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Full waveform inversion is a precise method for parameter inversion, harnessing the complete wavefield
information of seismic waves. It holds the potential to intricately characterize the detailed features of the
model with high accuracy. However, due to inaccurate initial models, the absence of low-frequency data,
and incomplete observational data, full waveform inversion (FWI) exhibits pronounced nonlinear
characteristics. When the strata are buried deep, the inversion capability of this method is constrained.
To enhance the accuracy and precision of FWI, this paper introduces a novel approach to address the
aforementioned challenges—namely, a fractional-order anisotropic total p-variation regularization for
full waveform inversion (FATpV-FWI). This method incorporates fractional-order total variation (TV)
regularization to construct the inversion objective function, building upon TV regularization, and sub-
sequently employs the alternating direction multiplier method for solving. This approach mitigates the
step effect stemming from total variation in seismic inversion, thereby facilitating the reconstruction of
sharp interfaces of geophysical parameters while smoothing background variations. Simultaneously,
replacing integer-order differences with fractional-order differences bolsters the correlation among
seismic data and diminishes the scattering effect caused by integer-order differences in seismic inver-
sion. The outcomes of model tests validate the efficacy of this method, highlighting its ability to enhance
the overall accuracy of the inversion process.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/
4.0/).

Edited by Meng-Jiao Zhou
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1. Introduction

Full waveform inversion calculates the gradient by subtracting
theoretical seismic data from real data, and subsequently updates
inversion parameters (Tarantola, 1984; Mora, 1987; Plessix, 2006,
2009; Qu et al., 2020; Li and Qu, 2022; Barnier et al., 2023; Li et al.,
2024). Nonetheless, FWI is a strongly nonlinear and ill-posed in-
verse problem, making it prone to periodic jumps, making it sus-
ceptible to cycle skipping. Particularly when a substantial gap exists
between the initial model and the real model, the convergence of
the objective function tends to be sluggish, demanding significant
time costs and carrying the risk of easily converging into local
extreme values. A viable approach to mitigate this issue is by
employing objective functions with more convex characteristics.
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While previous methods have introduced various objective func-
tions to address these challenges, practical implementations are
still influenced by factors such as data complexity and computa-
tional costs (Warner and Guasch, 2016; Yao et al., 2020).

To address such challenges, regularization methods can be
incorporated to prevent overfitting or ill-posedness of the data. In
this context, traditional FWI employs the L, norm as the objective
function, utilizes the adjoint state method for gradient calculation,
and iteratively updates the model parameters of the subsurface
medium in the direction of gradient descent. The regularization
result with L, norm tends to be smoother. In cases where the initial
model is inadequate, there is a lack of long-offset transmission data,
or the data includes a certain level of noise, the inversion outcome
may be suboptimal. In contrast, utilizing L; norm constraints in the
inversion process yields superior results (Burstedde and Ghattas,
2009; Brossier et al., 2009, 2010; Virieux and Operto, 2009;
Guitton, 2012; Aghamiry et al., 2018).
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Fig. 1. Flow chart.

Introducing constraint methods can improve the accuracy of
FWI (Lin and Huang, 2014; Li et al., 2016; Guo et al., 2020; Zhu et al.,
2017; Li et al.,, 2023; Zhu et al., 2022). Yu et al. (2014) proposed a
mixed dual-parameter regularization approach that combines the
L, norm with the non-smooth L; norm. This method exhibits rapid
convergence towards the true model and demonstrates high
inversion accuracy. The total variation regularization constraint
term is one of the commonly used sparse forms in compressive
sensing, capable of simultaneously constraining both horizontal
and vertical differences. Compared to the L; norm sparse
constraint, it can introduce more available information. Esser et al.
(2018) formulated the TV regularized objective function for full
waveform inversion (TV-FWI), highlighting its capability to
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enhance inversion quality across diverse initial models. Yong et al.
(2018) introduced an adaptive primitive-dual mixed gradient
method which achieves TV regularization by projecting solutions
onto a convex set constrained by the total variation norm. This
ensures adherence to total variation norms at each iteration,
thereby enhancing the accuracy of FWI. Aghamiry et al. (2019b)
enhanced the accuracy of FWI by devising hybrid regularization
methods incorporating Tikhonov and total variation functionals.
These hybrid regularizers offer improved flexibility in handling
diverse inversion scenarios. Kalita et al. (2019) addressed chal-
lenges associated with salt-affected datasets in FWI by integrating
model regularization techniques. This approach enables the rep-
resentation of large high-velocity structures over wide regions,
surpassing the limitations of conventional FWI. Zhang et al. (2022)
introduced a weak total variation constraint in FWI to mitigate
over-smoothing issues arising from strong total variation con-
straints. This refinement allows for a more accurate estimation of
the model. In order to improve the quality of FWI results, many
researchers have improved regularization methods to constrain the
objective function (Esser et al., 2018; Aghamiry et al., 2019a; Xue
et al., 2017; Gupta et al., 2018; Qu et al., 2019).

The horizontal and vertical differences of TV regularization
mentioned above share the same properties, hence they are
referred to as isotropic total variation (ITV). Besides ITV regulari-
zation, there exists another form of total variation with distinct
properties in different directions, known as anisotropic total vari-
ation (ATV). Although ATV regularization incorporates more sparse
information, the Ly norm employed in ATV regularization is not the
optimal method for representing sparsity. Compared to the L;
norm, the L, pseudo-norm exhibits superior sparsity. Consequently,
an anisotropic total variation based on L,-norm (ATpV) constraint
term has emerged. ATpV regularization excels in enhancing the
texture of smooth areas, preserving information, and mitigating
large oscillations in edge regions. This characteristic aids in
reducing scattering effects, ultimately enhancing inversion accu-
racy (Woodworth and Chartrand, 2016). In contrast to integer dif-
ferencing, fractional differencing extends its reach by amplifying
texture information in smooth regions, while sidestepping pro-
nounced edge oscillations, thus minimizing scattering effects (Bai
and Feng, 2007). Didas et al. (2005) theoretically proved that
fractional-order differencing achieves greater variance reduction
compared to integer-order differencing, and this was corroborated
through image restoration, yielding superior outcomes. Zhang et al.
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Fig. 2. The theoretical model. (a) Velocity model; (b) initial velocity model.



B. Li, X.-T. Wen, Y.-Q. Zhang et al.

(a) Distance, m (b) Distance, m
0 2000 4000 0 2000 4000
0 0

05 0.01 05 0.01
(2] [}
[0} o
.g 1.0 .g 1.0
= 0 = 0

15 15

20 -0.01 20 -0.01

Fig. 3. Single-shot gather. (a) Single-shot gather obtained by the true velocity model;
(b) single-shot gather obtained by the initial velocity model.

(2012) implemented fractional-order differencing in image resto-
ration, revealing that fractional-order anisotropic regularization
(FATV) can mitigate scattering effects. Meanwhile, research has
demonstrated that the anisotropic total L, variation regularization
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constraint based on the L, pseudo norm (0 < p < 1) (FATpV), ex-
hibits higher image accuracy compared to traditional FATV resto-
ration (Li et al., 2018a, 2018b; Wu et al., 2019; Chen et al., 2020).

Hence, building upon the aforementioned theory, this paper
suggests a fractional-order anisotropic total variation regulariza-
tion method based on L, quasi-norm for implementation in FWIL
The paper initially outlines the solution process of FWI and sub-
sequently elaborates on the derivation of the objective function and
the solution process for fractional-order anisotropic total variation
regularization based on L, quasi-norm. The Alternating Direction
Method of Multipliers (ADMM, Boyd et al., 2011) algorithm is
employed to address the problem, ultimately leading to the inver-
sion and acquisition of seismic velocity. The validity of this method
is confirmed through two model tests.

2. Theory and methodology

FWI is a technique employed in seismic imaging and the
reconstruction of subsurface media models. It entails generating a
high-resolution model of the underground medium by comparing
observed seismic waveforms with numerically simulated seismic
waveforms. This process can be expressed as:
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Fig. 4. FWI example: inverted velocity using (a) regular FWI without any regularization, (b)TV-FWI, (c) ATpV-FWI, and (d) FATpV-FWL
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Fig. 5. The theoretical model. (a) Velocity model; (b) initial velocity model.

E(m) = min{ 31doss — dea(m)[ }. (1)

where E(m) represents the objective function, m signifies the un-
derground medium model, d,,s corresponds to the real seismic
data, and d.; denotes the data acquired through forward modeling.

Currently, TV regularization is extensively applied in the realm
of seismic exploration. It offers the benefits of preserving data de-
tails and edge features, noise suppression, enhanced robustness,
and the promotion of sparsity. Therefore, the minimization prob-
lem defining total variation regularization is as follows:

. 1
E(m) —min{ 5 dass — dea(m)[3 + 2] ¥l }. @)

where 1 is a regularization parameter, | Vmy||; is a discrete operator,
which means seeking partial derivatives in the x and z directions.
Let ¢1(m) = ||[Vm||;, then ¢;(m) can be expressed as:

®1(m) :Z\/(me)iz,j + (Vym)izj: [mDy|; + [[Dym]|,, (3)
ij

where Dy represents the horizontal difference, Dy represents the
vertical difference. If it is ATpV regularization, Dy and Dy, should be
expressed as:

10 - 0 1 110 - 0

1 -1 : 0 0 -1 1 :
Dy={0 1 = Dy=|:+ =~ =~ = 0

S -1 0 0 - - -1 1

0 0« 1 =1y, 1.0 0 —1]y.n

(4)

Nevertheless, employing first-order total variation as the regu-
larization constraint for the solution tends to introduce imperfect
sparse information and can readily induce a staircase effect (Wu
et al., 2019). Building upon this foundation, we integrate L, quasi-
norm with anisotropic total variation difference to formulate an
anisotropic total variation difference based on L, quasi-norm
constraint. Its objective function is:

E(m) = min 3o, — da ()] -+ Z(m) . (5)

where ¢,(m) = (||mD,‘§||5 + HD;mHi), the fractional difference is

expressed as:

k

Dym(i.j)= > vo(hm(i—1.j) (6)

i=0

where i and j represent the positions in the vertical and horizontal
directions respectively, a is a fraction, which determines the size of
the fractional factorial, and k is an integer, which determines the
number of differences of the parameters to be inverted. And (1) is
defined as follows:

Yalh)=(=1)T(@+1) /[INT(a—1+1)], (7)

where T'(a) = [y ¥ t% Te~tdt, Il =1x 2x - x I, so the fractional-
order longitudinal difference Dy and DY should be expressed as:
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Fig. 6. Single-shot gather. (a) Single-shot gather obtained by the true velocity model;
(b) single-shot gather obtained by the initial velocity model.
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Fig. 7. FWI example: inverted velocity using (a) regular FWI without any regularization, (b) TV-FWI, (c) ATpV-FWI and (d) FATpV-FWI. Velocity gradient from the residual at the
final iteration using (e) regular FWI without any regularization, (f) TV-FWI, (g) ATpV-FWI and (h) FATpV-FWI.
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Putting q:z(m)=(||mD,‘§||g+HD§mHZ) into Eq. (5), it can be

Fig. 9. FWI example: comparison of different velocities at two locations. Velocity
comparison at (a) x = 1100 m, (b) x = 1400 m. (Light green represents the initial ve-
locity, black represents the theoretical velocity, sky blue represents the conventional
inversion result, blue represents the TV-FWI inversion result, magenta represents the
rewritten as: ATpV-FWI inversion result, and red represents the FATpV-FWI inversion result.)
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Fig. 10. Single-shot gather. (a)—(d) Single-shot gather by regular FWI without any regularization, TV-FWI, ATpV-FWI and FATpV-FWI. (e)—(h) The difference between real single-
shot gather and the single-shot gather by regular FWI without any regularization, TV-FWI, ATpV-FWI, and FATpV-FWL
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seismometers are uniformly covered at the surface. All the FWI
E(m)= min{l”dObs — dcal(m)H% + A(Hng”P + HDame) } methods compared in the article were calculated using the multi-
m |2 P Y lp scale method, with frequencies of 3, 6, 10, and 20 Hz, each fre-

9) quency was iterated 20 times.

Fig. 3(a), (b) depict the comparison of seismic records for the
18th shot in the theoretical model and the initial model, respec-
tively. It is evident from the figures that the seismic waveform
obtained through forward modeling in the initial model appears

Using ADMM algorithm, the objective function is decomposed
into functions about the sub-functions, and can be obtained by
alternately solving. Among them, the sub-functions are expressed

as: relatively simplistic, lacking the reflection of numerous detailed
1 5 M 5 information. In contrast, single-shot gather of the theoretical model
mm:mngn{illdobs—dcal(m)llz +§||m—w,+b,||2} distinctly reveals reflected waves from beneath the stratum. By
computing the difference between the theoretical seismic wave-
. P p n 2 R . . o _ege
Wi :H\lnlln{l(Hng b+ HD;mH ) . 7w+b,||2} form and the waveform obtained in the initial model, underground
p parameters can be inverted using the formulated equation.
by, 1 =bj+my  —w;
(10) (a) Distance, m (b) Distance, m
0 700 1400 2100 2800 0 700 1400 2100 2800

where w and b are intermediate variables. Please see Appendix A
for the specific derivation and solution process. Under the calcu-
lation of the above steps, we can perform parameter inversion, and

its flow chart is shown in Fig. 1. oot

0.01

3. Examples

To validate the efficacy of the proposed method in this paper, we
employ the BG Compass model for verification. Fig. 2(a) illustrates
the theoretical velocity model, while Fig. 2(b) presents the initial
velocity model. This model consists of 350 x 205 grid points with
spacing of 10 m in the horizontal and vertical directions. The record
length is 2 s at sampling rate of 1 ms, and 35 shots distributed on
the surface for excitation. The source is a 20 Hz Ricker wavelet, and Fig. 11. Clean seismic data (a) and noisy seismic data (b).

-0.01 -0.01
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Fig. 12. FWI example: inverted velocity using (a) regular FWI without any regularization, (b) FWI with conventional TV, (c) FWI with ATpV,and (d) FWI with FATpV, (e)—(h) the

corresponding partial enlarged pictures respectively.

Fig. 4(a)—(d) display the outcomes of regular FWI without any
regularization, TV-FWI regularized inversion, ATpV-FWI and
FATpV-FW], respectively. In comparison with the initial model ve-
locity, all four inversion results exhibit improved resolution to
varying degrees. However, notably, it is worth noting that the
method proposed in this article is superior to the other three
methods in terms of results. For instance, in the deeply embedded
high-speed anomaly within the model, the resolution of results
obtained by the conventional inversion method is notably low,
making it challenging to discern the velocity abnormal area within

3273

the high-speed body. While TV regularization fares better than the
conventional method, allowing for the identification of some
abnormal areas, Fig. 4(d) clearly illustrates that the velocity re-
covery achieved by the proposed method surpasses the perfor-
mance of the other three. The velocity interfaces between adjacent
formations are distinct, and the recovered speed values closely
align with those of the real model.

To validate the effectiveness of the method proposed in this
article, we extracted the Marmousi-2 model from SEG/EAGE and
conducted a comparative analysis involving multiple methods. The
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geological profile in the model predominantly comprises mudstone
layers with a few sandstone layers. The bottom of the intricate fault
zone forms an anticline composed of mudstone and limestone,
exhibiting significant horizontal and vertical velocity variations in
the model. This model is commonly employed for seismic migra-
tion imaging and inversion purposes. Fig. 5(a) illustrates the
theoretical velocity model, and Fig. 5(b) initial velocity model. The
model grid points are configured as nx x nz = 200 x 140, with a
grid interval of Ax = Az = 10 m, a time step of At = 1 ms, and a
total of 20 shots received over 2.2 s. The seismic source utilized is a
20 Hz main frequency Ricker wavelet, with detectors uniformly
covering the surface.

Fig. 6(a) and (b) present a comparison of the seismic records for
the 10th shot in the theoretical model and the initial model,
respectively. It is evident from the figures that the seismic wave-
forms obtained through forward modeling in the initial model
appear relatively straightforward. Simultaneously, waveforms such
as seafloor multiples and refraction waves are observable at far
offsets. However, the residual difference between the simulated
seismic records and the observed seismic records of the initial
model highlights the intricacies in the velocity distribution of the
Marmousi-2 model, particularly the pronounced changes in lateral
velocity.

Fig. 7(a)—(d) illustrate the outcomes of regular FWI without any
regularization, TV regularized inversion, ATpV-FWI and the inver-
sion method proposed in this paper, respectively. In comparison
with the initial model velocity, all four results exhibit improved
resolution to varying degrees. The sequential relationships of the
strata and the macrostructure, such as the strike and dip angle of
the strata, have been well restored. Notably, the location and shape
of faults in the middle of the model have been accurately repro-
duced. However, in contrast, the traditional method, TV-FWI and
ATpV-FWI are surpassed by the method in this paper. For instance,
the thickness of the gas-bearing sandstone on the left side of the
model appears excessive in the results of the traditional method
and TV-FWI, and the direction of the fault plane in the middle,
along with the boundary of the formation velocity in the fault body,
are less distinct. In contrast, the proposed method excels in

(a) Vp, m/s (b) Vp, m/s
1000 2000 3000 4000 1000 2000 3000 4000
0 1 1 1 0 L 1 1
Initial velocity Initial velocity
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— TV-FW — TV-FWI
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Fig. 13. FWI example: comparison of different velocities at two locations. Velocity
comparison at (a) x = 1100 m, (b) x = 1400 m. (Light green represents the initial ve-
locity, black represents the theoretical velocity, sky blue represents the conventional
inversion result, blue represents the TV-FWI inversion result, magenta represents the
ATpV-FWI inversion result, and red represents the FATpV-FWI inversion result.)

3274

Petroleum Science 22 (2025) 3266—3278

formation velocity recovery. The velocity interfaces between adja-
cent formations are clear, and the numerical recovery of the for-
mation velocity closely aligns with the velocity of the real model.

Fig. 7(e)—(h) depict the ultimate gradient maps for conventional
inversion results, TV regularization inversion results, ATpV-FWI
and our inversion results, respectively. It is apparent from the
graphs that the final gradient update in the inversion method
proposed in this article is more uniform, resulting in a faster update
of deep parameters. In contrast, the conventional method and TV
regularization inversion method exhibit more concentrated gradi-
ents in the shallow layer, proving less effective in inverting deep
underground parameters. Fig. 8(a)—(d) represent the difference
between real Vp and the inverted by regular FWI without any
regulation, TV-FWI, ATpV FWI, and FATpV FWI. As can be seen from
the arrows in the figures, the error of our method is smaller.

Fig. 9 shows a single channel comparison of the inversion results
in Fig. 7, where light green represents the initial velocity, black
represents the theoretical velocity, sky blue represents the con-
ventional inversion result, blue represents the TV-FWI inversion
result, magenta represents the ATpV-FWI inversion result, and red
represents the method proposed in this paper. From the graph, it
can be seen that the red color has the best effect. Fig. 10(a)—(d)
present the single-shot gather acquired through conventional
inversion, TV regularization inversion, ATpV-FWI and the inversion
method proposed in this paper, respectively. Each dataset in the
figures differs from the theoretical data, yet they all exhibit striking
similarities, making it challenging to discern which method is su-
perior. The disparities between each individual shot dataset and the
real data are illustrated in Fig. 10(e)—(h). It is evident from the
figures that the single-shot gather obtained through conventional
inversion significantly deviate from the theoretical single-shot
gather, manifesting a notable error in the record difference. The
difference between the single-shot gather obtained through TV
regularization inversion and the real single-shot gather exhibits a
substantial shallow error. In contrast, the difference between the
single-shot gather obtained through the inversion method in this
paper and the theoretical single-shot gather demonstrates the
smallest error. This further underscores the effectiveness of the
proposed method.

Given the inevitability of noise in field seismic data, we intro-
duced Gaussian white noise to all experiments to acquire noisy
observation data. To assess the noise immunity of our method, we
conducted a comprehensive noise immunity test, focusing on the
Marmousi-2 model extracted from SEG/EAGE, and performed a
comparative analysis involving multiple methodologies. The
remaining parameters remained consistent with those used in the
previous segment. Initially, we executed a series of noise tests on
the inverted seismic data, with the signal-to-noise ratio set at 5 dB.
The outcomes are depicted in Fig. 11 below, indicating a substantial
impact of noise on the seismic records.

Fig. 12 presents the inversion results and partial enlargements
obtained from four methods. Fig. 12(a)—(d) illustrate the inverted
velocity profiles using regular FWI without any regularization, TV-
FWI, ATpV-FWI and FATpV-FWI, respectively. Correspondingly,
Fig. 12(e)—(h) depict the partially enlarged views. Notably, at a
signal-to-noise ratio of 5 dB, all four methods demonstrate

Table 1

The three indexes (SSIM/PSNR/RMSE) of the modification Marmousi model.
Method SSIM PSNR RMSE
FwI 0.3300 23.2968 304.4533
TV-FWI 0.4377 23.6738 294.8860
ATpV-FWI 0.4452 23.6643 292.5311
FATpV-FWI 0.4839 23.7065 290.4251
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Fig. 14. p-value error analysis.

commendable reconstruction results in the upper segment of the
Marmousi velocity model and the low-velocity area. However, the
efficacy of FWI without any regularization and FWI with conven-
tional TV remains constrained, particularly in deeper layers, where
the information recovery and inversion results are less satisfactory.
In contrast, the FWI with FATpV method exhibits significant
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enhancements in velocity size and edge delineation, particularly in
deeper regions of the model. It excels in accurately reconstructing
smooth transitions and sharpened interfaces. As indicated by the
arrow in the figure, the FWI with FATpV method demonstrates
superior effectiveness. To facilitate a more precise comparison of
the inversion outcomes, we extracted single-channel data for
analysis.

Fig. 13 shows a single channel comparison of the inversion re-
sults in Fig. 12, where light green represents the initial velocity,
black represents the theoretical velocity, sky blue represents the
conventional inversion result, blue represents the TV-FWI inver-
sion result, magenta represents the ATpV-FWI inversion result, and
red represents the method proposed in this paper. From the graph,
it can be seen that the red color has the best effect. Additionally, we
quantitatively evaluated the performance of the three inversion
methods using normalized model root mean square error (RMSE),
peak signal-to-noise ratio (PSNR), and structural similarity index
(SSIM), as demonstrated in Table 1 These metrics further substan-
tiate the efficacy of the FATpV method.
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Fig. 15. The results of inversion with different parameters. (a) Inversion result when 2 = 0.08, n = 0.1; (b) inversion result when A = 0.08, 7 = 0.001; (c) inversion result when A =

0.8, n = 0.01; (d) inversion result when A = 0.001, » = 0.01.
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Fig. 16. The theoretical model. (a) Velocity model; (b) initial velocity model.
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Fig. 17. FWI example: inverted velocity using (a) regular FWI without any regularization, (b)TV-FWI, (¢) ATpV-FWI, and (d) FATpV-FWI.

In order to analyze the selection range of fractional order p-
values, we conducted statistical analysis on the Marmousi model.
Fig. 14 illustrates the error analysis conducted on the selection of p-
value during the inversion process. In this experiment, the error
value is minimized when the p-value is set to 0.4. When conducting
the inversion, it is typically recommended to choose p-values be-
tween 0.2 and 0.5 for optimal results based on experience.

We compared the impact of the values of A and 7 on the
inversion results, as illustrated in Fig. 15. Fig. 15(a), (b) depict the
inversion results when 7 is set to 0.1 and 0.0001, respectively. It can
be observed from the figures that when 7 is set to an excessively
large or small value, the inversion results are affected, resulting in
low resolution. Similarly, Fig. 15(c), (d) show the inversion results
when 1 is set to 0.1 and 0.0001, respectively. When the value of 1 is
inaccurately selected, it also affects the resolution of the inversion
results, as indicated by the red arrows in the figures. In this paper,
is set to 0.08, and 7 is set to 0.01. Typically, the range of 1 is between
0.01 and 0.1, while 7 ranges from 0.001 to 0.01. However, the spe-
cific values need to be adjusted based on the inversion results.

This model is based on geological features from Brady's
Enhanced Geothermal System (EGS) site in Nevada, USA. It includes
several steeply dipping fault zones, with widths much smaller than
the seismic wavelengths. The maximum dip angle of these fault
zones is approximately 82°. Due to the presence of small inter-
mediate fractures, the model presents challenges for migration and
inversion. Fig. 16(a) shows the theoretical velocity model, while
Fig. 16(b) presents the initial velocity model. The model consists of
grid points configured as nx x nz = 200 x 160, with a grid spacing
of Ax = Az = 10 m, a time step of At = 1 ms, and a total of 20 shots
recorded over 1.8 s. The seismic source used is a 20 Hz Ricker
wavelet, with detectors uniformly distributed across the surface.

Fig. 17 presents the inversion results from four methods. As
shown in the figure, the regular FWI and TV regularized inversion
results generally capture the overall structural features of the
model. In particular, when the layers are relatively homogeneous
and the wavefield variation is smooth, the inversion results
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accurately reflect large-scale structural characteristics. However,
due to the influence of small faults in the subsurface, the wave-
forms become more complex. Small faults, with scales smaller than
the seismic wavelength, lead to increased local complexity in the
wavefield. This complexity is especially pronounced under the ef-
fects of multiple reflections or diffraction waves, making the
waveform more intricate. Both the traditional FWI method and TV
regularization struggle to accurately capture such local complex-
ities, limiting the effectiveness of the inversion methods. In
contrast, the FATpV-FWI method offers higher accuracy by

(a) Vp, m/s (b) Vp, m/s
2000 3000 4000 5000 2000 3000 4000 5000
o | | h 0 | | .
400 1 § 400 -+
S S
£ 800 £ 800
[ [
(a] (a]
1200 - 1200 -
Initial velocity
FWI
— TV-FWM
——— ATpV-FWI —— ATpV-FWI
—— FATpV-FW —— FATpV-FWI
Real velocity Real velocity

1600

1600

Fig. 18. FWI example: comparison of different velocities at two locations. Velocity
comparison at (a) x = 500 m, (b) x = 1500 m. (Light green represents the initial ve-
locity, black represents the theoretical velocity, sky blue represents the conventional
inversion result, blue represents the TV-FWI inversion result, magenta represents the
ATpV-FWI inversion result, and red represents the FATpV-FWI inversion result.)
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Table 2

Comparison of computational time for the models in the paper.
Method FWI TV-FWI ATpV-FWI FATpV-FWI
BG Compass model 9.46 h 9.56 h 1044 h 1051 h
Marmousi model 525h 5.43 h 574 h 577 h

constructing sparse inversion constraints, which provide additional
restrictions and improve the inversion results, particularly in the
presence of small-scale faults and deep parameters. Fig. 18 shows a
single-channel comparison of the four methods. From the figure, it
is evident that the FATpV-FWI inversion achieves the best results,
closely matching the theoretical model. The calculation time of the
model in this paper is shown in Table 2.

4. Conclusion

In this paper, we introduce a fractional-order anisotropic total
variation FWI method based on L, quasi-norm. Extending beyond
the traditional integer-order difference, this approach incorporates
fractional-order differences, mitigating the effects associated with
integer-order differences and reducing scattering effects, thereby
enhancing inversion accuracy. The results obtained from the BG
Compass model demonstrate superior performance in deep seismic
parameter inversion compared to traditional FWI methods. More-
over, the application to the Marmousi model showcases the
method's capability to capture more detailed information, further
improving inversion accuracy. In the future, we will extend the
method to three-dimensional full waveform inversion, which offers
a promising direction for further advancements. However, this
expansion introduces significant challenges, particularly in terms of
computational efficiency and time consumption. The increased
complexity of 3D models will require more advanced computa-
tional resources, potentially leading to longer inversion times. To
overcome this, future work will focus on optimizing computational
efficiency through strategies such as parallel processing and more
efficient numerical algorithms, making 3D FWI viable for large-
scale reservoir modeling applications. Furthermore, incorporating
anisotropic models and refining regularization techniques will be
essential to enhancing the method's stability and accuracy in more
complex environments.
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Appendix A

Eq. (8) above is expressed as:

. (1 n
i1 = min 31dass — dea(m)[3 + Jm w1 by |

w1 = min{A(|mDg -+ [D5mi[) + Fymy., —w-+ by}
b =b +my —wp
(A1)

For this equation, we use the ADMM algorithm to perform a
step-by-step iterative solution, updating my,;, w;,; and by,
respectively. For the update of m;,;, we can use the gradient al-
gorithm to solve it. Here, we derive the update process of w;, ;. We
can choose to use split-Bregman iteration technique or continue to
use ADMM for updating. The ADMM algorithm updates can be
reformulated in the following form:

J= argmin{gnmm —w+ b3+ ﬁ(llmDﬁll,‘; + HngHD }7
(A2)

Then introduce the Lagrange multiplier term Ly and Ly:

. 21
J=argmin{ jmy,; —w -+ b3 +22 (1L + 1, ]7) |

s.t Ly=mbD{, L, =Djm,

(A3)

In the above equation, we assume £ = 2—,,1 introducing dual terms Cx

and Cy, and the above equation becomes an unconstrained
problem:

J=argmin{|imy,y —w -+ b3+ £ (L]} + Ly )
+7||Ly — mD§ — Cx|[3 +||Ly — D§m - csz}

The variables in the above equation can be extracted and their
subfunctions about m can be:

]:argmin{”mm — W+ by||5 + | Ly — mD¢ — Cx||§
5 (A5)
7Ly~ Djm - ||},

Derive this equation and make the derivative equal to O, then
you can get m. Then extract the variables from Eq. (A4) and let them
be subfunctions about Ly and Ly, which can be expressed as:

J = argmin{||Ly|}§ +v|[Lx — mD — G5}, (A6)

- argmin{£ |1y | +#]t, ~Dgm — 6 |}, (A7

For Egs. (A6) and (A7), the soft threshold shrinkage algorithm
can be used to solve and update, respectively expressed as:
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L' = max(|mD + Cx| - (v/£)° > - |mD§ + C[*,0)-

sign(mDg + Cx),

(A8)

L = max(|Dfm+Cy| - v/ - [Dym + Cy‘pil o) (A9)
sign (D;m + Cy) )

Further bring the above results into the sub-functions of Cx and
Cy:

J(€) =min y|[Lx — mD§ - €3, (A10)
j(c;“):min uHLy—D;m—cyH; (A11)

This type of function is mainly a convex optimization function,
and its gradient is directly obtained for updating. The update
equation can be expressed as:

Ccil—cl + mD? — Ly, (A12)
¢! =C, +Djm — Ly, (A13)

Finally, after updating m;,; and w;, ¢, you can update by, ;.
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