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a b s t r a c t

Distributed acoustic sensing (DAS) is increasingly used in seismic exploration owing to its wide fre-
quency range, dense sampling and real-time monitoring. DAS radiation patterns help to understand
angle response of DAS records and improve the quality of inversion and imaging. In this paper, we solve
the 3D vertical transverse isotropic (VTI) Christoffel equation and obtain the analytical, first-order, and
zero-order Taylor expansion solutions that represent P-, SV-, and SH-wave phase velocities and polari-
zation vectors. These analytical and approximated solutions are used to build the P/S plane-wave
expression identical to the far-field term of seismic wave, from which the strain rate expressions are
derived and DAS radiation patterns are thus extracted for anisotropic P/S waves. We observe that the
gauge length and phase angle terms control the radiating intensity of DAS records. Additionally, the Bond
transformation is adopted to derive the DAS radiation patterns in title transverse isotropic (TTI) media,
which exhibits higher complexity than that of VTI media. Several synthetic examples demonstrate the
feasibility and effectiveness of our theory.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Distributed acoustic sensing (DAS) has grown rapidly both in
theory development and industrial applications (Willis, 2022).
Because of the heterogeneous properties in optical fiber materials,
DAS can utilize Rayleigh backscattered waves to demodulate phase
changes and generate strain response. At present, DAS technology
has been widely applied in vertical seismic profile (VSP) reservoir
prediction (Mateeva et al., 2014; Zhan and Nahm, 2020), micro-
seismic monitoring (Eaid et al., 2018; Li and Jin, 2024), near-surface
characterization (Dou et al., 2017; Lellouch et al., 2021) and full
waveform inversion (Egorov et al., 2018; Eaid et al., 2020). Because
the optical fiber material is cost-friendly, researchers can deploy a
long-distance array (the approximated limit equals half traveling
y Elsevier B.V. on behalf of KeAi Co
distance of light pulse within the transmitting time interval of light
pulse) and obtain highly dense DAS sampling data. Moreover, the
optical fiber is more feasible than geophones in downhole
environments.

Although DAS technology exhibits huge potential in exploration,
there are also some challenges. Different from 3-C geophones,
straight optical fibers are sensitive to the deploying direction,
which only can receive single strain component. Perpendicular
incident or polarized (taking optical fiber deploying direction as
reference) waves are hard to be detected. To solve this problem,
helical winding fibers are designed to receive the projections of all
strain field components (Ning and Sava, 2018; Zhang et al., 2024).
However, the radiation patterns of strain rate records via both
straight and helical fibers are rarely analyzed especially in aniso-
tropic media, which can supply an important theory basis for
inversion or imaging. For instance, the radiation patterns present
the amplitude intensity of P- and S-wave varying with incident
angle in DAS data, which indicates the illumination energy range
mmunications Co. Ltd. This is an open access article under the CC BY-NC-ND license
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for seismic imaging and associated angle gathers in the given ge-
ometry. Aki and Richards (2002) derived the displacement
expression with seismology moment tensor in isotropic media.
They utilize Helmholtz decomposition and sphere symmetry the-
ory to solve the near-, mid-, and far-field displacement terms of
elastic waves. Following their work, Rodriguez and Wuestefeld
(2020) developed the radiation patterns of DAS for microseismic
events in isotropic media. However, in anisotropic media, the po-
larization direction is different from the wave propagating direc-
tion (Tsvankin, 2012), and phase velocity varies with incident
angles. Conventional Helmholtz decomposition can not be used to
solve the anisotropic elastic equation and to obtain the radiation
patterns formula. To address this problem, the Christoffel equation
in anisotropic media can be built and supply the eigenvalue and
eigenvectors as phase velocity and polarization vector, which are
widely applied in exploration (Dellinger and Etgen, 1990; Yang
et al., 2019; Zhang et al., 2022, 2023a).

In this paper, we focus on the explosive point source, which
provides scalar amplitude for elastic waves in anisotropic media.
We first solve the 3D VTI Christoffel equation and obtain P-, SV-,
and SH-wave phase velocity and their associated polarization
vectors. These solutions are used to build the P/S plane-wave
displacement expression in homogeneous anisotropic media, cor-
responding to elastic wave far-field term. The strain rate formula-
tions and radiation patterns via an explosive source for straight
optical fiber are then derived. Moreover, Bond transformation is
used to convert the strain rate expression from VTI to TTI media.
The synthetic examples demonstrate the feasibility and effective-
ness of our theory.

2. Methodology

2.1. Radiation patterns for P/S wave displacement in 3D VTI media

The radiation patterns RD for P-, SV- and SH-wave displacement
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in 3D VTI media with an explosive source can be given by (see
detailed derivations in Appendix A)

RDP ¼ DP���DP
��� ¼
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(1)

where DP, DSV and DSH are polarization vector of P-, SV-, SH-wave,
respectively, which expression can be found in Appendix A. The l,
m, n represent the wave propagating direction and are expressed as

l ¼ sinðqÞcosðjÞ;
m ¼ sinðqÞsinðjÞ;

n ¼ cosðqÞ;
(2)

where q and j are the phase angles of elastic waves in the 3D space.
For the horizontal interface (dip angle equals zero), they can be
called incident (q) and azimuth (j) angle. r is the weighted model
coefficients. rp and rsv can be expressed with an analytical solution
(Eq. (A-17)) as
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Fig. 1. The rp and rsv curves with three solutions. Panel (a) rp curve for P-wave data, and (b) rsv curve for SV-wave data.
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and with first-order Taylor expansion solution (Eq. (A-18)) as
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

i�
v2p � v2s

�r
h
ð1þ 2eÞv2p � v2s

i
þ 2ðd� eÞv2p

�
v2p � v2s

�
n2

.h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i;

rsv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

i�
v2p � v2s

�r
h
v2s � ð1þ 2eÞv2p

i
� 2ðd� eÞv2p

�
v2p � v2s

�
n2

.h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i;
(4)
and with elliptical assumption solution (Eq. (A-19)) as

rp ¼ �rsv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

ih
v2p � v2s

ir

ð1þ 2eÞv2p � v2s
; (5)

where vp and vs are vertical P- and S-wave velocity, respectively. e
and d are anisotropic parameters. Eq. (1) indicates that the radiation
patterns mainly depend on the phase angles q and j and model
parameters rp and rsv. Eqs. (3)e(5) are commonly served for
Fig. 2. Radiation patterns of (a) P- and (b) SV-wave d
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polarization vector and seismic imaging (Zhang and McMechan,
2010; Cheng and Fomel, 2014; Yang et al., 2019; Zhang et al.,
2022). Therefore, radiation patterns can be used here to exhibit
the difference among these approximated and accurate solutions.

2.2. Modeling test for VTI displacement radiation patterns

The radiation patterns test of P/S wave displacement is per-
formed on a 3D VTI homogeneous model. The P- and S-wave ve-
locities are set as 3000 and 2000 m/s, respectively. The density is
2 g/cm3. The anisotropic parameters e, d and g are 0.5, 0.1, and 0.5,
respectively. Fig. 1 shows the coefficient rp and rsv curves with
isplacement in isotropic media from 0� to 360� .



Fig. 3. Radiation patterns of (a) P- and (b) SV-wave displacement in VTI media from 0� to 360� .
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different solutions (Eqs. (3)e(5)). The first-order Taylor expansion
and analytical solutions share a similar variation with the period of
p. The elliptical solution is a constant line and tangent to peak
points of two other curves at incident angles of p/2 and 3p/2. This
happens due to n ¼ 0 at q ¼ p/2 and 3p/2 in Eqs. (3) and (4). For
other non-tangent points, the elliptical solution exhibits some
inevitable errors compared with the analytical result, which can
influence the radiation patterns. In this paper, we suppose the
straight optical fiber deployed in a vertical wellbore, and the z-
components of displacement or strain are thus detected. The reason
we choose vertical wellbore direction is that rpn and l2 þ m2 in Eq.
(1) (z-components) only include phase angle q which determines
the anisotropic characteristics in VTI media (Anisotropy in VTI
media is independent of phase angle j). Meantime, note that ushz ¼
0 in Eq. (1). This will not lose anisotropic information because the
polarization of the SH-wave is isotropic.

Fig. 2 is the isotropic (set rp ¼ 1 and rsv ¼�1 in Eq. (1)) radiation
patterns of P- and SV-wave displacement, which shows a sin and
cos function characteristics, respectively. Adopting three solutions
_ep ¼ 2uA0

GL
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(7)
(Eqs. (3)e(5)), radiation patterns of VTI P-wave (Fig. 3(a)) are
shrunk to a quasi-elliptical curve but with the same maximum
value at incident angle q ¼ 0� (due to symmetry, we only require to
focus on phase angle q from 0� to 90�). In contrast, the radiation
patterns of VTI SV-wave are expanded to a quasi-elliptical which
covers the radiating range of isotropic media with the same
maximum value position at incident angle q ¼ 90�. In addition, the
elliptical solution is different from first-order Taylor expansion and
analytical curves. Some researches using elliptical assumptions to
perform angle gathers extraction or amplitude versus angle (AVA)
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inversion in the strong non-elliptical areamay encounter inevitable
errors.
2.3. Radiation patterns of DAS response in 3D VTI media

Different from geophone data which detects displacement (or
velocity) signal, the DAS records convert the phase change of pulse
light to strain rate. Suppose we deploy the straight optical fiber in a
vertical wellbore, the DAS response can be expressed as (Willis,
2022)

_ed ¼ 1
GL

v

vt

ðzþGL=2

z�GL=2

vuz
vz

dz ¼ v

vt
uzðzþ GL=2Þ � uzðz� GL=2Þ

GL
(6)

where _ed represents the strain rate for DAS records, GL is the gauge
length, uz represents the z-components of displacement.

By substituting Eq. (A-21) into Eq. (6), we can obtain the strain
rate of P- and SV-wave as
Becausewe deploy a vertical optical fiber in the well, there are no z-
components of SH-wave detected. This is applicable because we
main focus on the explosive source exploration, which give a weak
energy of SH-wave. The x- and y-components of P-, SV- and SH-
wave can be obtained by deploying the optical fiber in the
ground along the x-axis and y-axis, respectively. The derivation is
similar to Eqs. (6) and (7), which only need to replace the z-with the
x-axis or y-axis and associated polarization components.

From Eq. (7) we can extract the radiation patterns of DAS strain
rate records for P- and SV-wave z-components as



Fig. 4. Radiation patterns of (a) P- and (b) SV-wave for DAS strain rate in VTI media from 0� to 360� .
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Fig. 5. Radiating amplitude variation of (a) P- and (b) SV-wave for DAS response in VTI media with the increasing of gauge length from 0 m to 500 m.

L.-L. Zhang, Y. Zhao, L. Liu et al. Petroleum Science 22 (2025) 641e652
RSPz ¼
1
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where VP and VSV are P- and SV-wave phase velocity, which can be
found in Appendix A. Note VP, VSV, rp and rsv are the function of
model parameters and q. Therefore, for the homogeneous media,
the DAS radiation patterns of P- and SV-wave (Eq. (8)) mainly
depend on incident angle q and gauge length GL.
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Keeping the model parameters unchanged as modeling test in
VTI displacement radiation patterns section and setting u as 10�2p
Hz and GL as 4 m, Fig. 4 shows the DAS radiation patterns of VTI P-
and SV-wave. Compared with Fig. 3, the radiating range of the DAS
P-wave (Fig. 4(a)) further decreases and the elliptical solution is
surrounded by the analytical curve. More interestingly, the DAS
radiation patterns of SV-wave (Fig. 4(b)) are totally changed to
quadrangular petal, and the maximum value position varies from
90� to 33� (elliptical solution) and 40� (analytical solution). These
indicate the P- and SV-waves in DAS records possess a smaller
illustration range than that of geophone data. Then, we fix the
incident angle q ¼ 0� for P-wave and q ¼ 40� for SV-wave to show
the radiation amplitude variation (Eq. (8)) with the increasing of
gauge length GL (Fig. 5). The P- and SV-wave velocity are calculated



Fig. 6. Radiation patterns of (a) P- and (b) SV-wave for displacement and DAS strain rate in isotropic and VTI media from 0� to 360� .

Fig. 7. Radiation patterns of (a) P- and (b) SV-wave with j ¼ 25� , and (c) P- and (d) SV-wave with j ¼ 65� for DAS strain rate in TTI media from 0� to 360� . The rotating angle is
q0 ¼ 10� .
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from Eq. (A-12). Unexpectedly, both P- and SV-wave curves do not
present sin function features even if we increase the gauge length
from 0.1 to 500 m. This is caused by weight term 1/GL and small
seismic data frequency u (compared with P/S wave velocity).
Therefore, large gauge length usually means a smaller value in Eq.
(8) and thus attenuates DAS radiating amplitudes. However, the
geophone data frequency band is between 5 and 300 Hz. So that u
cannot balance the magnitude order of velocity V in term
sin

�
u
V

GL
2 n

	
. While the detecting frequency range of DAS itself can

change from 0.1 Hz to 10000 Hz. Some other ultra-high frequency
investigations may not follow the analysis in Fig. 5.

For a straight comparison, we assemble all the radiation pattern
curves in Fig. 6. As observed, from isotropic to anisotropic media
(for displacement), the P-wave radiation range decreases, while the
SV-wave radiating range increases. From displacement to DAS re-
cords (strain rate), both P- and SV-wave radiation patterns shrink
and especially SV-wave range becomes very narrow (quadrangular
petal). This indicates a disadvantage for DAS in seismic inversion
and migration because we have to use fewer incident angle infor-
mation than that of geophone data.
2.4. Radiation patterns of DAS response in 3D TTI media

Bond transformation (Yang et al., 2019; Zhang et al., 2023a) can
be used to convert VTI to TTI media, which is identical to coordinate
rotation on wavenumber components. Setting the y-axis as the
rotating axis, we can obtain the coordinate transform formation in
3D TTI media as

2
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where q0 represents the rotating angle between the z-axis and
symmetry axis of TTI media. By replacing l,m, n of Eq. (8) with l0,m0,
n0 of Eq. (9), we obtain the radiation patterns of DAS records with
vertical optical fiber in TTI media as
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(10)
Compared with Eq. (8), the DAS radiation patterns expression
becomes more complex in TTI media (Eq. (10)) due to one more
variable q0. Using same numerical test parameters in VTI DAS ra-
diation patterns example and setting the rotating angle q0 ¼ 10� in
Eq. (10), we plot the DAS radiation patterns of TTI media in Fig. 7.
Compared with Fig. 4, the whole radiating shape rotates toward to
left side. For j ¼ 25� set in Fig. 6(a) and (b), the maximum value
position of P-wave data are 8.64� (for analytical solution curve) and
9.36� (for elliptical solution curve), and for SV-wave data are 48.24�
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(for analytical solution curve) and 36.6� (for elliptical solution
curve). The change of angle position for maximum value (from
Figs. 4e7) is close to the rotating angle q0. Thenwe increase the j to
65�, the maximum position for the P-wave is changed to 5.94� (for
analytical solution curve) and 5.4� (for elliptical solution curve) and
for SV-wave data is changed to 43.2� and 36.18�. The rotating extent
of maximum positions slows downwith the development of phase
angle j, which indicates the radiation patterns are also influenced
by phase angle j in TTI media.

3. Discussion

To start with, this paper solves the 3DVTI Christoffel equation to
obtain three types of analytical,first-order, and zero-order (elliptical
assumption) Taylor expansion solutionswhich represent P-, SV- and
SH-wave polarization vectors, respectively. As observed in Figs. 3, 4
and 7, the analytical and first-order Taylor solution present same
accuracy, and exhibit a little difference compared with elliptical
solution under the obvious non-elliptical condition (e¼ 0.5, d¼ 0.1).
However, most common rocks (such as sedimentary rocks) present
weak anisotropy. The elliptical assumption (Eqs. (A-14) and (A-19))
is sufficient to fulfill the requirement of seismic imaging and
inversion, which possess huge advantage in efficiency (Yang et al.,
2019; Zhang et al., 2022, 2023a; Zuo et al., 2022).

A plane-wave expression is proposed via calculated polarization
and scalar source for anisotropic P/S waves. However, we only
derive the far-field term for displacement which is suitable for
seismic exploration. For hydraulic engineering, the near-field term
is dominant in DAS response. In anisotropic media, deriving a near-
field term is very difficult due to the many model parameters (five
elastic and anisotropic models parameters in VTI media) in elastic
wave equation. Here we give a near-field expression of DAS data for
simple isotrpoic case (e ¼ d ¼ 0). According to Vavrycuk (2001), Aki
and Richards (2002) and Vavrycuk (2007), the near-field term for
isotropic displacement with a point source can be expressed as

ulon ¼ p
2prr30

ðt2
t1
tXðt � tÞdt;

utrs ¼ q
2prr30

ðt2
t1
tXðt � tÞdt;

(11)
where, ulon and utrs are longitudinal and transverse component of
displacement near-field term, respectively. p and q are cosine of
angle between force direction of point source and P- (for p)/S-wave
(for q) polarization direction. Especially, when force direction is
parallel to z-axis, p and q equal to z-component of P- and S-wave
polarization vector (Eq. (1)). r0 represents propagating distance
from source to receiver. X(t) is the seismic wave signal. For
simplicity, we use vulon/vz and vutrs/vz to approximately express the
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near-field term of DAS data with a point source and vertically
straight fiber as

elonz ¼ vulon

vz
¼ �3pn

2prr40

ðt2
t1
tXðt � tÞdt;

etrsz ¼ vutrs

vz
¼ �3qn

2prr40

ðt2
t1
tXðt � tÞdt:

(12)

where elonz and etrz are longitudinal and transverse component of
DAS data near-field term for isotropic case. n ¼ vr0=vz has been
defined in Eq. (2). By comparison of Eqs. (11) and (12), the DAS data
energy declines faster with 1=r40 than that of displacement with

1=r30. For the radiation patterns of near-field from displacement
data (refer to p and q), it mainly determines by the force and po-
larization directions. While for the near-field radiation patterns of
DAS data (refer to pn and qn), it depends on propagating, polari-
zation and force directions, which means near-field of DAS data has
smaller incident angle range than that of displacement data. This is
in accordance with analysis in Fig. 6.

In our research, only the explosive source is used to supply the
scalar amplitude for P/S waves in anisotropic media. This means
that the influence of the source for radiation patterns is omitted
because force direction is not considered. To solve this problem,
adopting the seismology moment tensor is effective but experi-
ences difficulty in solving non-homogeneous wave equation (“non-
homogeneous” here means adding source term in the wave equa-
tion). A straight way is to directly multiply the directional cosine of
force and force arm as well as moment tensor by Eqs. (1), (8) and
(10). It lacks of mathematical theory but has physical meaning
because the radiation patterns in isotropic media are composed of
source and polarization terms (Aki and Richards, 2002), which is
similar to the situation of anisotropic media.

Straight optical fiber only can detect single component along the
deployed direction. To solve this problem, helical winding-fiber is
designed for receiving projections from all strain-field components
with equal amplitude. The winding projecting matrix via a least-
square solution can be used for recovering the original strain
fields (Zhang et al., 2023b). Therefore, deriving the radiation pat-
terns of helical fiber is important for multiple-DAS components
seismic exploration in the future. Although this paper only derives
the anisotropic radiation patterns for vertical straight fiber, it is
convenient to extend to deviated and helical fiber. For the deviated
fiber (i.e. place fiber along inclined well), directional derivative can
be applied in Eq. (6) to calculate the strain along the deploying
direction of optical fiber. For the helical fiber, the DAS response
fulfills projecting relationship _ed ¼ Ge (where G is the projecting
coefficient matrix and 3is strain field). This projecting formula can
replace the term vuz/vz in integration of Eq. (6) to derive the helical
rðxÞv2t uxðx; tÞ ¼ ½c11ðxÞv2x þ c66ðxÞv2y þ c44ðxÞv2z �uxðx; tÞ þ ½c11ðxÞ �
½c13ðxÞ þ c44ðxÞ�v2xzuzðx; tÞ;

rðxÞv2t uyðx; tÞ ¼ ½c11ðxÞ � c66ðxÞ�v2xyux þ ½c66ðxÞv2x þ c11ðxÞv2y þ c44

½c13ðxÞ þ c44ðxÞ�v2yzuzðx; tÞ;
rðxÞv2t uzðx; tÞ ¼ ½c13ðxÞ þ c44ðxÞ�v2xzuxðx; tÞ þ ½c13ðxÞ þ c44ðxÞ�v

½c44ðxÞv2x þ c44ðxÞv2y þ c33ðxÞv2z �uzðx;
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fiber radiation patterns.

4. Conclusion

We derive three solutions from the 3D VTI Christoffel equation
to represent the polarization of P/S waves. Then plane wave theory
is combined with these polarization vectors to show the far-field
displacement expression. According to the transformation from
geophone data (velocity) to DAS data (strain rate), we derive the
DAS response formation and extract DAS radiation patterns for P/S
waves, which are the function of phase angles and gauge length.
Moreover, bond transforms are adopted to extend the DAS radia-
tion patterns to TTI media, which exhibit more complexity than
that of VTI media. Several examples demonstrate the feasibility of
our theory.
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APPENDIX A

A deriving P/S wave displacement radiation patterns in 3D VTI
media

The 3D VTI wave equation can be presented as (Aki and
Richards, 2002; Tsvankin, 2012)
c66ðxÞ�v2xyuyþ

ðxÞv2z �uyðx; tÞþ

2
yzuyðx; tÞþ
tÞ;

(A-1)
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where ux(x, t), uy(x, t) and uz(x, t) are the x-, y- and z-components of
elastic wavefields, respectively. r(x) is the density. x is the 3D
spatial Cartesian coordinate, t is the time, v2x , v

2
y and v2z are the

second partial derivatives over x, y, and z, respectively. v2xz, v
2
xz and

v2xz are the mixed spatial derivatives. v2t is the second temporal
derivative. cij is the stiffness matrix of 3D VTI media, which can be
alternated by elastic and Thomsen anisotropic parameters
(Thomsen, 1986) as

c11 ¼ ð1þ 2eÞrv2p; c33 ¼ rv2p; c44 ¼ rv2s ; c66 ¼ ð1þ 2gÞrv2s
c13 ¼ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

ih
v2p � v2s

ir
� rv2s ;

(A-2)

where vp and vs are vertical P- and S-wave velocity, respectively. e,
d and g represent the anisotropic parameters.

A plane-wave expression is adopted as the solution of Eq. (A-1)
as

u ¼ A0

2
66664

Ux

Uy

Uz

3
77775exp

�iðut�kxx�kyy�kzzÞ; (A-3)

where ½Ux Uy Uz�T is the polarization vector. A0 is the scalar
amplitude of the source. k, kx, ky, kz are the wavenumber and its
components projecting on x, y and z direction, respectively. u is the
angular frequency. Substitute Eq. (A-3) to (A-1) and we obtain the
3D VTI Christoffel equation as

½G� lI�U ¼ 0; (A-4)

with the matrix coefficients G as

G11 ¼ c11k
2
x þ c66k

2
y þ c44k

2
z ;

G22 ¼ c66k
2
x þ c11k

2
y þ c44k

2
z ;

G33 ¼ c44k
2
x þ c44k

2
y þ c33k

2
z ;

G12 ¼ G21 ¼ ðc11 � c66Þkxky;
G13 ¼ G31 ¼ ðc13 þ c44Þkxkz;
G23 ¼ G32 ¼ ðc13 þ c44Þkykz;

(A-5)

where l ¼ ru2 ¼ rk2V2 represents the eigenvalue, V is the phase
velocity. According to previous studies (Zhang and McMechan,
2010; Yang et al., 2019; Zhang et al., 2022), and three solutions
from Eq. (4) are usually used for P/S wave decomposition and
l2 ¼ v2p

h
ð1þ 2eÞk2x þ ð1þ 2eÞk2y þ k2z

i
þ

2ðd� eÞv2p
�
vh�

ð1þ 2eÞv2p � v2s

�
k2x þ

�
ð

l3 ¼ v2s

h
k2x þ k2y þ k2z

i
�

2ðd� eÞv2p
�
v2p � v2s

��
k2x þ k2yh�

ð1þ 2eÞv2p � v2s

�
k2x þ

�
ð1þ 2eÞv2p � v2s

�
k
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imaging.We calculate them in this paper to show their difference in
DAS radiation patterns with an explosive source. The left matrix of
Eq. (A-4) is positive and has three real roots. We expand its deter-
minant det[G � lI] ¼ 0 and obtain

l3 þ al2 þ blþ c ¼ 0; (A-6)

with

a ¼ �ðG11 þ G22 þ G33Þ
b ¼ G11*G22 þ G11*G33 þ G22*G33 � G2

12 � G2
13 � G2

23;

c ¼ G11*G
2
23 þ G22*G

2
13 þ G33*G

2
12 � G11*G22*G33 � 2*G12*G13*G23;

(A-7)

Solving the cubic Eq. (A-6), we obtain three eigenvalues as

l1 ¼ c66k
2
x þ c66k

2
y þ c44k

2
z ;

l2;3 ¼ 1
2

h
ðc11 þ c44Þk2x þ ðc11 þ c44Þk2y þ ðc33 þ c44Þk2z

i
±

1
2

h
ðc11 � c44Þk2x þ ðc11 � c44Þk2y þ ðc33 � c44Þk2z

i
�

sqrt
n
1þ 4

�
c11c44 þ c33c44 þ c213 � c11c33 þ 2c13c44

��
k2x þ k2y

�
k2z

.
h
ðc11 � c44Þk2x þ ðc11 � c44Þk2y þ ðc33 � c44Þk2z

i2

;

(A-8)

where the l1, l2(“þ“), and l3 (“-“) are eigenvalues for SH-, P-, and
SV-waves. The sqrt represents the square root operator. Replacing
the VTI stiffness matrix coefficients with Thomsen parameters (Eq.
(A-2)) in Eq. (A-8), we can further obtain

l1 ¼ rv2s

h
ð1þ 2gÞk2x þ ð1þ 2gÞk2y þ k2z

i
;

l2;3 ¼ 1
2

h�
ð1þ 2eÞv2p þ v2s

�
k2x þ

�
ð1þ 2eÞv2p þ v2s

�
k2y þ

�
v2p þ v2s

�
k2z

i
±

1
2

h�
ð1þ 2eÞv2p � v2s

�
k2x þ

�
ð1þ 2eÞv2p � v2s

�
k2y þ

�
v2p � v2s

�
k2z

i
�

sqrt
n
1þ 8ðd� eÞv2p

�
v2p � v2s

��
k2x þ k2y

�
k2z

.
h�

ð1þ 2eÞv2p � v2s

�
k2x þ

�
ð1þ 2eÞv2p � v2s

�
k2y þ

�
v2p � v2s

�
k2z

i2

;

(A-9)

By performing first-order and zero-order (elliptical assumption)
Taylor expansion on e�d¼0 in Eq. (A-9), we can obtain the
approximate eigenvalues l2,3 as
2
p � v2s

��
k2x þ k2y

�
k2z

1þ 2eÞv2p � v2s

�
k2y þ

�
v2p � v2s

�
k2z
i;

�
k2z
2
y þ

�
v2p � v2s

�
k2z
i;

(A-10)
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and

l2 ¼ rv2p

h
ð1þ 2eÞk2x þ ð1þ 2eÞk2y þ k2z

i
;

l3 ¼ rv2s

h
k2x þ k2y þ k2z

i
:

(A-11)

Due to the eigenvalue l ¼ r2k2V2, we can obtain the analytical so-
lution of phase velocities of P-, SV- and SH-waves as
VP ¼ sqrt
�
1
2

h�
ð1þ 2eÞv2p þ v2s

�
l2 þ

�
ð1þ 2eÞv2p þ v2s

�
m2 þ

�
v2p þ v2s

�
n2

i
þ

1
2

h�
ð1þ 2eÞv2p � v2s

�
l2 þ

�
ð1þ 2eÞv2p � v2s

�
m2 þ

�
v2p � v2s

�
n2

i
�

sqrt
�
1þ 8ðd� eÞv2p

�
v2p � v2s

��
l2 þm2

�
n2

�h�
ð1þ 2eÞv2p � v2s

�
l2 þ

�
ð1þ 2eÞv2p � v2s

�
m2 þ

�
v2p � v2s

�
n2

i2


;

VSV ¼ sqrt
�
1
2

h�
ð1þ 2eÞv2p þ v2s

�
l2 þ

�
ð1þ 2eÞv2p þ v2s

�
m2 þ

�
v2p þ v2s

�
n2

i
�

1
2

h�
ð1þ 2eÞv2p � v2s

�
l2 þ

�
ð1þ 2eÞv2p � v2s

�
m2 þ

�
v2p � v2s

�
n2

i
�

sqrt
�
1þ 8ðd� eÞv2p

�
v2p � v2s

��
l2 þm2

�
n2

�h�
ð1þ 2eÞv2p � v2s

�
l2 þ

�
ð1þ 2eÞv2p � v2s

�
m2 þ

�
v2p � v2s

�
n2

i2


;

VSH ¼ vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2gÞl2 þ ð1þ 2gÞm2 þ n2

q
;

(A-12)
VP ¼ Sqrt

8<
:v2p

h
ð1þ 2eÞl2 þ ð1þ 2eÞm2 þ n2

i
þ

2ðd� eÞv2p
�
v2p � v2s

��
l2 þm2

�
n2h�

ð1þ 2eÞv2p � v2s

�
l2 þ

�
ð1þ 2eÞv2p � v2s

�
m2 þ

�
v2p � v2s

�
n2

i
9=
;;

VSV ¼ Sqrt

8<
:v2s

h
l2 þm2 þ n2

i
�

2ðd� eÞv2p
�
v2p � v2s

��
l2 þm2

�
n2h�

ð1þ 2eÞv2p � v2s

�
l2 þ

�
ð1þ 2eÞv2p � v2s

�
m2 þ

�
v2p � v2s

�
n2

i
9=
;;

VSH ¼ vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2gÞl2 þ ð1þ 2gÞm2 þ n2

q
;

(A-13)
first-order Taylor expansion solution as

and elliptical solution as

VP ¼ vp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2eÞl2 þ ð1þ 2eÞm2 þ n2

q
;

VSH ¼ vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2gÞl2 þ ð1þ 2gÞm2 þ n2

q
;

VSV ¼ vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þm2 þ n2

q
:

(A-14)

where the l, m, n represent the wave propagating direction and
fulfill the relationship kx ¼ kl, ky ¼ km, kz ¼ kn, which can be
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expressed as

l ¼ sinðqÞcosðjÞ;
m ¼ sinðqÞsinðjÞ;

n ¼ cosðqÞ;
(A-15)

where q and j are the phase angles of elastic waves in the 3D space.
For the horizontal interface (dip angle equals zero), they can be
called incident (q) and azimuth (j) angle.
Substituting three solutions (Eqs. (A-12), (A-13) and (A-14)) to
Eq. (A-4), we can obtain the unified formation polarization vectors
as

DP ¼

2
66664

l

m

rpn

3
77775;D

SV ¼

2
66664

rsvln

rsvmn

l2 þm2

3
77775;D

SH ¼

2
66664

m

�n

0

3
77775; (A-16)

whereDP, DSV and DSH represent the polarization of P-, SV-, and SH-
wave, respectively. r is the weighted model coefficients. rp and rsv

can be expressed with an analytical solution (Eq. (A-12)) as



rp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

i�
v2p � v2s

�r �
l2 þm2

�

f1ðqÞ �
�
v2s

�
l2 þm2

�
þ v2pn2

�

f1ðqÞ ¼
h�

ð1þ 2eÞv2p þ v2s

��
l2 þm2

�
þ
�
v2p þ v2s

�
n2

i.
2þ

h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i.
2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

8ðd� eÞv2p
�
v2p � v2s

��
l2 þm2

�
n2

h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i2
vuuuut ;

rsv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

i�
v2p � v2s

�r �
l2 þm2

�

f2ðqÞ �
�
ð1þ 2eÞv2p

�
l2 þm2

�
þ v2sn2

�

f2ðqÞ ¼
h�

ð1þ 2eÞv2p þ v2s

��
l2 þm2

�
þ
�
v2p þ v2s

�
n2

i.
2�

h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i.
2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

8ðd� eÞv2p
�
v2p � v2s

��
l2 þm2

�
n2

h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i2
vuuuut

(A-17)
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rp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

i�
v2p � v2s

�r
h
ð1þ 2eÞv2p � v2s

i
þ 2ðd� eÞv2p

�
v2p � v2s

�
n2

.h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i;

rsv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

i�
v2p � v2s

�r
h
v2s � ð1þ 2eÞv2p

i
� 2ðd� eÞv2p

�
v2p � v2s

�
n2

.h�
ð1þ 2eÞv2p � v2s

��
l2 þm2

�
þ
�
v2p � v2s

�
n2

i;
(A-18)
and with first-order Taylor expansion solution (Eq. (A-13)) as
and with zero-order Taylor expansion solution (Eq. (A-14)) as

rp ¼ �rsv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffih
ð1þ 2dÞv2p � v2s

ih
v2p � v2s

ir

ð1þ 2eÞv2p � v2s
: (A-19)

According to Aki and Richards (2002), the elastic wave can be
decomposed into P-, SV- and SH-wave modes as

u ¼ up þ usv þ ush; (A-20)

Substitute Eqs. (A-20) and (A-16) to Eq. (A-3) and we can obtain 3D
VTI P/S wave displacement expression as

u¼ A0
DP���DP

���e
�iuðt� 1

VP
ðxlþymþznÞÞ þA0

DSV���DSV
���e

�iuðt� 1
VSV

ðxlþymþznÞÞþ

A0
DSH���DSH

���e
�iuðt� 1

VSH
ðxlþymþznÞÞ

;

(A-21)

From Eq. (A-21) we extract the radiation patterns RD of P/S wave
651
displacement as

RDP ¼ DP���DP
��� ¼

ðl;m; rpnÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þm2 þ ðrpÞ2n2

q ;

RDSV ¼ DSV���DSV
��� ¼

�
rsvln; rsvmn; l2 þm2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
l2 þm2

��
l2 þm2 þ ðrsvÞ2n2

�r ;

RDSH ¼ DSH���DSH
��� ¼

ðm;�l;0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þm2

p ;

(A-22)

Eq. (A-22) exhibits that the radiation patterns mainly depend on
the phase angles q and j and model parameters rp and rsv.
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