractured vertical wells
in multi-layer gas reservoirs, the semi-analytical model
3375
proposed in this paper comprehensively takes into account
the limited fracture height and multiple storage spaces in
each layer, and is capable of determining the parameters of
individual layers. The model can also be extended to investi-
gate transient pressure dynamics of fractured wells in multi-
layer carbonate gas reservoirs or volcanic gas reservoirs,
which are characterized by large thickness and co-presence of
pores and natural fractures.

(2) Seven flowing regimes can be identified based on the char-
acteristics of transient pressure and pressure derivative
curves, including the wellbore storage period, the transi-
tional flowing period, the reservoir linear flow period, the
vertical pseudo-radial flow period in the natural fracture
system, the inter-porosity flow between natural fracture and
matrix system (or the second linear flow period), the late-
time pseudo-radial flow in the natural fracture and matrix
systems, and the boundary-dominated flowing period.

(3) Unequal initial formation pressures, half-length of hydraulic
fracture, and fracture height have obvious influences on the
transient pressure behavior of the commingled production
well. Unequal initial formation pressure mainly affects the
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transient pressure behavior during the transitional flowing
period. Larger fracture half-length leads to a lower pressure
derivative curve during the transitional flowing, the reser-
voir linear flow, and the vertical pseudo-radial flowing pe-
riods. As the penetration ratio of the hydraulic fracture
increases, the position of the dimensionless pressure deriv-
ative curve during the reservoir linear flow period becomes
lower. The influence of stress sensitivity becomes more
obvious during late-time flowing periods. The parameters
related to the dual porosity medium, i.e., the storativity ratio
and the inter-porosity flowing coefficient, mainly affect the
transient pressure behavior during the inter-porosity flowing
period.

(4) The gas production at the initial stage is mainly contributed
by the high-pressure/high-permeability layer. When the
pressure difference between different layers increases to a
critical extent, gas backflow will occur during the early
production. The difference between the production contri-
butions of different layers gradually decreases as production
time increases.

(5) Two field case studies are conducted in the Sichuan Basin,
and the proposed model show good agreement with field
data, which indicates the accuracy and application prospect
of the proposed model.
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Appendix A. Dimensional mathematical model of a point-
sink in multi-layer dual porosity gas reservoirs

According to the physical model and corresponding assump-
tions presented in Section 2, the governing equations describing
gas flowing in layer j in the multi-layer dual porosity reservoirs can
be derived.

The permeability modulus is adopted to describe the stress
sensitivity of fracture system, and the governing equation for the
natural fracture system can be expressed as
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The governing equation for the matrix system is

fmjCmj
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þajkmjprj

mjZj
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¼0 (A2)

where the subscript j represents layer j (j ¼ 1; 2; /; M); rj is the

radial distance in layer j, rj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxj � xwjÞ2 þ ðyj � ywjÞ2

q
, m; xj, yj

and zj are the x-coordinate, y-coordinate and z-coordinate of an
arbitrary point in layer j, respectively, m; xwj, ywj and zwj are the x-
coordinate, y-coordinate and z-coordinate of the point-sink in layer
j, respectively, m; pf j is the initial pressure of the natural fracture
system in layer j, Pa; pmj is the initial pressure of the matrix system
in layer j, Pa; prj is the reference pressure, Pa; kfhj0 and kfvj0 are the
horizontal and vertical permeabilities of the natural fracture sys-
tem of layer j under the initial formation pressure, respectively, m2;
gj is the permeability modulus, Pa�1; kmj is the permeability of the
matrix system of layer j, m2; mj is the gas viscosity of layer j, Pa$s; Zj
is the gas deviation factor of layer j, dimensionless; Cf j and Cmj are
the total compressibilities of the natural fracture system and the
matrix system in layer j, respectively, Pa�1; ff j and fmj are the
porosities of the natural fracture system and the matrix system in
layer j, respectively, dimensionless; t is the production time, s.

The corresponding initial conditions of natural fracture system
and matrix system are
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where pIj is the initial formation pressure of layer j, Pa.
The impermeable outer boundary conditions of layer j can be

expressed as
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¼ 0 ðimpermeable lower boundaryÞ (A7)

where rej is the radius of the outer boundary of layer j, m; hj is the
formation thickness of layer j, m.

Given that a continuous point-sink is located at point (xwj, ywj,
zwj) in layer j, and the production rate (under standard condition) of
the point-sink is bqjðtÞ. The corresponding inner boundary condition
which takes stress sensitivity into account can be expressed as
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where εj is the infinitesimal variable in the vertical direction in layer
j, m; sj is the infinitesimal variable in the radial direction in layer j,
m; psc is the pressure under standard condition, Pa; T is the reser-
voir temperature, K; Tsc is the temperature under standard condi-
tion, K; bqjðtÞ is the production rate of the point-sink in layer j, m3/s.

To linearize the above partial differential equations, the concept
of pseudo-pressures is introduced
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Z
�
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where jf j is the pseudo-pressure of the natural fracture system in
layer j, Pa/s; jmj is the pseudo-pressure of the matrix system in
layer j, Pa/s; jIj is the pseudo-pressure of the initial formation
pressure of layer j, Pa/s.

Using the definitions of pseudo-pressure, Eqs. (A1)e(A8) can be
rewritten as
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where jj is the pseudo-pressure of layer j, Pa/s; mgj is the gas vis-
cosity evaluated under the initial formation pressure of layer j, Pa$s;
Cgj is the gas compressibility evaluated under the initial formation

pressure of layer j, Pa�1; bj ¼ mjZj
2pf j

gj, s/Pa.

Eqs. (A10)e(A17) are the dimensional mathematical model of a
point-sink in multi-layer dual porosity gas reservoirs.
Appendix B. Dimensional mathematical model of a point-
sink in multi-layer gas reservoirs with gasewater two-phase
flow

The governing equations describing gas flowing in layer j in the
multi-layer reservoirs can be derived as
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Similarly, the governing equations describing water flowing in
layer j in the multi-layer reservoirs can be written as
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where Sgj and Swj are the gas and water saturations in layer j,
separately, dimensionless; Krgj and Krwj are the relative perme-
abilities of gas and water phase in layer j, separately, dimensionless.

By combining Eqs. (B1)e(B2), one can get the following equation
to describe gasewater two-phase flow in layer j.
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Taylor expansion is adopted to simplify Eq. (B3), and we can
obtain the following equation:
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where Cj ¼ rgj0CgjSgj þ rwj0CwjSwj.
The corresponding initial and boundary conditions are
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�
rj; zj; t

�			
t¼0

¼pIj (B5)
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The inner boundary condition of the point-sink can thus be
written as
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where bqgscj is the gas production rate of the point-sink in layer j,

m3/s; bqwscj is the water production rate of the point-sink in layer j,
m3/s.

Similarly, the pseudo-pressure is adopted to linearize the gov-
erning equation. For gasewater two-phase flow, the pseudo-
pressure is defined as follow:
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Substituting Eq. (B10) into Eqs. (B4)e(B9), we can obtain the
linearized diffusion equations, initial and boundary conditions of
the multi-layer reservoirs:
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Eqs. (B12)e(B17) are the dimensional mathematical model of a
point-sink in multi-layer gas reservoirs with gasewater two-phase
flow.
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