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a b s t r a c t

The electromagnetic (EM) telemetry systems, employed for real-time data transmission from the 
borehole and the earth surface during drilling, are widely used in measurement-while-drilling (MWD) 
and logging-while-drilling (LWD). Several numerical methods, including the method of moments 
(MoM), the electric field integral equation (EFIE) method, and the finite-element (FE) method have been 
developed for the simulation of EM telemetry systems. The computational process of these methods is 
complicated and time-consuming. To solve this problem, we introduce an axisymmetric semi-analytical 
FE method (SAFEM) in the cylindrical coordinate system with the virtual layering technique for rapid 
simulation of EM telemetry in a layered earth. The proposed method divides the computational domain 
into a series of homogeneous layers. For each layer, only its cross-section is discretized, and a high-
precision integration method based on Riccati equations is employed for the calculation of longitudi-
nally homogeneous sections. The block-tridiagonal structure of the global coefficient matrix enables the 
use of the block Thomas algorithm, facilitating the efficient simulation of EM telemetry problems in 
layered media. After the theoretical development, we validate the accuracy and efficiency of our al-
gorithm through a series of numerical experiments and comparisons with the Multiphysics modeling 
software COMSOL. We also discussed the impact of system parameters on EM telemetry signal and 
demonstrated the applicability of our method by testing it on a field dataset acquired from Dezhou, 
Shandong Province, China.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This 

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Telemetry is a wireless, real-time communication technology 
that transmits data between downhole sensors and surface re-
ceivers. It is widely used in the exploration of underground re-
sources, including minerals, oil and gas, and geothermal fields. The 
most commonly used telemetry techniques in measurement-
while-drilling (MWD) are mud pulse telemetry and electromag-
netic (EM) telemetry (Shao et al., 2017). Mud pulse telemetry has 
been the most widely used method since its commercialization in 
the 1970s (Franconi et al., 2014). However, this technique has 
several limitations in practical applications. Since the mud pulse

telemetry relies on pressure waves generated by a fluid hammer, a 
continuous flow of drilling mud is required (Li and Xu, 2023). 
Moreover, the mud pulse telemetry is generally unsuitable for 
underbalanced drilling environments and cannot be used during 
downhole production (Gutierrez-Estevez et al., 2013). This will 
lead to increased drilling costs.

In contrast, EM telemetry breaks many of the limitations in 
mud pulse telemetry. The EM telemetry transmits data in real-
time via EM waves between the bottom-hole assembly (BHA) 
and surface sensors. The surface antennas measure the voltage
signal between the receiver and the drilling rig (B � eguin et al.,
2000; Hunziker and Maurer, 2000). This technology enables the 
real-time acquisition of the properties of downhole formations 
during drilling and transmits the data back to the surface, thereby 
providing critical support for decision-making in terms of drilling 
operation optimization, efficiency, and safety. However, EM 

telemetry also has limitations in practical applications. For
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instance, the EM signal experiences significant attenuation in deep 
wells, leading to a reduction in signal strength at the earth surface. 
Additionally, the presence of conductive formations can further 
exacerbate signal attenuation (Franconi et al., 2014; Li and Xu, 
2023). Therefore, in this study, we will analyze the impact of 
system parameters on EM telemetry signals to provide theoretical 
guidance for optimizing the practical application of this 
technology.

Early researchers conducted approximate analyses of EM 

telemetry using simplified models. Bhagwan and Trofimenkoff 
(1982) studied the low-frequency downhole-surface EM telem-
etry within a homogeneous medium. DeGauque and Grudzinski 
(1987) approximated the EM telemetry system as a quasi-static 
problem in a homogeneous medium and solved it using the 
method of moments (MoM). Xia and Chen (1993) treated the drill 
string as a perfect conductor and neglected the influence of drilling 
mud in homogeneous formations to examine the attenuation 
process of EM telemetry signals. Streich and Swidinsky (2023) use 
the MoM to analyze the effect of model discretization on the nu-
merical results. Li et al. (2014) utilized the numerical mode 
matching (NMM) method to calculate EM telemetry responses in 
layered media for vertical wells at low frequencies and discussed 
the impact of system parameters on the EM telemetry signal. Yang 
et al. (2009) employed the electric field integral equation (EFIE) 
and the MoM to discretize thin casings in horizontally stratified 
media and calculated the current distribution on the steel casing. 
When using such hybrid methods to simulate EM telemetry sys-
tems, the estimation of thin-wire kernel integrations is inevitable 
(Wilton and Champagne, 2006). Zeng et al. (2018) combined the 
mixed-potential IE and MoM to simulate axial current distribution 
on the drill string in both vertical and horizontal wells. However, 
the estimation of thin-wire kernel integrations is very complex 
and the resulting equations system can be singular. Based on 
Zengʼs work, Liang et al. (2020) simplified the computation of thin-
wire kernel integrations by using pulse functions as basis func-
tions in the MoM.

To achieve more accurate simulations of EM telemetry systems 
under field-based conditions, it is necessary to develop more 
effective algorithms. The finite-element (FE) method demon-
strates significant advantages when conducting rigorous forward 
simulations in complex borehole environments. The FE method 
can account for all features of an EM telemetry system, including 
the drill string, drilling fluid in the borehole, multi-layered casing, 
cement, and formations. However, the traditional FE method will 
become inefficient when simulating deep wells or when the 
number of underground layers is large. To simplify the model, 
researchers often treat the EM telemetry system as a two-
dimensional (2D) axisymmetric model, which only requires dis-
cretizing a plane of the underground structure in cylindrical co-
ordinates. Poh et al. (2005) accelerated the computation by 
employing a hybrid axisymmetric FE combined with the surface 
impedance method. This implies that when they used the FE 
method to model the drill string, casing, drill bit, and other 
detailed structures, they approximated the large conductive media 
surrounding the drill string by a surface impedance. In recent 
years, Chen et al. (2011, 2017) and Chen and Zeng (2017) proposed 
a semi-analytical FE method (SAFEM) and applied it to the EM 

forward modeling in layered media for waveguide and borehole 
resistivity measurement. Although Chen et al. (2017) used a semi-
analytical finite-element method for EM telemetry simulations, 
their study omits the phase distribution of currents along the drill 
string. It is well known that the amplitude of a field component is 
generally easier to compute accurately than its phase. Obtaining a 
correct and smooth phase curve often necessitates fine mesh 
discretization and high computational costs. Therefore, we

propose a virtual layering technique for accurate and efficient 
calculation of longitudinal high-precision integration. Addition-
ally, we optimize the coefficient matrix calculation process based 
on the virtual layering technique that further enhances the 
computational efficiency of our method.

In this study, we introduce the SAFEM to solve the simulation 
problem with our axisymmetric EM telemetry in the cylindrical 
coordinate system. The general approach of this method involves 
several steps. First, the layered underground is divided into 
subdomains with uniform geometric shapes and material distri-
butions along the longitudinal direction. Second, the conven-
tional FE method is used to discretize each layerʼs geometry along 
the radial direction. Finally, a high-precision integration method 
based on the Riccati equation is employed to compute the lon-
gitudinal integration. After assembling the coefficient matrices 
for each layer, the block Thomas algorithm is used to solve the 
system of linear equations in block tridiagonal form. The orga-
nization of this paper is as follows: we first introduce the basic 
theory used in our forward modeling of EM telemetry systems. 
After that, we validate the accuracy and efficiency of the proposed 
method via a series of numerical examples, followed by an 
analysis of how variations in system parameters affect the per-
formance of the EM telemetry system. Finally, we demonstrate 
the practical applicability of the proposed method by testing on 
the field data acquired from Dezhou, Shandong Province, China.

2. Methodology

Fig. 1(a) schematically illustrates an operational EM telemetry 
system. It mainly consists of a transmitter, a drill string, and 
receiving electrodes/sensors. The data are transmitted in real time 
between the BHA and surface receivers by the current flowing 
along the drill string and the EM wave propagation in the sur-
rounding formations. The red section behind the drill bit repre-
sents the EM transmitter that generates EM waves traveling 
through the metallic drill string and adjacent formations to the 
surface. The receiver, placed at the surface, is equipped with two 
ports: one is connected to the drill string on the rig while the other 
is connected to a receiving electrode positioned at a certain dis-
tance from the rig.

2.1. Governing equations

The performance of an EM telemetry system is significantly 
influenced by the properties of the surrounding formations. These 
formations are typically treated as stratified structures along the 
vertical axis. Consequently, the EM telemetry system in a vertical 
well can be modeled as an axisymmetric structure within a cy-
lindrical coordinate system. In this model, the system parameters 
remain constant in the azimuthal direction, varying only radially 
and vertically. The system components radiating from the well 
center radially include the metallic drill string, the drilling fluid in 
the borehole, the steel casing, cement, and surrounding forma-
tions. In this study, we adopt the time-harmonic factor e jωt , then 
the Maxwellʼs equations can be expressed as
⎧
⎪ ⎪ ⎨

⎪ ⎪ ⎩

∇ × E = − jωμH − M imp ;

∇ × H = (jωε + σ)E + J imp ;

∇⋅(εE) = ρ;
∇⋅(μH) = 0;

(1)

where E and H represent the electric and magnetic fields, 
respectively; J imp represents the imposed current density; M imp 

represents the imposed magnetic current density; ε, μ, and σ are
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the permittivity, permeability, and conductivity of the medium, 
respectively; ρ denotes the charge distribution.

As mentioned above, the EM telemetry system in a vertical well 
can be taken as an axisymmetric structure in a cylindrical coor-
dinate system (see Fig. 1(b)), so we only need to address a trans-
verse magnetic (TM) problem with a magnetic current source. By 
taking the curl of the second term in Eq. (1) and substituting the 
electric field with the magnetic field, we obtain the partial dif-
ferential equation for the azimuthal component H φ of the mag-
netic field in the cylindrical coordinate system as

1
jωε + σ 

{
∂

∂ρ

( 
1
ρ

∂ 
∂ρ 

(ρH φ ) 
)

+ 
∂
∂z 

( 
∂H φ
∂z

) } 

− jωμH φ = M imp
φ ;

(2) 

where Mφ
imp represents the imposed magnetic current density 

circulating the drill string that can be equivalent to an electric 
dipole (Li et al., 2016; Liu et al., 2024). Applying the variational 
principle to Eq. (2) and eliminating the azimuthal component 
through volume integration, we obtain

∏ 
(H φ ) =π

∫ z b

za

∫ ρ b

ρ a

1
jωε + σ 

{ (
1
ρ 

∂ 
∂ρ 

(ρH φ ) 
) 2 

+ 

(
∂H φ
∂z

) 2 
} 

ρdρdz

− π
∫ z b

za

∫ ρ b

ρa
jωμH2

φρdρdz − 2π
∫ z b

za

∫ ρ b

ρa
M imp 

φ H φ ρdρdz;

(3) 

where z a , z b , ρ a , and ρ b define the computational domain in the 
cylindrical system for the EM telemetry system. From Ampereʼs 
law 

∮ 
l H⋅dl = I, we define I = 2πρH φ as the current flowing along the 

drill string. Then, the variational form based on this current is 
given by

∏ 
(I) =

1 
4π

∫ z b

za

∫ ρ b

ρ a

1
jωε + σ 

{
1
ρ

( 
∂I
∂ρ

)2 
+ 
1
ρ 

(
∂I
∂z 

) 2 
} 

dρdz

−
1 
4π

∫ z b

za

∫ ρ b 

ρa

1
ρ
jωμI 2 dρdz −

∫ z b

za

∫ ρ b

ρa
M imp 

φ Idρdz: (4)

These variational forms can be discretized using the conven-
tional two-dimensional FE method. However, the FE method will 
become inefficient when dealing with large computational do-
mains, such as deep wells or multilayered geological structures. In

this study, we employ the SAFEM to solve this axisymmetric EM 

problem. Considering the geometric characteristics of the EM 

telemetry system, we divide the computational domain into a 
series of vertically uniform layered structures. When applying
SAFEM, the uniform layers along the longitudinal direction do not 
need to be discretized. Instead, only the radial geometry of each
layer needs to be discretized using the one-dimensional FE 
method. After discretization, a scheme based on the Riccati
equation (Chen and Zeng, 2017) is employed to calculate vertical 
integrations at high precision, while the computational speed and 
accuracy remain unaffected by the layer thickness. By converting
the two-dimensional axisymmetric problem in the cylindrical 
system into a series of one-dimensional FE problems, our SAFEM
method can significantly reduce the number of unknowns
compared to the conventional FE method and thus greatly enhance
computational efficiency.

2.2. Semi-analytical finite-element method

Based on the locations of layer interfaces and the transmitting 
sources, the computational domain can be decomposed into a 
series of vertically uniform layered structures, with their radial 
geometry and material properties distributed arbitrarily. By 
applying a one-dimensional FE to discretize the cross-section of 
each layer and leaving the vertical integrations untouched, the
integration in Eq. (4) can be transformed into

∏ 
(I) =

1 
2

∫ z b

za

( 
I T K 1 I + _ I 

T 
K 2 _ I 

) 
dz; (5)

where _ I = ∂I=∂z,

K 1 = 
∑N

e=1

∫ ρ b

ρa

1
2π

( 
1

(jωε + σ)ρ
∂N e
∂ρ

⋅
∂N Te
∂ρ

− 
jωμ

ρ
N e ⋅ N Te

) 

dρ; (6)

K 2 = 
∑N

e=1

∫ ρ b

ρa

N e⋅N Te
2πρ(jωε + σ) 

dρ; (7)

N e represents the basis function for the e-th element. Any one-
dimensional interpolation function can be selected as the test 
function. In this study, we use a linear interpolation function as the 
test function. According to the uniqueness theorem, if the current

Fig. 1. (a) Schematic diagram of an EM telemetry system in a layered medium; (b) simplified model in cylindrical coordinates, where the red part represents the source, I 
represents the current flowing along the drill string and in the nearby formations, and H represents the magnetic field excited by the source term.
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values at the upper and lower boundaries of the region are known, 
the final result of the longitudinal integration in Eq. (5) will be a 
quadratic function based on I a = I| z=z a ;I b = I| z=z b , so that we have

∏ 
(I a ; I b ) =

1
2
I TaK aa I a + ITbK ba I a +

1 
2 
ITbK bb I b ; (8)

where the matrices K aa , K ba , and K bb can be computed using a 
numerical integration algorithm for the longitudinal integration in 
Eq. (5). However, ensuring the accuracy of numerical integration 
can be very challenging, while insufficient precision may limit the 
effectiveness of SAFEM in handling longitudinally uniform layered 
structures, and ultimately compromise the accuracy of the 
method. A high-precision integration scheme based on the Riccati 
equation can be employed to solve the longitudinal integration 
and achieve computational accuracy close to the rounding error of 
double-precision floating-point arithmetic. The detailed proced-
ures for solving the matrices K aa , K ba , and K bb can be found in 
Appendix A.

2.3. Virtual layering technique and block Thomas algorithm

After obtaining the integration for the vertically uniform re-
gions using the high-precision integration method, the coefficient 
matrix for the current layer is given by

K = 

[
K aa K ab 
K ba K bb

] 

;K ab = KT
ba; (9)

once the coefficient matrix for each layer is obtained, we can
assemble these matrices to form a global coefficient matrix. The
source terms are then added to the corresponding positions on the
right-hand side. By solving this large linear equation system, we
can obtain the responses for the EM telemetry system. The global 
coefficient matrix derived from SAFEM takes the form of a block
tridiagonal matrix, i.e.
⎡

⎢ 
⎢ 
⎢
⎢
⎣ 

B 1 C 1 0 ⋯ 0
A 2 B 2 C 2 ⋱ ⋮
0 A 3 B 3 ⋱ 0
⋮ ⋱ ⋱ ⋱ C N− 1
0 ⋯ 0 A N B N

⎤

⎥ 
⎥ 
⎥ 
⎥ 
⎦

⎡

⎢ 
⎢ 
⎢
⎢
⎣ 

I 1
I 2
⋮
⋮
I N

⎤

⎥ 
⎥ 
⎥ 
⎥ 
⎦
=

⎡

⎢ 
⎢ 
⎢
⎢
⎣ 

b 1
b 2
⋮
⋮
b N

⎤

⎥ 
⎥ 
⎥ 
⎥ 
⎦
; (10)

where A i = K (i− 1) ba ; B i = K (i)aa+ K (i− 1) bb ; and C i = K (i) ab, I i and b i
represent the discretized current vector and discretized excitation 
for the i-th interface, respectively.

Since the coefficient matrix in Eq. (10) has a special form, it can 
be solved by the MUMPS or PARDISO direct solvers based on the LU 
decomposition. However, the block Thomas algorithm (Chen et al., 
2011; Meurant, 1992) can accelerate the overall solution process. 
The block Thomas algorithm is a specialized form of the Thomas 
algorithm designed for solving equations systems with tridiagonal 
matrices, and its computational cost increases linearly with the 
number of layers. Combining the SAFEM with the block Thomas 
algorithm we can significantly enhance the efficiency of our for-
ward modeling of multi-layer EM telemetry systems.

In the simulation of the EM telemetry system, achieving a 
precise representation of the current flowing along the drill string 
requires fine discretization in the vertical direction, rather than 
relying solely on the actual subsurface layers to form the final 
linear equations. To address this, we propose the virtual layering 
technique to optimize the computational process. As illustrated in 
Fig. 2, by considering actual and required stratification for the 
simulation, our approach enables more flexible discretization of 
the vertical layers. For example, for layers far from the source, a 
larger thickness Δd is used, while for layers close to the source, a

smaller thickness Δd 1 is used. Although the entire system is 
divided into n− 1 layers during the simulation, only the system 

parameters of N− 1 layers differ. Thus, we only need to compute 
the coefficient matrix for a virtual layer of thickness Δd within 
each actual layer, and then assign this matrix to other virtual layers 
within the same actual layer. For virtual layers with varying 
thicknesses, we simply identify the corresponding actual layer and 
recalculate the coefficient matrix for the specific layer thickness. 
The pseudocode for this process is outlined below.

Algorithm 1. Global matrix calculation and block Thomas solver
in SAFEM

3. Numerical experiments

3.1. Algorithm validation

We first validate the effectiveness of the proposed method 
using a model of an EM telemetry system in a layered medium. The 
model consists of four layers: the first is the air, while the in-
terfaces of the remaining three layers are located at z = 400 m and 
z = 700 m, respectively. The conductivities from top to bottom 

layer are 10 − 8 , 0.5, 0.1, and 0.05 S/m, respectively. The drill string 
has a length of 1000 m and a radius of 0.127 m, with 1 V voltage 
source placed at z = 960 m and an operating frequency of 5 Hz. 
Fig. 3 shows the magnitude and phase of the current flowing 
along the drill string. To investigate the impact of the drill string 
conductivity on system performance, we consider two cases of a 
perfectly conductive drill string (a perfect electric conductor-PEC) 
and a drill string with a finite conductivity of 10 5 S/m and compare 
our results with those from COMSOL. In this example, each virtual 
layer has a thickness of Δd = 20 m. From Fig. 3, we can see that our 
results agree well with COMSOL, with a maximum relative error in 
amplitude of about 3% and a maximum absolute error in phase of
2 ◦ . The current in higher-conductivity layers decays more rapidly. 
This occurs because the current injected into high-conductivity 
layers experiences significant attenuation along the drill string. 
Moreover, the conductivity of the drill string can significantly 
affect the rate of current attenuation. As shown in the figure, the 
lower the drill string conductivity, the faster the current

Stage 1 Calculate the coefficient matrix under true stratification:
for i = 1: N do
calculate K 1 (i), K 2 (i) based on Eqs. (6) and (7)
use high-precision integration scheme to calculate matrix K true (i) in Eq. 
(9) with a thickness of Δd

end for
Stage 2 Calculate the coefficient matrix under virtual stratification: 
for j = 1: n do
if z j+1 − z j = Δd then
if z i < z j < z i+1 then
K(j) = K true (i)

end if
else
repeat stage 1 with a thickness of Δd 1

end if
end for
Stage 3 Solve the linear equations system using the block Thomas

algorithm:
C' 1 = B − 11 C 1
b' 1 = B− 1 

1 I 1
for i = 2: n do
C' i = (B i − A i C' i− 1 ) − 1 C i
b' i = (B i − A i C' i− 1 ) − 1 (b i − A i b' i− 1 ) 

end for
I n = b' n
for i = n− 1: − 1 : 2 do
I i = b' i − C' i I i+1

end for
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attenuates along the string. Therefore, the impact of drill string 
conductivity should be taken into account in future simulations of 
EM telemetry systems. Table 1 compares the cost for the calcula-
tion of EM telemetry responses in vertical wells for both methods. 
For a fair comparison, we discretized the 2D model in a cylindrical 
system using COMSOL, while SAFEM used only 320 grids to dis-
cretize the interface of each layer. As we assume a total of 52 
virtual layers, the number of unknowns is 53×321 (321 nodes). 
Table 1 illustrates that SAFEM is 35 times faster than COMSOL; 
while it consumes approximately 60 times less memory than 
COMSOL; COMSOL creates about 1000 times DOFs of SAFEM.

We further analyze the memory and time consumption of 
SAFEM using different solution methods. Since SAFEM discretizes 
models with fewer unknowns, we use the LU decomposition taken 
from the Intel Math Kernel Library (MKL) and the block Thomas 
method. Table 1 shows that, despite the parallel computation in 
the MKL functions, the block Thomas algorithm requires less 
memory and time than the LU decomposition. In dealing with 
deep well problems, which involve more virtual layers and un-
knowns, the computational time of LU decomposition increases 
exponentially, while the computational time of block Thomas al-
gorithm increases only linearly. This means that combined with 
the block Thomas algorithm, our method can significantly reduce 
memory consumption and computational time.

To further validate the effectiveness of our SAFEM method, we 
design a more complex model with varied system parameters. 
Fig. 4 shows the EM telemetry system in a borehole with a uni-
form formation conductivity of 1 S/m. The drill string has a length 
of 1524 m and a radius of 0.127 m. The radius of the borehole is 
0.1524 m. The length of the casing and cement is 914.4 m. The 
conductivity of the drilling fluid is 1 S/m and the conductivities of 
the drill string and casing are 2×10 6 S/m. A 1 V magnetic current 
source is positioned at 1463.04 m, operating at a frequency of 5 Hz. 
Due to large variations in the cement conductivity in different 
states, we select two sets of parameters with relatively high and 
low conductivities for the cement to explore their impact on the 
EM telemetry system. The virtual layer has a thickness of 
Δd = 30.48 m. Fig. 5 shows the calculation results of the current 
magnitude and phase along the drill string. The current magnitude 
decreases with distance from the source, as part of the current is 
injected into the surrounding conductive formations when flowing 
along the drill string. Additionally, the decay of the current above 
the gray line is slower, which is due to the presence of the casing 
that shields the current from flowing into the nearby formations. 
As the cement conductivity decreases, the current attenuation 
slows down, and the phase shows noticeable changes. Compared 
to the high-conductivity case, the impact of the cement conduc-
tivity becomes more apparent at 914.4 m on the phase curve. This 
indicates that the EM telemetry system is highly sensitive to 
changes in the conductivity of surrounding media. It is crucial to 
rigorously consider the effects of system parameters during sim-
ulations. A comparison of the computational costs of SAFEM and 
COMSOL is shown in Table 2. Another advantage of SAFEM, as

Fig. 2. Schematic diagram of a layered structure for EM telemetry system. On the left 
side is the real stratification in the subsurface with a total of N interfaces; on the right 
side is the virtual stratification with a finely discretized vertical layering, consisting of 
n interfaces. The red line indicates the location of the imposed source. For regular 
layers, the thickness is assumed to be Δd, while for layers closer to the source, a 
smaller thickness Δd 1 is used.

Fig. 3. Current distribution along the drill string. (a) Magnitude of the current, (b) 
phase of the current. The black lines represent the results from COMSOL, while the red 
and purple lines represent the results from the proposed method. The dashed lines 
reveal the current distribution when the drill string is taken as a PEC, while the solid 
lines reveal the current distribution when the drill string has a limited conductivity of 
10 5 S/m.

Table 1
Computational costs of COMSOL and SAFEM for example 1. The total time in the last 
two rows is the sum of the time for calculating the system matrix and solving the 
equations.

Method Number of unknowns Memory cost CPU time

COMSOL 19,924,946 50.36 GB 508 s
SAFEM (Thomas) 53×321 800 MB (11.3+2.9) s
SAFEM (LU) 53×321 5 GB (11.3+15.3) s
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shown in Tables 2 and is that the calculation speed and accuracy 
are unaffected by layer thicknesses.

In the previous example, we primarily discuss the impact of 
casing and cement layers used in well cementing on telemetry

responses. To better reflect the geological diversity encountered in 
actual drilling, we respectively introduce three additional forma-
tion interfaces at depths of 304.8, 914.4, and 1219.2 m in the 
original model, dividing the formation into four layers with the 
conductivity of 0.05, 0.01, 0.1, and 1 S/m from top to bottom. All 
other parameters are consistent with the previous case. The 
simulation results in Fig. 6 indicate that the attenuation rate of 
current flowing along the drill string is proportional to the for-
mation conductivity. In low-conductivity formations, the current 
attenuates slowly, whereas in high-conductivity formations, the 
attenuation becomes strong. This observation aligns with the 
conclusions drawn from Case 1. Additionally, the results also 
demonstrate that the cement layer above 914.4 m has a negligible 
effect on the current, as is observed by the amplitude curve that 
shows no significant variations. In the phase curve one can only 
see minor differences. This phenomenon can be explained. Due to 
the high conductivity of the surrounding formation in Case 2, a 
portion of the current drifts into the formation during the trans-
mission. The casing and cement layers, acting as barriers to current 
flow into the formation, cause noticeable changes in both ampli-
tude and phase. However, in the case with lower formation con-
ductivity, the current tends to flow along the drill string and thus 
significantly reduces the influence of the cementing layers.

3.2. Effect of frequency

The operating frequency and formation conductivity are the 
two key factors affecting the signal strength of the EM telemetry 
system. Fig. 7 illustrates the current magnitude and phase along 
the drill string at various frequencies, while Fig. 8 shows the 
voltage signal strength detected at the surface for different fre-
quencies, with the receiving electrode positioned at 50 m from the 
drilling rig. From Fig. 7(a), the current magnitude decreases as the 
frequency increases, and the rate of current attenuation also 
speeds up at higher frequencies. Additionally, Fig. 7(b) shows 
significant phase changes with increasing frequency. Fig. 8 in-
dicates that when the frequency is below 10 Hz, the difference in

Fig. 4. Schematic diagram of an EM telemetry model that considers the actual 
wellbore environment. The system parameters are shown in the legend on the right 
side, with the red area representing the location of the imposed source.

Fig. 5. Distribution of the current magnitude and phase along the drill string in 
complex media. The dashed lines show the responses with a cement conductivity of 
0.1 S/m, while the solid lines show the responses with a cement conductivity of 
0.01 S/m. The gray lines show the location at the depth of 914.4 m which marks the 
end of the casing and cement.

Table 2
Costs of COMSOL and SAFEM methods for Example 2. The total time in the last two 
rows is the sum of the time for calculating the system matrix and solving the 
equations.

Method Number of unknowns Memory cost CPU time

COMSOL 21,335,712 54.72 GB 564 s
SAFEM (Thomas) 53×321 810 MB (8.7+2.8) s
SAFEM (LU) 53×321 5.32 GB (8.7+13.5) s

Fig. 6. Current magnitude and phase along the drill string in complex media with 
layered formations. The sky-blue dashed lines show the responses with a cement 
conductivity of 0.1 S/m, while the purple dashed lines show the responses with a 
cement conductivity of 0.01 S/m. The gray lines show the location of the three 
interfaces.
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voltage signal received at the surface is minimal. Considering both 
the data transmission rate and the surface signal strength, the 
optimal operating frequency for the EM telemetry system should 
be around 10 Hz. However, for deep-well measurements, the 
operating frequency should be reduced to ensure that the surface 
antenna or voltage meter can detect useful transmission signals.

3.3. Effect of layerʼs conductivity and thickness

To further investigate the impact of formation conductivity on 
the strength of EM telemetry signals, a thin layer between 520 and 
580 m was added to the model in Case 1. The distribution of

current along the drill string was calculated at a frequency of 
10 Hz, while the conductivity of the thin layer varies from 0.01, 0.1, 
1, 10, to 100 S/m. It is seen from Fig. 9(a) that the magnitude of the 
current in the shallower part decreases as the thin layerʼs con-
ductivity increases. When the conductivity exceeds 1 S/m, a step 
decent of current occurs within the layer. This effect becomes 
more pronounced for higher conductivities. This phenomenon 
occurs because more current flows into the high-conductivity 
formation. The phase results in Fig. 9(b) also support this 
conclusion, showing a sudden phase shift at the location of the 
thin layer. Fig. 10 displays the telemetry signal received at the 
surface. From the figure, the signal strength decreases as the 
conductivity of the thin layer increases.

To further demonstrate the advantages of SAFEM, we add a 
20 m-thick thin layer within the depth range of 520–540 m and 
assign it with high or low conductivity. As can be seen from the 
results in Fig. 11, when the thin layer has high conductivity, the 
current flowing along the drill string undergoes significant 
attenuation upon passing through the layer, accompanied by a 
sudden phase shift. In contrast, when the thin layer has a low 

conductivity, the current attenuation is minimal, so the phase 
curve exhibits a smooth variation. Moreover, the comparison of 
the computational cost in Table 3 highlights the efficiency 
advantage of SAFEM. In COMSOL, mesh refinement is required 
when simulating thin layers to ensure computational accuracy. 
This significantly increases computational cost. In contrast, the 
SAFEM employs a more optimized computational strategy that can 
effectively reduce resource consumption while maintaining high 
accuracy. This further underscores its superiority in handling 
complex formational structures.

In Fig. 12, we fix the thin layerʼs conductivity at 0.01 and 10 S/m 

and calculate the corresponding surface signals by varying the 
layer thickness. The results show that for a conductive layer, the 
surface signal strength decreases as thickness increases. 
Conversely, for a resistive layer, the surface signal strength in-
creases gradually with the thickness. In summary, these findings 
suggest that the EM telemetry system is highly sensitive to the 
conductivity and thickness of the conductive formations between 
the downhole transmitter and the surface receiver. When a 
conductive layer exists between them, the telemetry signal will be 
significantly weakened, which is a limitation of EM telemetry 
compared to mud pulse telemetry.

4. Field data example

To validate the practicality of the method proposed in this 
study, we performed a simulation using field data from a vertical 
well in Dezhou, Shandong Province, China (Liang et al., 2020). The 
drilling depth ranges from 200 to 2000 m, with a 1.4 A current 
source located 100 m behind the drill bit. The operating frequency 
is 10 Hz, and the ground receiver is approximately 50 m away from 

the rig. The current source moves between 350 and 1000 m, so the 
drill string length varies from 450 to 1100 m. The radius of the 
drilling string is 0.5 m. Fig. 14(a) shows the resistivity model 
derived from the logging results shown in Fig. 13. It is seen from 

Fig. 14(b) that the simulation results obtained by SAFEM match 
well the trend of the field data in the mid-to-deep region. It is 
worth noting that, in practical applications, the results of numer-
ical simulations and actual measurements can be influenced by 
many uncertainties. For instance, the surface resistivity distribu-
tion can fluctuate significantly due to changes in temperature and 
moisture. Additionally, borehole effects can substantially influence 
surface-detected signals. Consequently, the discrepancies between 
numerical simulation results and the measurements are

Fig. 7. The effect of operating frequency on the current flowing along the drill string. 
(a) Magnitude of current; (b) phase of current. The black, red, and sky-blue lines 
represent the results for operating frequencies of 5, 50, and 100 Hz, respectively.

Fig. 8. Telemetry system signals at different operating frequencies.
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unavoidable. Nevertheless, our method demonstrates good effi-
ciency and reasonable accuracy in this field examples.

5. Conclusion

We have successfully developed an efficient and accurate 
simulation algorithm for axisymmetric EM telemetry systems in 
vertical wells using the SAFEM in cylindrical systems. By adopting 
the virtual layering technique, we further improve the computa-
tional efficiency of SAFEM. Due to the special structure of the co-
efficient matrix formed by this method, we introduce the block

Fig. 9. Effect of thin layer conductivity on current flowing along the drill string. (a) 
Magnitude of the current; (b) phase of the current. The black, green, red, purple, and 
sky-blue lines represent the results for conductivities of 0.01, 0.1, 1, 10, and 100 S/m, 
respectively. The gray lines at depths of 520 and 580 m indicate the upper and lower 
boundaries of the thin layer.

Fig. 10. Telemetry system signal under different thin layer conductivities.

Fig. 11. The current flowing along the drill string with a 20 m thin layer. (a) Magni-
tude of the current; (b) phase of the current. The green and red lines represent the 
results for conductivities of 10 and 0.01 S/m using COMSOL, while the purple and sky-
blue dashed lines represent the results for conductivities of 10 and 0.01 S/m using 
SAFEM. The gray lines at depths of 520 and 540 m indicate the upper and lower 
boundaries of the thin layer.

Table 3
Costs of COMSOL and SAFEM for the thin layer with a thickness of 20 m. The total 
time in the last two rows is the sum of the time for calculating the system matrix 
and solving the equations.

Method Number of unknowns Memory cost CPU time

COMSOL 20,641,708 52.41 GB 532 s
SAFEM (Thomas) 53×321 841 MB (13.0+3.3) s
SAFEM (LU) 53×321 5.35 GB (13.0+13.5) s

Fig. 12. Telemetry system signal at varying thicknesses with a thin layer of conduc-
tivity of 0.01 and 10 S/m, respectively.
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Thomas algorithm for solving the linear equations system. The 
numerical experiments have shown that in this way the compu-
tational efficiency is largely enhanced and the memory con-
sumption is largely reduced when comparing the software 
COMSOL. This makes it possible for us to handle deep well prob-
lems without significantly increasing the computational cost. The 
analysis of the impact of system parameters on the strength of EM 

telemetry signals also showed that the conductivity of the drill 
string, the operating frequency, and the layer conductivity could 
significantly impact the signal strength of the EM telemetry sys-
tem. When the frequency is below 10 Hz, both the current distri-
bution and the surface signal are nearly unaffected. However, with 
increasing frequency, the current distribution changes noticeably 
while the surface signal decreases. Moreover, the EM telemetry 
system is highly sensitive to well-conductive layers between the 
downhole source and the surface receiver. An increase in layer 
conductivity or thickness in such a conductive layer will weaken 
the signal received at the surface. The system parameters analyzed 
in this study aim to provide guidance for the design and execution 
of the EM telemetry surveys.
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Appendix A

Here, we provide a high-precision integration scheme for 
solving the longitudinal integration in Eq. (8). This scheme, based
on the Riccati equation, allows for the efficient calculation of the 
longitudinal integrals in Eq. (8). As demonstrated by Zhong (2004, 
2006), the system matrices K aa , K ba , and K bb satisfy the following
relationships, i.e.
⎧ 
⎨ 

⎩

K aa = − Q + F Τ G − 1 F
K ba = − G − 1 F
K bb = G − 1

; (A-1)

where the matrices Q, F, and G are solutions to a set of Riccati 
equations, i.e.
⎧ 
⎨

⎩

dF=dη = − GBF = FDQ
dG 
/ 
dη = D − GBG = FDF T

dQ=dη = − FBF = QDQ − B
; (A-2)

with the initial conditions of
⎧ 
⎨ 

⎩

Q | η→0 = 0
G| η→0 = 0 
F| η→0 = I

; (A-3)

where B = K 1 , D = K 2− 1 . K 1 and K 2 can be calculated using Eq. (6) 
and Eq. (7), respectively. η = z b – z a represents the thickness of the 
current layer, while 0 and I denote the zero and unit matrix with 
the same dimensions as K 1 and K 2 .

To implement the high-precision integration scheme based on 
the Riccati equation, there are two key points: one is to divide the 
integration interval based on the 2 N division method, while the 
other is to avoid rounding errors during the computation. Thus, we 
first divide the integration interval η into 2 N segments, i.e.

τ = 
η
2 N

; (A-4)

where N is a positive integer, and typically N=20 is sufficient to 
achieve an integration accuracy that meets the double precision 
defined by a computer. This means that even if the layer thickness 
is 100 times as the wavelength, the length of each integration in-
terval τ will still be less than 1/10,000 of the wavelength. Within 
this sufficiently small interval τ, we can calculate the matrices Q, F, 
and G using the Taylor series expansion, namely

⎧
⎪ ⎪ ⎪ ⎪ ⎪ ⎨

⎪⎪⎪⎪⎪⎩ 

F(τ) = I + F ́ (τ)
F ́ (τ) = φ 1 τ + φ 2 τ 2 + φ 3 τ 3 + φ 4 τ 4 + O 

( 
τ 5 
)

G(τ) = γ 1 τ + γ 2 τ 2 + γ 3 τ 3 + γ 4 τ 4 + O 
( 

τ 5 
) 

Q (τ) = θ 1 τ + θ 2 τ 2 + θ 3 τ 3 + θ 4 τ 4 + O 
( 

τ 5 
)

; (A-5)

where the matrices φ, γ, and θ have the same dimensions as the
matrices Q, F, and G. Since the integration interval τ is extremely 
small, the terms of higher-order error O(τ 5 ) in the Taylor expansion 
can be neglected without losing accuracy. By comparing Eq. (A-5) 
with the Riccati Eq. (A-2), we obtain the expressions for the
matrices φ, γ, and θ, i.e.
⎧
⎪ ⎪ ⎨

⎪ ⎪ ⎩

γ 1 = D
γ 2 = 0
γ 3 = − γ 1 Bγ 1 =3
γ 4 = ( − γ 2 Bγ 1 − γ 1 Bγ 2 )=4

; (A-6)

⎧
⎪ ⎪ ⎨

⎪ ⎪ ⎩

φ 1 = 0
φ 2 = − γ 1 B=2
φ 3 = ( − γ 2 B − γ 1 Bφ 1 )=3
φ 4 = ( − γ 3 B − γ 2 Bφ 1 − γ 1 Bφ 2 )=4

; (A-7)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

θ 1 = − B

θ 2 = 
( 
− φT

1B − Bφ 1 
)/ 

2

θ 3 = 
( 
− φT

2B − Bφ 2 − φT
1Bφ 1 

)/ 
3

θ 4 = 
( 
− φT

3B − Bφ 3 − φT
2Bφ 1 − φT

1Bφ 2 
)/ 

4

: (A-8)

Substituting Eq. (A-6) to Eq. (A-8) into Eq. (A-5), we obtain the 
matrix values within an integration interval τ. Using the segment
merging algorithm, the matrix for the interval 2τ is then given by

⎧
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨

⎪⎪⎪⎪⎪⎪⎩ 

G(2τ) = G(τ) + F(τ) 
[ 
G(τ) − 1 + Q (τ) 

] − 1 
F(τ) T

F ́ (2τ) = F ́ (τ)[I + G(τ)Q (τ)] − 1 F ́ (τ)
+[(F ́ (τ) − G(τ)Q (τ)=2)][I + G(τ)Q (τ)] − 1

+[I + G(τ)Q (τ)] − 1 [(F ́ (τ) − G(τ)Q (τ)=2)]

Q (2τ) = Q (τ) + F(τ) T 
[ 
Q (τ) − 1 + G(τ) 

] − 1 
F(τ)

: (A-9)

It is important to note that during the calculation process, we
only compute and store the increment of matrix F, denoted by F ' .
Since the initial matrix F is an identity one, the increment F ' is 
much smaller than I. If we directly add this increment to the ma-
trix F, the increment F ' may be ignored due to rounding errors in 
the computer. By iterating Eq. (A-9) N times, we can accurately 
calculate the matrices Q, F, and G over the entire integration in-
terval η. Substituting these matrices into Eq. (A-1) we will be able 
to obtain the system matrices K aa , K ba , and K bb for the current 
layer.
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