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a b s t r a c t

Predictions of fluid distribution, stress field, and natural fracture are essential for exploiting uncon-
ventional shale gas reservoirs. Given the high likelihood of tilted fractures in subsurface formations, this
study focuses on simultaneous seismic inversion to estimate fluid bulk modulus, effective stress
parameter, and fracture density in the tilted transversely isotropic (TTI) medium. In this article, a novel
PP-wave reflection coefficient approximation equation is first derived based on the constructed TTI
stiffness matrix incorporating fracture density, effective stress parameter, and fluid bulk modulus. The
high accuracy of the proposed equation has been demonstrated using an anisotropic two-layer model.
Furthermore, a stepwise seismic inversion strategy with the LP quasi-norm sparsity constraint is
implemented to obtain the anisotropic and isotropic parameters. Three synthetic model tests with
varying signal-to-noise ratios (SNRs) confirm the method's feasibility and noise robustness. Ultimately,
the proposed method is applied to a 3D fractured shale gas reservoir in the Sichuan Basin, China. The
results have effectively characterized shale gas distribution, stress fields, and tilted natural fractures, with
validation from geological structures, well logs, and microseismic events. These findings can provide
valuable guidance for hydraulic fracturing development, enabling more reliable predictions of reservoir
heterogeneity and completion quality.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

To effectively guide hydraulic fracturing (Hubbert and Willis,
1957; Wen et al., 2024) in unconventional shale reservoirs with
ultralow porosity and permeability, fluid identification, stress pre-
diction, and natural fracture detection play essential geophysical
roles in shale gas reservoir modification (Zhang et al., 2018; Li et al.,
2021, 2022a; Zhao et al., 2024). Geophysical parameter inversion
based on offset vector tile (OVT)-domain seismic data provides
valuable reference information for shale gas development.

Hydrocarbon fluid identification is a prerequisite for optimal
well placement and delineation of productive zones in shale gas
reservoirs (Ma et al., 2023; Yin and Zhang, 2014). Extensive
y Elsevier B.V. on behalf of KeAi Co
methodologies for fluid identification have been developed in both
the time and frequency domains. For the time-domain approaches,
conventionalfluid indicators constructedwith elasticity parameters
have been widely employed to identify fluids in prestacked seismic
inversion, including the product of Lam�e constant and rock density
(lr-mr-lm) (Goodway et al., 1997), the P- to S-wave velocity ratio
(Ding et al., 2019; Uyanik, 2010), and Russell fluid factor (Russell
et al., 2011). Nevertheless, seismic anisotropy induced by fluid-
saturated fractured rocks necessitates more advanced treatments.
Under the weak anisotropy (WA) theory, considering that fracture
normal weakness is sensitive to fluids and fracture tangential
weakness is fluid-independent, the ratio of normal to tangential
fracture flexibilities (KN/KT) (Schoenberg and Sayers,1995) has been
widely used for fluid identification. Recent advancements have in-
tegrated fracture parameters into fluid indicators, exemplified by
the anisotropic fluid factor (FF), expressed in terms of fracture
mmunications Co. Ltd. This is an open access article under the CC BY-NC-ND license
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weakness and dry normal weakness as 1‒dT/d
dry
N (Xue et al., 2017),

the coupled anisotropicfluid indicator (df) (Pan et al., 2020a) and the
fracture gas indication factor (GFI) (Zhao et al., 2024). Despite their
utility, these fluid indicators formulated as empirical parameter
combinations remain susceptible to interference from porosity and
fracture parameters. To address this limitation, direct seismic
inversion of fluid bulkmodulus decoupled frommatrix and fracture
effects has emerged as a more robust alternative (Yin and Zhang,
2014; Li et al., 2021, 2022a). In this study, we achieve fluid bulk
modulus decoupling in the tilted transversely isotropic (TTI) me-
dium with fractures by integrating anisotropic Gassmann fluid
substitution equation with the linear slip model (Schoenberg and
Douma, 1988).

Investigating in-situ stress can enhance hydraulic fracturing
performance (Lin et al., 2022; Seto et al., 1999; Zhang et al., 2018;
Yin et al., 2018). It is acknowledged that the in-situ stress consists of
three principal stress components: vertical principal stress, and the
maximum and minimum horizontal principal stresses. Current
methods for in-situ stress assessment encompass three primary
approaches: field surveys (Nakamura et al., 1997), well-log-based
geomechanical modeling (Nikolaevskiy and Economides, 2000),
and seismic predictions (Gray et al., 2010). For seismic-based stress
inversion, anisotropic fracture-equivalent medium modeling is
indispensable. Early studies approximated shale reservoirs as ver-
tical transversely isotropic (VTI) media for stress estimation (Zhang
et al., 2015). To simplify prediction, the low differential horizontal
stress ratio (DHSR) was utilized to characterize the rock suscepti-
bility to complex fracture network generation under external
loading (Gray et al., 2012). Subsequent advances include the
following: Ma et al. (2017, 2018) proposed the orthotropic DHSR
(ODHSR) to assess stress in orthotropic anisotropic (OA) media,
correlating stress-strain relationships with fracturing potential;
Pan and Liu (2024) derived anisotropic parameters and stress
prediction considering stress factors in the VTI medium; Li et al.
(2022a, 2021) derived the linearized PP-wave reflection coeffi-
cient with vertical effective stress-sensitive parameter in the hor-
izontal transversely isotropic (HTI) medium; Li et al. (2022b)
derived the PP-wave reflection coefficient in the OA medium
incorporating stress-related parameters. Despite these advance-
ments, stress characterization in the TTI mediumwith tilted natural
fractures remains insufficiently studied. This study focuses on the
preliminary method of inverting stress parameters from the OVT
domain seismic data and deriving the PP-wave reflection coeffi-
cient incorporating the relevant stress parameters in the TTI
medium.

Furthermore, natural fractures in hydrocarbon reservoirs play a
critical role in governing fluid migration and storage capacity,
directly influencing production efficiency and ultimate recovery
(Sayers and Dean, 2001; Zhang et al., 2020; Guo et al., 2022a).
Hydraulic stimulation can activate these fractures, creating inter-
connected networks that enhance hydrocarbon mobility. Aniso-
tropic seismic fracture characterization primarily focuses on two
critical parameter categories: fractureweaknesses (Schoenberg and
Douma, 1988; Bakulin et al., 2000a) and anisotropy parameters
(Thomsen, 1986), both of which are crucial for assessing fracture
intensity (Lin et al., 2022; Guo et al., 2022b). Subsurface fractures
with dominant orientations induce seismic anisotropy, commonly
modeled through fracture equivalent media, including HTI medium
with the horizontal axis of symmetry (Bakulin et al., 2000a),
layered vertical transversely isotropic (VTI) mediumwith a vertical
axis of symmetry, orthorhombic anisotropic (OA) medium (Bakulin
et al., 2000b), and tilted transversely isotropic (TTI) medium
2385
(Bakulin et al., 2000c). Born scattering theory and the stationary
phase method provide the foundation for linearizing the PP-wave
reflection coefficient (Shaw and Sen, 2004, 2006). These linear-
ized PP-wave reflection coefficients enable the direct extraction of
fracture parameters from azimuthal seismic data in various aniso-
tropic media, including the standard HTI medium (Ruger, 1998;
Chen et al., 2014, 2017; Pan et al., 2017), OA medium (Li et al.,
2022b; Pan et al., 2018a, 2018b; P�sen�cík and Martins, 2001), TTI
medium (Ma et al., 2022; Pan et al., 2020b; Chen et al., 2020a). The
linear PP-wave reflection coefficient derived for the TTI medium
embedded in a VTI background is more suitable for characterizing
shale fractures when the tilted fractures are developed in shale (Qin
et al., 2022). To address this limitation, we propose a novel PP-wave
reflectivity that explicitly integrates fracture density within the
dual-phase medium framework, enabling the direct inversion of
fracture density from azimuthal seismic data.

This article provides the simultaneous seismic inversionmethod
for fluid bulk modulus, effective stress parameter, and fracture
density in TTI media, addressing fluid identification, stress assess-
ment, and natural fracture prediction. To begin with, we establish
the stiffness matrix of saturated anisotropic TTI media based on the
quantitative relationship between dry fracture weaknesses and
fracture density. The skeleton gain function (Han and Batzle, 2003;
Yin and Zhang, 2014) is introduced to decouple fluid bulk modulus
from porosity via the effective stress parameter. Based on the ac-
quired TTI stiffnesses, incorporating the fracture density and the
effective stress parameter, the approximate stiffness perturbations
are deduced under the assumption of small perturbations in the
elasticity parameters across the interfaces. These perturbations are
then utilized to obtain the linearized PP-wave reflection coefficient
equation by Born scattering theory (Shaw and Sen, 2004, 2006),
realizing the direct seismic inversion of fluid bulk modulus, effec-
tive stress parameter, and fracture density in the TTI medium. The
high accuracy of equation is validated from azimuths, incidence
angles, and fracture inclination angles. A stepwise inversion strat-
egy (Chen et al., 2020a; Guo et al., 2022c; Zhao et al., 2024) based on
the LP quasi-norm sparsity constraint (Zhao et al., 2023) is applied
to decouple these parameters from the OVT domain seismic data,
ignoring azimuthal wavelet differences. Three synthetic models
with varying SNRs confirm the method's feasibility and noise
robustness. Eventually, the method has been applied to a fractured
shale gas reservoir in the Sichuan Basin, China, and the inversion
results exhibit satisfactory agreement with well logs, geological
structures, and microseismic events, demonstrating its reliability
for shale gas development.
2. Methodology

2.1. Linearized PP-wave reflection coefficient equation

Tilted fractures are commonly found in the subsurface, and the
anisotropy induced by fracture inclination cannot be neglected.
Based on the fluid substitution equation, the stiffness matrix of
saturated rock can be expressed as the sum of the stiffness matrix of
the dry rock skeleton and the anisotropic fluid component (Brown
and Korringa, 1975; Mavko et al., 2009). The Bond transformation
theory (Winterstein, 1990) for parallel fractures accounts for frac-
ture inclination. Assuming small fracture weakness parameters, the
stiffness matrix CTTI of anisotropic saturated rock is given by (Ma
et al., 2022, 2023):
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CTTI¼

0
BBBBBBBBBBBBB@

Csat
11 Csat

12 Csat
13 0 Csat

15 0

Csat
12 Csat

22 Csat
23 0 Csat

25 0

Csat
13 Csat

23 Csat
33 0 Csat

35 0

0 0 0 Csat
44 0 Csat

46

Csat
15 Csat

25 Csat
35 0 Csat

55 0

0 0 0 Csat
46 0 Csat

66

1
CCCCCCCCCCCCCA

6�6

(1)

where the specific expressions for Csat
ij are detailed in Appendix A,

the subscript "ij" denotes the element position, and the superscript
"sat" represents fluid-saturated rock. Based on fracture weaknesses
(Schoenberg and Douma, 1988; Bakulin et al., 2000a) incorporating
fracture density, fluid bulk modulus, and fracture aspect ratio, the
normal and tangential fracture weaknesses of dry fractures can be
rigorously expressed as

ddryN ¼GNe
TTI and ddryT ¼ GTe

TTI (2)

in which

GN ¼ 4
3gdð1� gdÞ

and GT ¼
16

3ð3� 2gdÞ
(3)

where ddryN and ddryT represent the normal and tangential weaknesses
of dry fractures, respectively, eTTI denotes the fracture density in the
TTImedium, the superscript "dry" indicates the dry rock skeleton,GN
and GT denote the weighting coefficients relating fracture density to
normal and tangential weaknesses, respectively, and the parameter
gd is the P- to S-wave velocity ratio in the dry rock skeleton, calcu-
lated as the dry P-wave modulus Md divided by the shear modulus
mb. Given that the shear modulus of the fluid is zero, the saturated
and dry rock skeletons share the same shear modulus.

In the TTI medium, as illustrated in Fig. 1, rock porosity can be
expressed as the sum of fracture porosity and background
(unfractured) porosity. Compared to background porosity, fracture
porosity approaches zero in the thin coin-shaped fracture model
when the fracture aspect ratio tends to zero, etc., ff/ 0, and then
fzfp. Numerous experimental studies have demonstrated that
rock porosity is negatively correlated with vertical effective stress,
and this quantitative relationship was given as (Athy, 1930; Rubey
and Hubbert, 1959; Flemings et al., 2002; Dutta, 2002; Long et al.,
2011; Chen et al., 2020b):
Y
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Fig. 1. Schematic of the TTI medium harboring a group of tilted fractures.
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fp ¼f0 expð�bsVÞ (4)

where f0 and sV represent the initial empirical porosity and the
vertical effective stress of rock, respectively. Specifically, we sym-
bolize the term sE ¼ expð�bsVÞ as the effective stress parameter,
the symbol "exp" represents the exponential function, and b de-
notes the empirical effective stress coefficient related to the solid-
ification of rocks (Kauerauf and Hantschel, 2009):

sV¼ PZ � Pp (5)

where PZ denotes the overburden strata or vertical stress, and Pp
denotes the pore pressure generated by fluids in fractures and pores
acting on the formation. Therefore, the effective stress parameter sE
is generally negatively correlated with the vertical effective stress sV
and positively correlated with the pore pressure Pp.

The widely used gain function can be applied to decouple the
background unfractured porosity term from the fluid term, estab-
lishing a quantitative relationship between the dry rock skeleton
and fluid substitution (Han and Batzle, 2003; Yin and Zhang, 2014).
This relationship is expressed as follows:

Gn

�
fp

�
¼ð1� Kd=KmÞ2 �fp ¼fp

�
fc

2 ¼ sEf0
�
fc

2 (6)

where GnðfpÞ denotes the gain function used to characterize the
dry rock skeleton, the parameters Kd and Km represent the bulk
moduli of the dry rock skeleton and the mineral matrix, respec-
tively, and fc represents the critical porosity.

To directly extract fracture density and the effective stress
parameter from seismic data, Eqs. (2), (3) and (6) are substituted
into Eq. (1). Consequently, the stiffnesses of the saturated aniso-
tropic TTI medium can be expressed as

Csat
11 zMd �Md

��
1� 2gd cos2 z

�2
GN þ gdðsin 2zÞ2GT

�
eTTI

þ sEf0Kf
�
f2
c

(7)

Csat
12 z ld þGNMdcd

�
2gd cos2 z�1

�
eTTI þ sEf0Kf

�
fc

2 (8)

Csat
13 zld�Md

nh
1þgd

2ðsin2zÞ2�2gd
i
GN�gdðsin2zÞ2GT

o
eTTI

þsEf0Kf
�
fc

2

(9)

Csat
22 zMd

h
1�GNcd

2eTTI
i
þ sEf0Kf

�
fc

2 (10)

Csat
23 z ld �GNld

h
1�2gd sin2 z

i
eTTI þ sEf0Kf

�
fc

2 (11)

Csat
25 zmbcdGN sin 2z eTTI (12)

Csat
33 zMd �Md

�
GN

�
1� 2gd sin2 z

�2 þGTgd sin2 2z
�
eTTI

þ sEf0Kf
�
fc

2

(13)
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Csat
15 zmb

h�
1�2gd cos2 z

�
GN þ cos 2z GT

i
sin 2z eTTI (14)

Csat
35 zmb

h�
1�2gd sin2 z

�
GN � cos 2zGT

i
sin2z eTTI (15)

Csat
44 ¼mb � GTmb cos2 z eTTI (16)

Csat
46 ¼1

2
GTmb sin 2z eTTI (17)

Csat
55 zmb � mb

h
gdðsin 2zÞ2GN þðcos 2zÞ2GT

i
eTTI (18)

Csat
66 ¼mb � GTmb sin2 z eTTI (19)

where z represents the fracture inclination angle, as shown in Fig. 1,
and cd ¼ ld/Md, in which ld is the first Lam�e coefficient of the dry
rock skeleton. Under the assumptions of weak anisotropy (WA) and
small perturbations or weak contrasts in background elasticity
moduli across the interface, fracture density is generally smaller
than 0.1. Consequently, terms proportional to DMde

TTI, DmbeTTI, and
Dlde

TTI in Eqs. (7)‒(19) are negligible, simplifying the stiffness
expressions for the subsequent linearization of the PP-wave
reflection coefficient. The perturbations of the stiffness co-
efficients in the saturated TTI medium are then given as

DCsat
11 zDMd �Md

��
1� 2gd cos2 z

�2
GN þ gdðsin 2zÞ2GT

�
DeTTI

þ
�
sEDKf þKfDsE

�
f0

�
f2
c

(20)

DCsat
12 zDld þGNMdð1�2gdÞ

�
2gd cos2 z�1

�
DeTTI

þ
�
sEDKf þKfDsE

�
f0

�
fc

2
(21)

DCsat
13 zDld�Md

nh
1þgd

2ðsin2zÞ2�2gd
i
GN�gdðsin2zÞ2GT

o
DeTTIþ

�
sEDKfþKfDsE

�
f0

�
fc

2

(22)

DCsat
22 zDMd �GNMdð1� 2gdÞ2DeTTI

þ
�
sEDKf þKfDsE

�
f0

�
fc

2
(23)

DCsat
23 zDld �GNld

h
1�2gd sin2 z

i
DeTTI

þ
�
sEDKf þKfDsE

�
f0

�
fc

2
(24)

DCsat
33 zDMd �Md

�
GN

�
1� 2gd sin2 z

�2 þGTgd sin2 2z
�
DeTTI

þ
�
sEDKf þKfDsE

�
f0

�
fc

2

(25)
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DCsat
15 zmb

h�
1�2gd cos2 z

�
GN þ cos 2z GT

i
sin 2z DeTTI (26)

DCsat
25 zmbð1�2gdÞGN sin 2z DeTTI (27)

DCsat
35 zmb

h�
1�2gd sin2 z

�
GN � cos 2z GT

i
sin 2z DeTTI (28)

DCsat
44 zDmb � GTmb cos2z DeTTI (29)

DCsat
46 z

1
2
GTmb sin 2z DeTTI (30)

DCsat
55 zDmb � mb

h
gdðsin 2zÞ2GN þðcos 2zÞ2GT

i
DeTTI (31)

DCsat
66 zDmb � GTmb sin2z DeTTI (32)

Based on the Born scattering theory (Shaw and Sen, 2004, 2006)
and the first-order perturbation, the PP-wave reflection coefficient
is derived by linearizing the perturbations of the stiffnesses with
the scattering function, which is expressed as follows:

RPPðqÞ¼
1

4r0 cos2 q
Sðr0Þ (33)

in which

Sðr0Þ¼Dr cosð2qÞ þ
X6
i¼1

X6
j¼1

DCsat
ij xPPij (34)

where r denotes the density of saturated rock, q represents the
incidence angle, xPP is the related polarization vectors (Shaw and
Sen, 2006), as detailed in Appendix A. Substituting Eqs. (20)‒(31)
into Eqs. (33) and (34) yields the linear PP-wave reflection coeffi-
cient incorporating the fluid bulk modulus, the shear modulus, the
effective stress parameter, and the fracture density. It is expressed
as follows:

RPPðq; z;FÞ¼RisoðqÞ þ Raniðq; z;FÞ (35)

in which

RisoðqÞ¼ kKf
ðqÞDKf

Kf
þ kmb

ðqÞDmb
mb

þ ksEðqÞ
DsE
sE

þ kFd ðqÞ
DFd
Fd

(36)

RTTIaniðq; z;FÞ¼ keTTIðq; z;FÞDeTTI (37)

kKf
ðqÞ¼

�
tan2 q

2
� gs
4gd

sec2 q

�
(38)

kmb
ðqÞ¼

�
gs
4gd

sec2 q�2gs sin
2 q

�
(39)

ksEðqÞ¼
�
sec2 q

4
� gs
4gd

sec2 q

�
(40)

kFdðqÞ¼
�
1
2
� sec2 q

4

�
(41)



keTTIðq;F; zÞ¼
4gs
3

8>>>>>>>>>>>><
>>>>>>>>>>>>:

1
gdð1� gdÞ

2
66664
� 1
4gd

sec2 q
�
1� 2gd sin2 q

�2 þ 2gd
�
cos2 qþ sin2 q cos2 F

�
sin2 z

þð1� 2gdÞ
�
1� tan2 q cos2 F

�
sin2 z� gd cos2 q

�
1þ tan2 q cos2 F

�2
sin4 z

3
77775

þ 4
ð3� 2gdÞ

�
sin2 q�

�
1þ tan2 q cos2 F

�
sin2 zþ cos2 q

�
1þ tan2 q cos2 F

�2
sin4 z

�

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(42)
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where RPP denotes the PP-wave reflection coefficient, Fd ¼ rKf, the
parameters F and z represent the azimuth and the fracture incli-
nation angle, respectively, as illustrated in Fig. 1, and gs represents
the P- to S-wave velocity ratio in saturated anisotropic rock.

When the fracture inclination angle is 90�, etc., z ¼ 90�, the
anisotropic TTI medium reduces to an HTI medium with a hori-
zontal axis of fracture symmetry. Consequently, Eq. (37) can be
simplified to derive the direct seismic inversion reflection coeffi-
cient equation for vertical fracture density, which is expressed as

RHTIani ðq;FÞ¼ keHTIðq;FÞDeHTI (43)
keHTIðq;FÞ¼
4gs
3

	
� sec2 q

4gd2ð1� gdÞ
h
1� 2gd

�
sin2 q sin2 Fþ cos2 q

�i2 þ 4
ð3� 2gdÞ

sin2 q cos2 F
�
1� tan2 q sin2 F

�

(44)
where eHTI denotes the fracture density in the HTI medium.
When the fracture inclination angle is 0�, etc., z ¼ 0�, the

anisotropic TTI medium reduces to a VTI medium with a vertical
axis of fracture symmetry. In this case, Eq. (36) can be simplified to
derive the direct seismic inversion reflection coefficient for hori-
zontal fracture density, which is expressed as

RVTIani ðqÞ¼ keVTIðqÞDeVTI (45)

keVTIðqÞ¼
4gs
3

(
� sec2 q

4gd2ð1� gdÞ
�
1� 2gd sin2 q

�2 þ 4 sin2 q

ð3� 2gdÞ

)

(46)

where eVTI denotes the fracture density in the VTI medium.
To verify the accuracy of the new equation in Eq. (35), an

anisotropic two-layer model is constructed to calculate the PP-
wave reflection coefficient and compare it with the results ob-
tained from the two-phase solid-liquid decoupling equation by Ma
et al. (2023). The upper layer of the model is an unfractured
isotropic medium, and the lower layer is an anisotropic TTI medium
with a fracture density eTTI of 0.08. Other key parameters, including
P-wave velocity asat, shear modulus mb, S-wave velocity bsat, satu-
rated rock density r, bulk modulus of dry rock Kd, fluid bulk
modulus Kf, and effective stress parameter sE are listed in Table 1.
Figs. 2e4 exhibit the reflection coefficient for fracture inclination
angles of 30�, 60�, and 90�, respectively. In each figure, the dashed
lines represent the results derived from the equation proposed in
this study, while the solid lines correspond to the exact reflection
2388
coefficients proposed by Ma et al. (2023), denoted as MA. It can be
concluded that the proposed equation in Eq. (35) preserves the
sufficiently high precision for seismic inversion.

The accuracy analysis of the PP-wave reflection coefficient
versus incidence angle for different azimuths is shown in Figs. 2(a),
3(a) and 4(a), respectively, including azimuths of 0� (blue), 45�

(green) and 90� (red). Similarly, Figs. 2(b), 3(b) and 4(b) show the
accuracy analysis of reflection coefficients as a function of azimuth
for different incidence angles, with incidence angles of 15� (blue),
25� (green), and 35� (red). The results demonstrate that the newly
derived equation achieves high accuracy for incidence angles less
than 40�. Moreover, the anisotropy induced by fractures becomes
nearly negligiblewhen the fracture inclination angle is smaller than
30�, as shown in Fig. 2.

The variation of the PP-wave reflection coefficient in Eq. (35)
with respect to azimuths and incidence angles can be character-
ized by different reflection coefficient components. These include
the fluid bulk modulus reflection coefficient, shear modulus
reflection coefficient, effective stress parameter reflection coeffi-
cient, and the Fd reflection coefficient, which are shown in
Fig. 5(a)e(d), respectively. The anisotropic fracture density reflec-
tion coefficients at different fracture inclination angles are shown
in Fig. 5(e)e(h), respectively. These reflection coefficient terms all
vary from �0.3 to 0.3 along the direction of black arrows at in-
tervals of 0.15. The fluid bulk modulus reflection coefficient in
Fig. 5(a) and the effective stress reflection coefficient in Fig. 5(c)
both increase as the incidence angle increases, indicating that large
incidence angles are more beneficial for inverting the effective
stress parameter. Smaller incidence angles are more advantageous
for the S-wave modulus in Fig. 5(b) and the parameter Fd in
Fig. 5(d), which are not the primary focus of the inversion. The
fracture density in Fig. 5(e)e(h) exhibits azimuthal anisotropy, and
this anisotropy becomes more pronounced as the incidence angle
and fracture inclination angle increase, suggesting that larger
incidence angles are more effective in decoupling the fracture
density at higher fracture inclination angles.

2.2. Inversion method based on Lp quasi-norm sparsity constraint

To effectively invert the fluid bulk modulus, effective stress
parameter, and fracture density from the OVT domain seismic data
using Eqs. (36) and (37), the azimuthal amplitude difference
seismic data are utilized to invert anisotropic fracture density, as



Table 1
The key elasticity and fracture parameters of the two-layer model.

Layer asat, km/s bsat, km/s r, g/cc mb, GPa Kd, GPa Kf, GPa sE, v/v eTTI, v/v

Model Isotropic 4.82 3.14 2.52 9.98 25.0 0.10 0.11 0
TTI 4.15 2.47 2.45 3.0 15.0 2.38 0.23 0.08
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described in Eq. (37). Additionally, the residual seismic amplitude
data are employed to invert the isotropic parameters, including
fluid bulk modulus, shear modulus, and effective stress parameter,
as described in Eq. (36). The two-step inversion strategy can
effectively reduce the number of parameters and enhance the
inversion accuracy of weakly anisotropic parameters, particularly
fracture density (Zhao et al., 2024; Qin et al., 2022; Pan et al., 2020b;
Chen et al., 2017). Neglecting minor azimuthal differences in
wavelets, the objective function for seismic inversion based on Lp
quasi-norm sparsity constraint in the time domain, is expressed as
follows:

JðLaniÞ¼min
Lani

	���DST � GTD0Lani
���2
2



(47)

in which

DST ¼

2
666666664
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«
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3
777777775
mn�1

(48)

GT ¼W0PðqiÞ (49)
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2
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3
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kanieTTIðqi; zÞ¼ keTTI ðqi;F2; zÞ � keTTI ðqi;F1; zÞ (52)
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(53)
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�
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�
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�
2

…

�
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�
t

iT
t�1

(54)

whereDST denotes the azimuthal amplitude difference seismic data
between azimuth F1 and azimuth F2, the matrix transpose
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operator GT denotes the forward operator, kk2 represents L2-norm,
Lani is the inversion parameter matrix composed of the anisotropic
fracture density, W0, D0, and P represent the wavelet matrix, the
first-order difference matrix, and the angle coefficient matrix,
respectively, the subscripts "t" and "m" represent the number of
vertical sampling points and incidence angles, respectively, and the
superscript "T" represents the transpose of the matrix.

The low-frequencymodel constraint term is designed to provide
more background information for the parameters, enabling the
inversion to be more stable. Additionally, the Lp quasi-norm spar-
sity constraint term is utilized to characterize the sparsity of the PP-
wave reflection coefficient, improving the inversion vertical reso-
lution. Therefore, the objective function for seismic inversion based
on LP quasi-norm sparsity constraint in this article is given as

JðLaniÞ¼min
Lani

n
kDST � GTD0Lanik22

þ k1

���Lani � Llowani

���2
2
þ h1kPD0Lanikpp



(55)

where kkp represents Lp quasi-norm, in which p 2 (0, 1), k1 and h1

represent the weights of the low-frequency and sparse constraint
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terms, respectively, and Llowani denotes the initial model matrix with
low frequency. Then, the Lagrange multiplier Lm and dual term Cd
are inserted to transform the nonlinear problem in Eq. (56) into the
constrained linear optimization problem, as follows:

JðLaniÞ¼min
Lani

	
kDST � GTD0Lanik22 þ k1

���Lani � Llowani

���2
2
þ h1kLmkpp

þ k2kLm � PD0Lani þ Cdk22



(56)

where multiple single-parameter optimization problems can be
given by the alternating direction multiplier method (ADMM):

JðLaniÞ¼min
Lani

n
kDST � GTD0Lanik22 þ k1

���Lani � Llowani

���2
2

þ k2kLm � PD0Lani þ Cdk22

 (57)
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JðLmÞ¼min
Lm

n
h1kLmkpp þ k2kLm � PD0Lani þ Cdk22

o
(58)

JðCdÞ¼min
Cd

n
k2kLm � PD0Lani þ Cdk22

o
(59)

We then solve each unconstrained subproblem separately to
obtain their iteratively updated expressions:

Lani
ðkþ1Þ ¼

n
ðW0PDÞTW0PDþ k1I þ k2

h
ðPDÞTPD

io�1

$
n
ðW0PDÞTDST þ k1L
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io
(60)

Lmðkþ1Þ¼sign
h
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ðkÞ

i

$max

"���PDLaniðkþ1ÞþCd
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�����
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#

(61)

Cd
ðkþ1Þ ¼Cd

ðkÞ þ
h
PDLani

ðkþ1Þ � Lmðkþ1Þ
i

(62)

The above Eqs. (60)‒(62) can be iteratively solved for the
parameter matrix about the fracture density. The second step
inversion can use the remaining seismic data, eliminating the
anisotropic component to invert the isotropic parameters by
traditional amplitude variationwith offset (AVO) inversionmethod.
Liso can replace the inversion parametermatrix, which is detailed as
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Liso ¼ ln


K f mb sE Fd

�T
ð4tÞ�1 (63)

in which

K f ¼
h �

Kf

�
1

�
Kf

�
2

…

�
Kf

�
t

i
t�1

(64)

mb ¼ ½ ðmbÞ1 ðmbÞ2 … ðmbÞt �t�1 (65)

sE ¼ ½ ðsEÞ1 ðsEÞ2 … ðsEÞt �t�1 (66)

Fd ¼ ½ ðFdÞ1 ðFdÞ2 … ðFdÞt �t�1 (67)

where the symbol "ln" denotes the natural logarithm operation. It is
then solved using the same inversion algorithm as described above.
The workflow of the seismic inversion algorithm based on the Lp
quasi-norm sparsity constraint is summarized in Table 2.
3. Model testing and filed application

3.1. Model testing

Themodeling tests are designed to evaluate the capability of the
inversion method described in Section 2.2 to directly decouple the
fluid bulk modulus, effective stress parameter, and fracture density.
Seismic data with different azimuths and incidence angles are first
synthesized using convolutional modeling with a 30 Hz Ricker
wavelet. Seismic datasets with varying SNRs are then generated by
adding various levels of Gaussian random noise, including noise-
free data in Fig. 7, an SNR of 5 in Fig. 8, and an SNR of 2 in Fig. 6.
The azimuths range from 0� to 150� at 30� intervals. The incidence



Table 2
Seismic inversion algorithm of anisotropic and isotropic parameters based on Lp quasi-norm sparsity constraint.

Pseudocode: Pre-stack seismic inversion of elasticity and fracture parameters based on ADMM and iterative shrinkage thresholding algorithm (ISTA)

Step 1: Input: DST, Llowani , P, D0, W0, k1, k2, h1, p, error threshold ε.
Step 2: Initial parameters: k ¼ 0, Lani(0) ¼ Llowani , Lm

(0) ¼ 0, Cd(0) ¼ 0.
Step 3: Iteratively updated Lani(kþ1) by Eq. (60).
Step 4: Iteratively updated Lm (kþ1) by Eq. (61).
Step 5: Iteratively updated Cd(kþ1) by Eq. (62).
Step 6: Termination conditions:
If {kLani(kþ1) � Lani(k)k2/kLani(k)k2} > ε, k ¼ k þ 1, perform steps 3e5.
Or, the iteration of updates ceases; perform step 7.
Step 7: Obtain the parameters matrix Lani(kþ1).
Step 8: Optimal inversion results: fracture density matrix eTTI.
Step 9: Remained seismic data inversion parameters: K f , mb, sE, and Fd.

Fig. 6. Noise-free synthetic seismic data at different azimuths and incidence angles.

Fig. 7. Synthetic seismic data at different azimuths and incidence angles with an SNR of 5.
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angles range from 2� to 30� at 2� intervals. For the noise-free
seismic data in Fig. 7, the azimuthal amplitude difference seismic
data in Fig. 9 can be obtained by differencing the seismic data at
different azimuths. Then, the azimuthal amplitude difference
seismic data with SNRs of 5 and 2 are displayed in Figs. 10 and 11,
respectively. Three sets of seismic datawith different SNRs are used
to test the noise robustness of the inversion algorithm. Based on the
azimuthal anisotropy of fracture density, azimuthal amplitude
difference seismic data in Figs. 9‒11 are utilized to directly invert
the fracture density in the first step of the inversion.

Fig. 12 illustrates the inversion results of elasticity and fracture
parameters from noise-free seismic data. The green curves represent
2392
low-frequency models obtained by low-pass filtering the actual
model curves, which serve as initial values for the inversion and
supplement the background information. The blue curves represent
the exact model curves. The red curves show the inversion results.
The black shaded bands indicate confidence curves calculated based
on actual model curves with acceptable errors within 8%. The frac-
ture density in Fig. 12(e) exhibits a satisfactory inversion result using
azimuthal amplitude difference seismic data in Fig. 9. The fluid bulk
modulus in Fig. 12(a) and the effective stress parameter in Fig. 12(d)
of the isotropic parameters can be inverted, with exceptionally
satisfactory results. The second step inversion with more isotropic
parameters involved compared to the anisotropic inversion, results



Fig. 8. Synthetic seismic data at different azimuths and incidence angles with an SNR of 2.

Fig. 9. Noise-free azimuthal amplitude difference seismic data.

Fig. 10. Azimuthal amplitude difference seismic data with an SNR of 5.
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in a certain degree of parameter interaction during the inversion
process. However, the inversion results for all isotropic parameters
agree remarkably well with the model curves, indicating that the
inversion strategy is theoretically feasible.

Similarly, Figs. 13 and 14 illustrate the inversion results for
seismic data with SNRs of 5 and 2, respectively. As the level of
random noise increases, the inversion results for all parameters
exhibit greater distortion (highlighted by the black arrows), and the
2393
fracture density at shallower depths remains relatively less affected
by noise. Despite the substantial decrease in the SNR of the seismic
data, the inversion results for all parameters still align closely with
the actual curves within an acceptable relative error. The above
experiments confirm that the two-step inversion method, based on
the LP quasi-norm sparsity constraint, enables the direct seismic
inversion of fluid bulk modulus, effective stress parameter, and
fracture density.



Fig. 11. Azimuthal amplitude difference seismic data with an SNR of 2.
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The evaluation metrics, including the correlation coefficient (CC),
relative root mean square error (RRMSE), and SNR, are introduced to
quantitatively assess the inversion results from the above three
groups of noise-resistant model tests. The corresponding
2394
calculations are detailed in Table 3, where dpre represents the pre-
diction vector, dobs represents the observed actual model vector, t is
the total sampling number, the upper line denotes the average value
of the parameter, and the symbol "log10" denotes the common
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Table 3
Index for evaluating the effect of prediction versus observation errors.

Index Expression Resource

Correlation coefficient (CC)
CC ¼

Pt
i¼1 ½ðdprei � dpreÞðdobsi � dobsÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½Pt
i¼1ðdprei � dpreÞ2Pt

i¼1ðdobsi � dobsÞ
2�

r (68)
Zhao et al., 2024; Qin et al., 2022.

Relative root mean square error (RRMSE)

RRMSE ¼ 1���dobs���
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPt

i¼1ðdprei � dobsi Þ2

t

s
(69)

Iftikhar et al., 2022; AL-Musaylh et al., 2021.

Signal-to-noise ratio (SNR)

SNR ¼ 10 log10

2
664
Pt

i¼1ðdobsi � dobsÞ
2

Pt
i¼1ðdprei � dobsi Þ2

3
7775 (70)

Zhao et al., 2023.
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logarithm function. The CC quantifies the degree of correlation be-
tween the predicted andmodeled values, with values approaching 1
indicating a stronger correlation. The RRMSE represents prediction
error relative to the actual value, with smaller RRMSE values signi-
fying higher inversion accuracy. The SNR represents the ratio of the
predicted value to the actual value, with higher SNR values indi-
cating better inversion performance. As the SNR the seismic data
diminishes, the correlation coefficients also decrease. However, as
depicted in Fig. 15(a), all CC values remain above 0.95, and the
RRMSE values increasewith decreasing SNR but remain below 0.1, as
illustrated in Fig. 15(b). Correspondingly, the SNR of the inversion
results in Fig. 15(c) decreases. The modeling tests confirm the reli-
ability and robustness of the proposed inversion method, demon-
strating its acceptable noise resistance. Further practical applications
will also substantiate its effectiveness.
2395
3.2. Field application

The study area is situated in the southwest of the Sichuan Basin,
as shown in Fig. 16. The target reservoir corresponds to a fractured
gas-bearing shale reservoir within the Wufeng-Longmaxi Forma-
tion. The interpretation of the fullbore formation microimager (FMI)
in Fig. 17(a) demonstrates that the reservoir consists of high-angle
tilted fractures, which aligns with the drilling cores in Fig. 17(b).
The fractures primarily develop in a southwest-northeast direction,
with a minor west-east component, as illustrated in Fig. 17(c). The
fracture inclination angles predominantly cluster around 70�, as
shown in Fig.17(d). The study area features the verticalWell A, along
with three horizontal wellsdH1, H3, and H5. The essential elasticity
and fracture parameters for Well A, including the associated logging
and prediction curves, are shown in Fig. 18. In this figure, the



Fig. 17. Fracture imaging and coring information in the reservoir, where (a) FMI image, (b
statistics.

La
tit

ud
e

Fig. 16. Geographic location map of the study area (The study block is marked with a
rectangular box, Lin et al., 2022).
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markers T1, T2, and T3 correspond to the different well tops, with the
fractured gas-bearing shale reservoir located between well tops T2
and T3. This target reservoir is characterized by high fracture density
in Fig. 18(g), elevated total organic carbon (TOC) in Fig. 18(h), low
fluid bulk modulus in Fig. 18(d), and high effective stress parameter
in Fig. 18(f). In this study, the parameter gd is assigned as a constant
value of 0.38, as determined by petrophysical modeling of fractured
shale gas reservoirs (Zhao et al., 2024). To improve the SNR of
seismic data and enhance the stability of the seismic inversion, we
first extract the azimuthal stacked seismic data from the OVT
domain seismic data based on two dominant azimuths. The seismic
data are then stacked at three central incidence angles to generate
central angle stacked seismic data with varying azimuths, as shown
in Fig. 19. This arbitrary line contains 300 traces and covers a time
range of 1.50 se1.80 s, correlating to a time of 1.78 s at the bottom of
the reservoir on Well A. After differencing the seismic data from
different azimuths with the same central incidence angle, the
) rock coring, (c) fracture orientation rose diagram, and (d) fracture inclination angle

0.1 0.2 0 0 5 10 50 1000.05

2300

2350

2400

2450

2500

2300

2350

2400

2450

2500

2300

2350

2400

2450

2500

2300

2350

2400

2450

2500

(f) (g) (h) (i) Content, %TOC, %eTTI, v/vσE, v/v

T1

T2

T3

Limy siltstone
limestone

Shale
formation

Fractured gas-
bearing shale

Limestone

KerogenPyriteClayQuartzolomite

e velocity, (c) rock density, (d) fluid bulk modulus, (e) shear modulus, (f) effective stress
ent.



(a)

Amplitude Amplitude Amplitude

T1

T2

T3

Well A

Φobs1 = 45°, θ1 = 5° Φobs1 = 45°, θ2 = 15° Φobs1 = 45°, θ3 = 25°

-50000

0

50000

1 100 200 300

1.50

1.65

1.80

(b)

Well A

-50000

0

50000

1 100 200 300

1.50

1.65

1.80

(c)

- -50000

0

50000Well A

1 100 200 300

1.50

1.65

1.80

Ti
m

e,
 s

Ti
m

e,
 s

Ti
m

e,
 s

T1

T2

T3

T1

T2

T3

Amplitude

Φobs2 = 135°, θ3 = 25°(f)

- -50000

0

50000Well A

1 100 200 300

1.50

1.65

1.80

Ti
m

e,
 s

T1

T2

T3

(d)

Amplitude

T1

T2
T3

Well A

Φobs2 = 135°, θ1 = 5° Φobs2 = 135°, θ2 = 15°

-50000

0

-50000

1 100 200 300

1.50

1.65

1.80

(e)

Amplitude
Well A

-50000

0

50000

1 100 200 300

1.50

1.65

1.80

Ti
m

e,
 s

Ti
m

e,
 s

T1

T2

T3

Fig. 19. Seismic stacked data from an arbitrary survey line passing through Well A, containing different azimuths and central incidence angles, where (a)‒(c) Fabs1 ¼ 45� , (d)‒(f)
Fabs2 ¼ 135� , containing different central incidence angles (a) and (d) ccentral incidence angle q1 ¼ 5� , (b) and (e) central incidence angle q2 ¼ 15� , and (c) and (f) central incidence
angle q3 ¼ 25� .

(a)

Amplitude

T1

T2

T3

Well A

ΔΦ = Φobs2 - Φobs1, θ1 = 5° ΔΦ = Φobs2 - Φobs1, θ1 = 15° ΔΦ = Φobs2 - Φobs1, θ1 = 25°

-11000

0

5000

1 100 200 300

1.50

1.65

1.80

(b)

Amplitude
Well A

-11000

0

5000

1 100 200 300

1.50

1.65

1.80

(c)

- -11000

0

5000
Amplitude

Well A

1 100 200 300

1.50

1.65

1.80
Ti

m
e,

 s

Ti
m

e,
 s

Ti
m

e,
 s

T1

T2

T3

T1

T2

T3

Fig. 20. Azimuthal amplitude seismic difference data for different central incident angles, where (a) central incidence angle q1 ¼ 5� , (b) central incidence angle q2 ¼ 15� , and (c)
central incidence angle q3 ¼ 25� .

(a)

Kf, GPa μb, GPa σE, v/v

T1

T2

T3

Well A

CDP CDP CDP

1.10

1.70

2.30

1 100 200 300

1.50

1.65

1.80

(b)

Well A

12.00

19.00

26.00

1 100 200 300

1.50

1.65

1.80

(c)

- 0.02

0.07

0.12Well A

1 100 200 300

1.50

1.65

1.80

Ti
m

e,
 s

Ti
m

e,
 s

Ti
m

e,
 s

T1

T2

T3

T1

T2

T3

(d)

Fd, GPa·g/cc

T1

T2
T3

Well A

CDP CDP

3.40

4.70

6.00

1 100 200 300

1.50

1.65

1.80

(e)

eTTI, v/v
Well A

0

0.03

0.06

1 100 200 300

1.50

1.65

1.80

Ti
m

e,
 s

Ti
m

e,
 s

T1

T2

T3

Fig. 21. Initial models of the elasticity and fracture parameters of an arbitrary survey line passing through Well A, where (a) fluid bulk modulus, (b) shear modulus, (c) effective
stress parameter, (d) Fd parameter, and (e) tilted fracture density.

Y. Zhao, X.-T. Wen, C.-L. Xie et al. Petroleum Science 22 (2025) 2384e2402
azimuthal amplitude difference seismic data can be further ob-
tained, as shown in Fig. 20. Apparent amplitude anomalies are
visible in the reservoir section,marked in yellow along thewell path.
Based on the elasticity and fracture parameters on Well A displayed
in Fig. 18, interpolation, extrapolation, and Gaussian low-pass
filtering can help obtain the low-frequency models of the parame-
ters, which are used as the initial values of the seismic inversion to
2397
improve its stability. The low-frequency models are displayed in
Fig. 21.

The 2D inversion results for an arbitrary line are exhibited in
Fig. 22. The fluid bulk modulus in Fig. 22(a) in the reservoir section
(from well tops T2 to T3) inverts an apparent relatively low-value
anomaly, indicating that the reservoir contains high shale gas
content. The effective stress parameter in Fig. 22(c) shows high
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values in the reservoir section, indicating that the shale rock around
Well A is under lower vertical stress and may have higher pore
pressure, which correlates positively with the conclusion on shale
gas enrichment. The fracture density in Fig. 22(e) characterizes the
development of natural fractures. Therefore, we can characterize
the reservoir as processing low fluid bulk modulus in Fig. 22(a), low
shear modulus in Fig. 22(b), high effective stress parameter in
Fig. 22(c), and high fracture density in Fig. 22(e), which agree well
with the logging curves in black. The effects of the inversion results
for well A at trace of 187 are compared with the logging curves, as
shown in Fig. 23(a)‒(e). The red curves represent the inversion
result curves atWell A, the green curves indicate the low-frequency
initial models, the blue curves correspond to the logging curves,
and the green rectangular background portion highlights the frac-
tured reservoir. The fluid bulk modulus in Fig. 23(a), shear modulus
in Fig. 23(b), effective stress parameter in Fig. 23(c), and Fd
parameter in Fig. 23(d) aligns well with the corresponding logging
curves. Specifically, the fracture density in Fig. 23(e) closely aligns
with the logging curve, with a slightly inferior match compared to
the isotropic parameters. The quantitative evaluation indexes CC,
RRMSE, and SNR calculated based on Eqs. (68)e(70), are demon-
strated in Fig. 23(f)e(h). The CCs of the isotropic parameters are
higher than 0.94, and the CC of the tilted fracture density is slightly
lower at 0.878. The RRMSEs remain below 0.30, and the SNRs are
above 6.37. To further predict the distribution of fluids, natural
fractures, and effective stress parameter, we have performed the
following 3D systematic seismic inversion, as displayed in
Fig. 24(a)‒(c).
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The 3D work zone contains 230 Inlines and 270 Crosslines. The
predicted slice results for fluid bulk modulus, effective stress
parameter, and fracture density are exhibited along the bottom of
the Wufeng Formation. As indicated by the dashed ellipse and ar-
row near Well A in Fig. 24(a)e(c), the low fluid bulk modulus
suggests a high potential for containing shale gas in Fig. 24(a). The
higher effective stress parameter in Fig. 24(b) indicates lower ver-
tical effective stress sV with higher porosity or high pore pressure,
which is consistent with the above conclusion of enriched shale gas
in Fig. 24(a). The high fracture density in Fig. 24(c) indicates that the
natural fracture development around theWell A, which can provide
storage and transportation space in fractured gas-bearing shale
reservoirs. Additionally, they have the native ability to connect with
artificial fracture and form complex fracture networks more effi-
ciently during the hydraulic fracturing process. Thus, the block
marked by the white dotted line is more beneficial to the hydraulic
compressibility of shale. Furthermore, the geologic fault F1 as a
permeability channel exhibited more stratum brine, and the fluid
bulk modulus detected markedly high-value anomalies in
Fig. 24(a), which is unfavorable for fracturing andwell construction.
As a consequence of tectonic activity, the rocks were broken,
forming fracture zones, the stresses have been released, and high
vertical effective stress is concentrated at the base of the fault
related to the low effective stress parameter in Fig. 24(b) and the
tectonic natural fracture induced by the faulting has resulted in
higher fracture density along the strike of fault F1 in Fig. 24(c).
Generally, with the formation of fault F1, tectonically-induced
natural fractures have been generated to form fracture zones
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along it, of which the hanging wall (north of F1) has more widely
distributed fractures, and the footwall (south of F1) has fewer
fractures confined to its vicinity.

Eventually, three horizontal wells, etc., Well H1, H3, and H5, are
oriented orthogonally to the direction of the maximum horizontal
principal stress for hydraulic fracturing and microseismic event
detection, as shown in Fig. 24(d). The different colored dots
represent the microseismic events detected at different times,
corresponding to the dashed circles in Fig. 24(a)e(c). It is evident
from the microseismic data that significant rock fragmentation and
hydraulic fracture formation occur along the direction of the
maximum horizontal principal stress sH, with the rock exhibiting
notable brittleness. This hydraulic fracturing is expected to pro-
mote surrounding natural fracture activation connectivity, facili-
tating shale reservoir development and modification. Furthermore,
the microseismic events are also potentially attributed to the acti-
vation and connectivity of natural fracture at this location by the
hydraulic fracturing fluid (Li et al., 2023; Yu et al., 2023), thereby
validating the accuracy and reliability of the predictive results in
the gas-bearing fractured shale reservoirs.
4. Conclusions

In this study, we develop a simultaneous seismic inversion
method for fluid bulk modulus, effective stress parameter, and
fracture density in TTI media. It enables the detection of shale gas,
stress distribution, and tilted fractures, providing a reasonable basis
for effectively exploiting shale gas.
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(1) The novel PP-wave reflection coefficient equation is derived
by linearizing the stiffness perturbations of the TTI medium,
which has realized the direct seismic inversion of the fluid
bulk modulus, effective stress parameter, and fracture den-
sity. High-quality shale gas reservoirs are characterized by
the low fluid bulk modulus, high effective stress parameter,
and high fracture density.

(2) The accuracy of the proposed equation is validated using an
anisotropic two-layer model, demonstrating its reliability
across various azimuths, incidence angles, and fracture
inclination angles. Seismic inversion method based on LP
quasi-norm sparsity constraint is proven to effectively
decouple the fluid bulk modulus, effective stress parameter,
and fracture density through three sets of tests. Moreover,
incorporating azimuthal amplitude difference seismic data
enhances the stability and accuracy of fracture density
inversion.

(3) The method is applied to a gas-bearing shale reservoir in the
Longmaxi-Wufeng Formation in the Sichuan Basin, China.
The lower fluid bulk modulus can directly characterize the
shale-gas enrichment situation, the higher effective stress
parameter may indicate the higher porosity, and the fracture
density characterizes the natural tilted fracture development
scale and extension characteristics. The geological structures,
logging interpretation, and microseismic events justify the
inversion results.

In conclusion, the direct seismic inversion method of fluid bulk
modulus, effective stress parameter, and fracture density achieved
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in this paper can provide accurate and reliable support for reservoir
prediction and shale gas exploitation.
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Appendix A

Based on the Bond transform theory (Winterstein, 1990) for
parallel fractures incorporates the fracture inclination angle, the
stiffness matrix of anisotropic TTI saturated rock can be given (Ma
et al., 2022, 2023) as
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where Csat
ij is the stiffness coefficient of saturated anisotropic rock.

Then, the Born scattering theory (Shaw and Sen, 2004, 2006)
and first-order perturbation are used to linear the PP-wave reflec-
tion coefficient based on the perturbation of the stiffness coefficient
with scattering function, which is given as

Sðr0Þ¼Dr


tit

0
i

���
r¼r0

þ DCmn

h
t0is

0
jtksl

i���
r¼r0

(A-14)

in which

xPP ¼ cos2 q� sin2 q¼ cos 2q¼DrxPP þDCsat
ij xPPij ¼Dr cos 2q

þDCsat
11 x

PP
11 þDCsat

22 x
PP
22 þ DCsat

33 x
PP
33 þDCsat

44 x
PP
44 þDCsat

55 x
PP
55

þDCsat
66 x

PP
66 þ2DCsat

12 x
PP
12 þ2DCsat

13 x
PP
13 þ2DCsat

23 x
PP
23

(A-15)

xPP11 ¼ sin4 q cos4 F
� �

asat
�2

(A-16)

xPP22 ¼ sin4 q sin4 F
� �

asat
�2 (A-17)

xPP33 ¼ cos4 q
� �

asat
�2

(A-18)

xPP44 ¼ � 4 sin2 q cos2 q sin2 F
� �

asat
�2

(A-19)

xPP55 ¼ � 4 sin2 q cos2 q cos2 F
� �

asat
�2

(A-20)

xPP66 ¼4 sin4 q sin2 F cos2 F
� �

asat
�2 (A-21)

xPP12 ¼ sin4 q sin2 F cos2 F
� �

asat
�2
; xPP21 ¼ xPP12 (A-22)

xPP13 ¼ sin2 q cos2 q cos2 F
� �

asat
�2
; xPP31 ¼ xPP13 (A-23)



Y. Zhao, X.-T. Wen, C.-L. Xie et al. Petroleum Science 22 (2025) 2384e2402
xPP23 ¼ sin2 q cos2 q sin2 F
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; xPP32 ¼ xPP23 (A-24)

where DCsat
ij and asat denote perturbation of the stiffness matrix

and P-wave velocity in saturated rock, respectively.
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