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a b s t r a c t

For the ultra-high water-cut reservoirs, after long-term water injection exploitation, the physical prop-
erties of the reservoir change and the heterogeneity of the reservoir becomes increasingly severe, which
further aggravates the spatial difference of the flow field. In this study, the displacement experiments
were employed to investigate the variations in core permeability, porosity, and relative permeability after
a large amount of water injection. A relative permeability endpoint model was proposed by utilizing the
alternating conditional expectation (ACE) transformation to describe the variation in relative perme-
ability based on the experimental data. Based on the time dependent models for permeability and
relative permeability, the traditional oil-water two-phase model was improved and discretized using the
mimetic finite difference method (MFD). The two cases were launched to confirm the validation of the
proposed model. The impact of time-varying physical features on reservoir production performance was
studied in a real water flooding reservoir. The experimental results indicate that the overall relative
permeability curve shifts to the right as water injection increases. This shift corresponds to a transition
towards a more hydrophilic wettability and a decrease in residual oil saturation. The endpoint model
demonstrates excellent accuracy and can be applied to time-varying simulations of reservoir physics. The
impact of variations in permeability and relative permeability on the reservoir production performance
yields two distinct outcomes. The time-varying permeability of the reservoir results in intensified water
channeling and poor development effects. On the other hand, the time-varying relative permeability
enhances the oil phase seepage capacity, facilitating oil displacement. The comprehensive time-varying
behavior is the result of the combined influence of these two parameters, which closely resemble the
actual conditions observed in oil field exploitation. The time-varying simulation technique of reservoir
physical properties proposed in this paper can continuously and stably characterize the dynamic changes
of reservoir physical properties during water drive development. This approach ensures the reliability of
the simulation results regarding residual oil distribution.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

After years of exploitation, a multitude of mature oil fields have
now entered the ultra-high water-cut stage, resulting in the
dispersal of the residual subsurface crude oil. Consequently, the
task of exploration has become arduous. For reservoirs in the ultra-
high water-cut stage, the relentless injection of water over a pro-
longed period has caused a transformative shift in their physical
attributes, leading to an escalation of their heterogeneity and
y Elsevier B.V. on behalf of KeAi Co
further exacerbating the spatial difference of the flow field (Xu
et al., 2010; Guo et al., 2006; Huang et al., 2013; Liu, 2011). Due to
the long-term unchanged well pattern and fixed streamline in the
injection-production network, a considerable amount of inefficient
displacement and even ineffective water circulation have been
caused (Jiang et al., 2016a, 2022; Sun et al., 2015; Zhang et al.,
2019a, b). Therefore, studying the time-varying reservoir property
parameters is crucial for accurately predicting the distribution
pattern of remaining oil during high-water-cut stage.

Numerous studies have indicated that long-termwater injection
leads to changes in reservoir macroscopic, microscopic, and
permeability parameters. In terms of macroscopic parameters,
significant variations are observed in reservoir permeability and
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Nomenclature

k Absolute permeability, um2

4 Porosity, %
g Gravitational acceleration, m/s2

S Saturation, fraction
Sw Water saturation, fraction
Swc Immobile water saturation, fraction
Sor Residual oil saturation, fraction
Krw Water relative permeability, fraction
Kro Oil relative permeability, fraction
KðSorÞ The relative permeability of water phase under

residual oil, fraction
KðSwcÞ The relative permeability of oil phase under

immobile water, fraction
S*w Normalized water saturation, fraction
K*
rwðS*wÞ The normalized water phase relative permeability,

fraction

K*
roðS*wÞ The normalized oil phase relative permeability,

fraction
P Pressure, Pa
q Source of phase, m3/s
m Viscosity, mPa s
r Density, kg/m3

v Velocity, m/s
t Time, s
l The relative mobility, fraction
F Displacement multiple, dimensionless
Per Permeability multiple, dimensionless
Por Porosity multiple, dimensionless

Subscripts and superscripts
o Oil phase
w Water phase
* Standard condition
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clay content, while median porosity and median grain size show
relatively minor changes during the water injection process. In
medium and low permeability oil reservoirs, favorable properties
are enhanced after water flooding in water-wet reservoirs, while
adverse properties deteriorate in oil-wet reservoirs. Additionally,
the properties of high-porosity and high-permeability reservoirs
continue to improve (Xu et al., 2010; Zhou et al., 2010; Zhu et al.,
2004). Microscopic parameters include the rock particle frame-
work, pore-throat network, clay minerals, etc. Among them, the
pore-throat network is the most complex, exhibiting the greatest
variation and having the most significant impact on reservoir fluid
flow (Du, 2016; Shi et al., 2013). Furthermore, the content of clay
minerals also changes with water injection. Many microscopic
experimental studies indicate that, after long-term water flooding,
the presence of clay minerals in the pores and on the surfaces of
mineral particles significantly decreases in locations with coarser
pore-throat diameters (Chen et al., 2012, 2016,; Song et al., 2018).
Clay minerals, after hydration and expansion, migrate and even-
tually accumulate in smaller pore throats, even leading to pore-
throat plugging (Li et al., 2009; He et al., 2010), especially pro-
nounced during the high-water-cut period in oil fields. Wettability
and relative permeability are two of the most influential factors
affecting reservoir permeability parameter (Huang et al., 2003; He
et al., 2002). Regardless of whether the reservoir is oil-wet or
water-wet, its initial water-wetting tendency is enhanced during
long-term water injection development. Reservoirs exhibit strong
water-wetting characteristics during high-water-cut conditions (Xu
et al., 2010; Guo et al., 2006; Meng et al., 2010; Huang et al., 2001).
Compared to pre-water flooding, the water phase overall perme-
ability curve of the core shifts to the right after water flooding, with
increased boundwater saturation and reduced water phase relative
permeability at the same water saturation. Oil-water equilibrium
points shift to the right, indicating enhanced water-wetting ten-
dencies (Wen et al., 2017; Jackson et al., 2003; Sun et al., 1996).

Although many studies have confirmed that reservoir physical
properties may change in the process of water injection, current
commercial simulators are unable to quantitatively describe
changes in recovery efficiency caused by time-varying reservoir
physical properties (Cui and Zhao, 2004; Xu et al., 2015, 2016),
which cannot meet the actual demand for effective water injection
in reservoir development in high water-cut period, and increases
the difficulty of historical fitting (Eydinov et al., 2009; Zahoor and
Derahman, 2013). Therefore, it is urgent to develop simulation
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methods that can characterize the influence of time-varying
reservoir physical properties on reservoir development in high
water-cut stage. As mathematical models and numerical simula-
tions do not directly account for microscopic parameters, changes
in reservoir properties over time are often reflected through vari-
ations in macroscopic parameters such as permeability, porosity,
and relative permeability curves.

The key to construct time-varying numerical simulation of
reservoir is to determine the variation law of reservoir physical
parameters in the development process. Therefore, in the process
of time-varying numerical simulation of reservoir, a method that
can properly characterize the physical property changes is partic-
ularly important, andmany scholars have carried out research on it.
In order to correctly describe the changes of reservoir physical
properties, some scholars adopted a staged numerical simulation
method to accurately describe the distribution law of remaining oil
in the ultra-high water-cut period by considering the changes of
rock and fluid parameters (Gai et al., 2000; Gao et al., 2004; Huang
et al., 2014). In order to solve the problem of discontinuous physical
property changes caused by staged numerical simulation, Ju et al.
(2006) and Jiang et al. (1996) proposed a time-varying simulation
technology based on a function of water cut. However, this method
has the following problems: when the reservoir enters the high
water-cut stage, although the water-cut of the reservoir does not
change much, injected water will have a strong scour effect on the
reservoir, and the simulation parameters of time-varying reservoirs
change dramatically, leading to a large simulation error. In addition,
many scholars mainly characterize changes in reservoir properties
by the cumulative injection of water within a unit volume or area.
For example, the characterization methods of water passage mul-
tiple (Zhao, 2009; Li, 2007; Xu et al., 2021) and surface flux (Zhang
et al., 2019a, b; Qiao, 2017; Jiang et al., 2016b, 2019) are defined as
the sum of injected water or natural water passing through a unit
pore volume or plane in porous media. Although this method is
more reliable in its time-varying characterization of physical
properties and overcomes the dependence on mesh size, it ignores
the influence of porosity under the same water flux, resulting in
inaccurate characterization of water flushing intensity (Lin et al.,
2022).

The time-varying mathematical model used for studying the
changing properties of reservoirs is primarily a set of equations
coupling pressure and concentration equations, with the un-
knowns to be solved being primarily pressure and its saturation
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(concentration). Domestic and international research has exten-
sively investigated numerical methods for such models. Over the
past two decades, the most commonly used method for reservoir
numerical simulation is the finite difference method (Li et al.,
2021). In addition, the method of characteristics combined with
the finite difference method, known as the characteristic finite
difference method, has also been widely used for solving mathe-
matical models of reservoirs (Zhou et al., 2021). While the finite
difference method is convenient for handling such problems, it is
not adept at addressing complex boundary issues. With the
development of the finite element method, it has gradually been
applied to numerical solutions in reservoirs (Zhang et al., 2013; Kim
and Milind, 2000; Zhang et al., 2018; Noorishad and Mehran, 1982).
However, finite element methods do not guarantee local mass
conservation (Garipov et al., 2016; Ghorayeb and Firoozabadi,
2000). In contrast to finite element methods, the finite volume
method and mixed finite element method ensure local mass con-
servation. However, for the former, constructing an accurate poly-
gon mesh with a multipoint flux approximation is not easy
(Terekhov et al., 2017; Bathe and Zhang, 2002). The latter, although
improving algorithm accuracy compared to the finite volume
method, reducing computational errors, and ensuring saturation
accuracy (Douglas et al., 1983a, 1983b), is only applicable to certain
types of elements due to the computation of mixed finite element
basis functions. The mimetic finite difference (MFD) method is
applicable to any polygon (Brezzi et al., 2005). Due to the robust-
ness and flexibility of the MFD method, its application has signifi-
cantly increased in recent years, being used in diffusion modeling
(Singh, 2010; Lie et al., 2012; Campbell and Shashkov, 2001), two-
phase flow (Lipnikov et al., 2008), and more recently, state equa-
tion component simulations (Abushaikha and Terekhov, 2020). The
comparison of various numerical methods is shown in Table 1.

As mentioned above, this paper presents a mathematical model
of water flooding with time-varying physical properties based on
the ACE method. Additionally, a numerical model utilizing the MFD
method is established for numerical discretization. The ACE
method utilized in this paper is entirely data-driven, deriving the
relationship between dependent and independent variables
without the need for a prior assumption of their relationship.
Specifically, the prediction effectiveness is notably higher for seg-
ments with abrupt changes in parameters. The MFD method ex-
hibits strong local conservation, supports polyhedral mesh, full
tensor permeability, and offers the advantages of flexible division
and reduced volume self-locking. Hence, it optimizes the modeling
and simulation of reservoirs with time-varying properties. In
comparison to the traditional time-varying model, the proposed
model in this paper addresses issues such as the instability of
calculation results and the incompatibility between traditional
numerical methods and time-varying models observed in previous
Table 1
Advantages and disadvantages of different numerical methods.

Numerical method Advantages

Finite difference
method

C Widely used in reservoir numerical simulation.

Characteristic
difference method

C Effectively handle wave propagation.

Finite element
method

C Suitable for complex geometries. Higher-order approxima
more accurate solutions. Can handle irregular boundary con

Finite volume method C Natural handling of fluid flow and conservation equations.
and energy conservation.

Mixed finite element
method

C Possesses local mass conservation properties, suitable f
problems.

Mimetic finite
difference (MFD)
method

C Applicable to any polygon. Powerful and flexible, with
diffusion modeling, two-phase flow, and component model
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studies. The time-varying simulation technique for reservoir
physical properties proposed in this paper can consistently and
stably characterize the dynamic changes in reservoir physical
properties during the water drive development in actual produc-
tion. Therefore, the purpose of this study: (1) Establish water
flooding simulation experiment to explore the permeability and
the relation between relative permeability and injected water
volume; (2) Based on this relationship, a multi-factor time-varying
characterization model of relative permeability was established;
(3) A time-varying numerical model is established based on the
time-varying characterization model, and a fully implicit mimetic
finite difference discretization scheme is adopted to ensure flux
conservation and simulation efficiency. The aim of this study is to
propose a new numerical simulation method to describe the time-
varying mechanism of reservoir properties in water drive reser-
voirs. The rest of this article is divided into the following sections. In
Section 2, the time-varying law of relative permeability is studied
experimentally. In Section 3, the variation law of relative perme-
ability is characterized based on alternating condition expectation
transformation. In Section 4, the principle of MFD method and the
corresponding numerical formula of discrete time-varying model
are described in detail. In Section 5, several numerical cases of
time-varying permeability and relative permeability are discussed
to verify the correctness of the program, and the accuracy of this
method in actual oilfield productivity prediction is further intro-
duced. In Section 6, the summary and main conclusions were
presented.

2. Experimental measurement and analysis

2.1. Relative permeability experimental measurement

The measurement of the relative permeability curve involves
two fundamental laboratory experiments: the steady-state method
and the unsteady-state method (Honarpour and Mahmood, 1988).
In the steady-state method, a mixture of fluids is injected simul-
taneously into the core plug, and the relative permeability is
determined using the one-dimensional Darcy flow theory. This
method is characterized by a straightforwardworking principle and
easy acquisition of parameters. However, it requires a stable pres-
sure difference between the core inlet and outlet, as well as a
constant fluid velocity, resulting in a long testing period. In
contrast, the unsteady-state method involves injecting one fluid to
displace another fluid. This method is based on the one-
dimensional displacement theory proposed by Buckley-Leverett,
which states that the saturation distribution changes over time
and distance during the displacement process. The relative
permeability of each fluid in the core section varies with saturation,
and the velocity of each fluid in the core section changes over time.
Disadvantages

C Difficult to handle complex geometries and unstructured
grids

C Still may face some challenges in dealing with complex
boundary problems.

tions can provide
ditions.

C Cannot guarantee local mass conservation.

Accurate for mass C Challenging to construct accurate multi-point fluxmethods
for polygonal meshes.

or fluid transport C Only applicable to certain types of elements.

increasing use in
ing.

C Requires adaptation to new methods and techniques,
possibly requiring some learning and adaptation time.
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Consequently, the relative permeability curves can only be calcu-
lated by recording pressure and flow changes for each fluid during
the displacement process. While this method significantly reduces
the testing time, it necessitates more complex data processing.

This experiment aims to investigate the changes in relative
permeability during the process of water flooding. The steady-state
method, due to its significant pressure fluctuations and long sta-
bilization time, is not suitable for effectively simulating the water
flooding process. Therefore, in this paper, the unsteady-state
method is utilized to address this limitation and provide more ac-
curate results. By employing the unsteady-state method, the dy-
namic changes in relative permeability can be captured, allowing
for a better understanding of the behavior of fluids during water
flooding.

In this study, the unsteady-state method was employed to
measure the oil-water relative permeability at various injected
water volume. The experimental procedure adhered to the Chinese
industry standard GB/T 28,912-2012. A sandstone core, obtained
from a specific reservoir in Shengli Oilfield, was utilized, with a
diameter of 2.5 cm and a length of 10 cm. The detailed core pa-
rameters are presented in Table 2.

The oil sample used in the experiment was a mixture of crude
oil, degassed oil, and kerosene, with a viscosity of 6.25 mPa s and a
density of 0.887 g/cm3. The injection water was prepared based on
the measured salinity of the oilfield, which was determined to be
32,000 mg/L, with a viscosity of 0.563 mPa s. The experimental
procedure consisted of eight steps, and the experimental setup is
illustrated in Fig. 1 (adapted from SY/T 5345-2007).

(a) Prior to testing, the core should be cleaned to remove all
original fluid from the sample and dried.

(b) To measure permeability, weigh dry weight, measure length
and diameter of rock samples, and measure the density and
viscosity of simulated water and oil.

(c) Vacuum dried rock samples, saturate simulated formation
water, then weigh the wet weight and calculate the effective
pore volume.

(d) The permeability of the core after saturation of formation
water should be measured for three consecutive times, and
the relative error is less than 3%, and the water relative
permeability should be calculated.

(e) Establish bound water saturation and measure oil relative
permeability under bound water condition.

(f) Conduct water flooding experiment. When the displacement
reaches 10 times the pore volume, determine the water
relative permeability under the residual oil and end the
experiment.

(g) Wash and dry the core, repeat step (c) to step (f); in step (f),
control the water flooding multiple at 300, 600, 900, 1200,
2000 PV, and continue to step (b) to step (f).

(h) Calculate the relative permeability based on the John-
soneBosslereNaumann method (Johnson et al., 1959).
2.2. Experimental result and analysis

In Fig. 2, the changes in the core after water flooding with
different pore volume values are depicted. It is evident from the
Table 2
Table of basic parameters of experimental core.

Core Air permeability, mD Porosity, % Core po

1 506 23.4 11.5
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figure that the remaining oil within the core gradually decreases as
the water flooding progresses. Fig. 3 presents the core permeability
change multiple curve and porosity change multiple curve. As
observed, both the core permeability and porosity show a gradual
increase with an increasing volume of injected water. However, the
growth rate gradually slows down over time. This can be attributed
to the fact that as the injected water volume increases, the migra-
tion of particles becomes limited when the displacement velocity
remains constant. Consequently, the rate of change in permeability
and porosity weakens gradually and eventually reaches a stable
state.

As shown in Fig. 4, it is evident that the relative permeability
curve shifts to the right after water flooding. This shift indicates an
increase in hydrophilicity, meaning that the affinity of the reservoir
for water has increased. Furthermore, the residual oil saturation
decreases after water flooding, implying that a larger portion of the
original oil in the reservoir has been displaced by the injected
water. Moreover, there is an increase in bound water saturation,
indicating that water has been adsorbed onto the rock matrix and
has become bound to it. These observations collectively highlight
the significant impact of long-term water flooding on the physical
properties and seepage characteristics of the reservoir.

3. Establishment of relative permeability characterization
model

In this chapter, the ACE algorithm theory is employed to analyze
the relative permeability curves. Five relative permeability curves
ranging from 10 to 1200 PV are selected as the sample data. By
applying the ACE algorithm, the optimal transformation model
based on alternating conditional expectation is obtained. Subse-
quently, themodel is used to predict the relative permeability curve
at 2000 PV. The predicted values are then compared with the
experimental values to assess the accuracy of the model.

3.1. Alternating condition expectation method

Alternating conditional expectation (ACE) was initially intro-
duced by Breiman and Friedman (1985) and later refined by Xue
et al. (1997). This method is a multiple regression approach used
to estimate the optimal transformation. The primary objective of
this transformation is to maximize the correlation coefficient be-
tween a dependent variable and multiple independent variables.
What sets ACE apart from other conventional parametric regression
methods is its data-driven nature. It relies solely on the data to
establish the relationship between dependent and independent
variables, without the need for any pre-assumptions regarding
their relationship.

The expected regression model of alternating condition is

qðYÞ ¼ aþ
Xn
i¼1

4iðXiÞ þ ε (1)

where q is the function of the original dependent variable Y; 4i is a
function of the original argument Xi. The n-dimension (X ¼ X1, X2,
X3, …, Xn) between the original dependent variable Y and the in-
dependent variable X is calculated by Eq. (1). The nonlinear
regression problem is transformed into the problem of finding nþ1
re volume, cm3 Temperature, �C Experiment condition

50 Constant velocity



Fig. 1. Oilewater two-phase displacement system.

Fig. 2. Core conditions at different displacement multiple.
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one-dimensional optimal function.
3.2. Normalized mean relative permeability curve

The experiment result indicates that the injected water volume
has a great effect on the shape of the relative permeability curves as
shown in Fig. 2. In order to describe this influence, it is necessary to
first know a standardized relative permeability curve, which can be
obtained by dimensionless normalization of the original relative
permeability curve. The following formula is used for normalization
treatment (Zhang and Song, 2007).

S*w ¼ Sw � Swc

1� Swc � Sor
(2)
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K*
ro
�
S*w

� ¼ Kro

KðSwcÞ
(3)

K*
rw

�
S*w

� ¼ Krw

KðSorÞ
(4)

where Sw is the water saturation; Swc is the bound water satura-
tion; Sor is the residual oil saturation; Krw is the water phase rela-
tive permeability; Kro is the oil phase relative permeability; KðSorÞ is
the relative permeability of water phase under residual oil; KðSwcÞ is
the relative permeability of oil phase in bound water; S*w is
normalized water saturation; K*

rwðS*wÞ is the normalized water
phase relative permeability; K*

roðS*wÞ is the normalized oil phase
relative permeability.



Fig. 3. Relationship between permeability, porosity, and displacement multiple.

Fig. 4. Relative permeability curves at different displacement multiple.

Fig. 5. The normalized average relative permeability curve.
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S*w is divided into m equal parts from 0 to 1, and K*
roðS*wÞ and

K*
rwðS*wÞ of each relative permeability curve at the same S*w were

obtained by interpolation. The average permeability curve of the
reservoir was obtained according to Eqs. (5) and (6).

K*
ro
�
S*w

�
j ¼

Pn
i¼1

h
K*
ro
�
S*w

�
i;j

i
n

; j ¼ 1;2;/;m (5)

K*
rw

�
S*w

�
j ¼

Pn
i¼1

h
K*
rw

�
S*w

�
i;j

i
n

; j ¼ 1;2;/;m (6)

The normalized value of the data points of the original relative
permeability curve was plotted into the normalized coordinate
system with S*w as the abscissa and K*

ro and K*
rw as the ordinate.

Then the data points were returned to obtain the normalized
dimensionless oil-water relative permeability curve shown in
Fig. 5.

The normalized relative permeability curve is regarded as the
standard curve. According to the standard curve and the four basic
characteristic parameters after changes, the changed relative
permeability curve can be obtained in reverse.
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3.3. Oil-water relative permeability curve endpoint value model

Since it is challenging to quantify how the relative permeability
curve as a whole changes over time, many researchers often use
changes in the endpoints of relative permeability curve to calculate
the entire relative permeability curve (Verma et al., 1994; Wood
et al., 1990; Xu et al., 2016). This research primarily investigates
the modifications of the other three points because the relative
permeability of the oil phase in bound water is all 1.

Porosity multiples, injection water volume, and permeability
multiples were selected as independent variables to predict end-
points of the relative permeability curves, and the end point pre-
diction model was obtained:

q*ðYÞ ¼ 4*ðFÞ þ 4*ðPerÞ þ 4*ðPorÞ (7)

In Eq. (7), Y is endpoints of the relative permeability curves; F is
displacement multiple; Per is permeability multiple; Por is porosity
multiple.

By inverting Eq. (7), the calculation relation of the dependent
variable can be obtained, which is shown as follow:

Y ¼ q*
�1�

4*
1ðFÞ þ 4*

2ðPerÞ þ 4*
3ðPorÞ

� (8)

In the above formula, "�100 represents the inverse transformation of
4i

*ðXiÞ (i ¼ 1, 2, …, n).
According to the relative permeability curve samples of water
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flooding simulation experiment, the optimal transformation rela-
tionship between the actual value and the transformed value of
bound water saturation, residual oil saturation and the relative
permeability of water phase under residual oil is obtained as shown
in Fig. 6:

q*ðSwcÞ ¼ 77:47� Swc � 18:46 (9)

q*ðSorÞ ¼ 22:53� Sor � 6:2 (10)

q*
�
KðSorÞ

�
¼ 44:73� KðSorÞ � 14:53 (11)

Similarly, as shown in Fig. 7, the optimal transformations of the
actual values and transform values of the permeability multiple,
porosity multiple and displacement multiple respectively conform
to the following relations.

The relationship between the optimal transformation function
of the endpoint value of the relative permeability curve and the
sum of the optimal transformation function of the parameters is
shown in Fig. 8. In the figure, the horizontal axis represents the sum
of the transformed values of each independent variable, while the
vertical axis represents the corresponding transformed values of
the independent variables.

Based on the analysis of Fig. 8, it is evident that a strong linear
relationship exists between the optimal transformation function of
the endpoint value of the relative permeability curve and the sum
of the optimal transformation function of the parameters.
Furthermore, the polynomial fitting slope between these two fac-
tors is 1, indicating a consistent relationship. Utilizing the poly-
nomial fitting results, a prediction model for the relative
permeability curve was established. This model incorporates the
optimal transformation functions of the parameters to accurately
predict the behavior of the relative permeability curve endpoints.

q*ðYiÞ ¼ 4*ðX1Þ þ 4*ðX2Þ þ 4*ðX3Þ (12)

4*
i ðXiÞ ¼

X3
i¼1

an (13)

an ¼ b1nxþ b0n (14)

In Eqs. (12)e(14), bn is the regression coefficient, X is the
experimental value of the independent variable, and 4*

i ðXiÞ is the
optimal transformation expectation function of the independent
variable. an is the optimal transformation polynomial fitting func-
tion of the independent variable. The regression coefficient is
shown in Table 3.

The formulas for calculating the end points of the relative
Fig. 6. The relationship curve between the actual value an
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permeability curve are shown as follows:

Swc ¼ 0:0097� q*ðSwcÞ þ 34:95 (15)

Sor ¼ 0:0087� q*ðSorÞ þ 93:37 (16)

KðSorÞ ¼ 0:055� q*
�
KðSorÞ

�
þ 6:55 (17)
3.4. Validation of model

Based on the endpoint value model of the oil-water relative
permeability curve and in combination with the normalized
average relative permeability curve of the reservoir, a prediction
model for the oil-water relative permeability curve is developed.
The following are the basic steps involved in establishing this
model:

(1) Firstly, according to several representative oil-water relative
permeability curves, an average relative permeability curve
is obtained by using the normalization method.

(2) According to the porosity multiple Por, air permeability
multiple Per and displacement multiple F of a certain reser-
voir area, bound water saturation, residual oil saturation and
water relative permeability under residual oil saturation of
this area are obtained by using the end model of relative
permeability curve.

(3) Eq. (18) was used to inversely calculate the water saturation
Sw corresponding to the normalized water saturation S*w in
the region.

Sw ¼ S*wð1� Swc � SorÞ þ Swc (18)
(4) By using the inverse transformation Eqs. (19) and (20), the oil
phase relative permeability Kro and water phase relative
permeability Krw under water saturation S*w were inversely
calculated:

Kro ¼ K*
ro
�
S*w

�� KðSwcÞ (19)

Krw ¼ K*
rw

�
S*w

�� KðSorÞ (20)

In order to validate the accuracy of the relative permeability
prediction model established by the ACE method, the calculated
results of the model were compared with the actual relative
permeability results obtained from the water flooding simulation
d transformed value (TR) of the dependent variable.



Fig. 7. Optimal transformation function and polynomial fitting of independent variables.

Fig. 8. The relationship between the optimal transformation function of bound water saturation, residual oil saturation, maximumwater phase relative permeability and the sum of
the optimal transformation function of each independent variable. TR: the corresponding transformed value; SUM_Tr: the sum of the transformed value; Indep: independent value.
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experiment. We calculate the root mean square error (RMSE) be-
tween the experimental relative permeability curve and the pre-
dicted relative permeability curve to quantify the overall
performance of the model. The error between the experimental
curve and the predicted curve is shown in Fig. 9. The calculated
value of the relative permeability prediction model is in good
2543
agreement with the actual value, especially the prediction accuracy
of the section with sharp changes in water content is significantly
improved. The relative error between the calculated value and the
actual value is small, which indicates that the prediction of the
model has high accuracy.



Table 3
Equation coefficient of ACE model.

Swc Sor KðSorÞ

Per F Por Per F Por Per F Por

b1 �2.78 0.0027 2.81 9.63 �0.003 �9.73 3.37 �0.002 �3.39
b0 3.75 �1.64 �3.53 �12.99 2.17 12.23 �4.55 1.68 4.26

Fig. 9. Regression results of ACE model.
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4. Mimetic finite difference method

Considering the time-varying law of permeability and relative
permeability, a time-varying reservoir model based on ACE char-
acterization is established. The mathematical model is discretized
by MFD method, and the discretization process is described in
detail.
4.1. Governing equations

We consider a two-phase fluid flow system for a reservoir
porous media. The governing equations are:

8>>><
>>>:

V,vo þ qvo ¼ v4So
vt

V,vw þ qvw ¼ v4Sw
vt

(21)

vo ¼ �KðtÞKroðtÞ
mo

ðVpo � rogVzÞ (22)

vw ¼ �KðtÞKrwðtÞ
mw

ðVpw � rwgVzÞ (23)

So þ Sw ¼ 1 (24)

where So, Sw are saturation of phase oil, water respectively, %; KðtÞ
is the absolute permeability vector, um2; Kro, Krw are the relative
permeability of phase oil, water respectively; mo, mw are the vis-
cosity of phase oil, water respectively, mPa s; po, pw are the pres-
sure of phase oil, water respectively, MPa; ro, rw are the density of
phase oil, water respectively, kg=m3; qvo, qvw are source of oil and
water respectively, m3=s; vo, vw are velocity of phase oil and water
respectively, m=s; g is gravity acceleration, m=s2; z is vertical depth,
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m; 4 is porosity, %;
For simplicity, we use the relative mobility as

lo ¼ Kro

mo
(25)

lw ¼ Krw

mw
(26)

Combining Eqs. (25) and (26) the velocity v:

vo ¼ �KðtÞloðVpo � rogVzÞ (27)

vw ¼ �KðtÞlwðVpw � rwgVzÞ (28)

The calculation process of the simulator is shown in Fig. 10.
Compared with common reservoir numerical simulation software,
the calculation process of each time step of the simulator is as
follows: 1) According to the permeability and relative permeability
variation law, calculate the conductivity of each grid; 2) Using the
mimetic finite difference method to solve the pressure equation,
calculate the water phase flow in each direction of each grid, and
then obtain the directional plane flux and total surface flux of each
grid; 3) Finite volume method was used to solve the saturation
equation to obtain the water saturation of each grid. 4) Recalculate
the permeability and relative permeability of each grid.
4.2. Mimetic finite difference method

Let U be a domain composed by non-overlapping polyhedrons
UH ¼ fUig. For any Ui, Ui2UH , Ak ¼ Ui∩Uj is the interface of Ui and

Uj. nk ¼ jAkjbnk is the areaweighted normal vector, bnk is unit normal
vector. First, we define the pi is the pressure at the centroid xi of
element Ui and tk is the interface pressure at the centroid xk of
interface Ak, as shown in Fig. 11.

By using MFD method to solve the pressure equation, the



Fig. 10. Numerical simulation calculation process.
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relation of Ui 2UH can be obtained as follows:

pi ¼
1
jUij

ð
Ui

pdU (29)

ti ¼
1

jAkj
ð
Ak

pdA (30)

According to Darcy's law, normal flux u on the interface can be
rewritten as:

ui ¼ LT iðeiXi � tiÞ (31)

where ui ¼ ½u1;u2;…;um�T is the vector of fluxes on the interface;m
is the number of interfaces of elementUi; L is the matrix of relative
Fig. 11. Schematic of grid analysis of mimetic finite difference method.
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permeabilities; ei ¼ ð1;…;1ÞT1�m; Xi is the scalar quantity at the
centroid of element Ui; ti is the vector of scalar quantities defined
at the centroid of interfaces of element Ui; T i is a positive definite
matrix, which is a key part of MFD method. The quantities for MFD
are shown in Fig. 11.

In order to get T i, the scalar quantity Xi is supposed to be linear.
Thus, we can get the expressions as follows:

X ¼ xaþ b (32)

where x is the coordinate vector of centroid of element. The vector
a and scalar b are constant vector and constant scalar quantity.

The paper examines the inclusion of pressure and gravity, along
with their respective magnitudes at the centroid and interface.
These quantities adhere to the following relationships:

pi � tk;i ¼ ðxi � xkÞ$ap (33)

zi � tz;k;i ¼ ðxi � xkÞ$az (34)

where zi is the depth at the centroid of element Ui. tz;k;i is the
interface depth at interface Ak. The coordinate vector of the
centroid of element Ui is represented by xi, while the coordinate
vector of the centroid of interface Ak is denoted as xk.

According to Darcy's law, the flux through the interface Ak of
element Ui is



S.-C. Wang, N. Zhang, Z.-H. Tang et al. Petroleum Science 21 (2024) 2536e2553
uk ¼
ð
Ak

vds ¼ �jAkjvk$bnk (35)

where v is the velocity; vk is the Darcy velocity on the interface Ak;
| Ak | is the area of interface Ak; bnk is the outward unit normal
vector on interface Ak. Combining the Darcy velocity equation, the
interface flux can be rewritten as:

ua;k ¼ �laKðtÞjAkjðVpa � ragazÞbnk; a ¼ o; w; (36)

Based on the linear relationships (Eqs. (33) and (34)),
substituting Eqs. (35) and (36) into Eq. (31) yields the following:
ui ¼LaTi $

2
6666664

x1 � xi

«

xk � xi

«

xm � xi

3
7777775 $

�
aa;p � ragaz

�¼

2
666666666664

la;1jA1jbn1

«

la;kjAkjbnk

«

la;mjAmjbnm

3
777777777775
K $aa;p � ragaz ¼La

2
6666666666666664

jA1jbn1

«

jAkjbnk

«

jAmjbnm

3
7777777777777775

K$
�
aa;p � ragaz

�
(37)
Thus, we can reach the matrix form:

T iX ¼ NK (38)

where

X ¼ ½x1 � xi，…，xk � xi，…，xm � xi�T;
N ¼ ½jA1jbn1;…; jAkjbnk;…; jAmjbnm�T

Defining XðiÞ represent i-th coordinate of X, then�
NTX

�
ij
¼

Xm

k¼1
jAkjbnk

ðiÞðxk � xiÞðjÞ (39)

According to the divergence theorem, the above equation yields
the following,

�
NTX

�
ij
¼
Xm

k¼1
jAkjbnk

ðiÞ 1
jAkj

ð
Ak

ðxk � xiÞðjÞ

ds¼
Xm

k¼1
bnk

ðiÞ
ð
Ak

ðxk � xiÞðjÞds¼
Xm

k¼1
bei
ð
Ak

ðxk � xiÞðjÞbnk

ds¼ bei
ð
Ui

Vðx� xiÞðjÞdU¼ beibeTj jUij ¼ dijjUij

(40)

where jUij is the volume of elementU i; bei ¼
�
0，…， 1

ith，…，0
	
;

dij is Delta function. From Eq. (40), we can get

NTX ¼ jU ijI (41)
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where I is d � d identity matrix. Multiplying Eq. (38) with NT on
both sides yields,

T i ¼
1
jUij

NKNT (42)

Generally, in order to guarantee the existence of the inverse
matrix of T i, T i is composed by two parts:

T i ¼ T1 þ T2 (43)

where T1 ¼ 1
jUijNKNT is the consistency part; T2 is the stability part,

which satisfies T2X ¼ 0. Here, the following T2 is used for
calculating:
T2 ¼ 6
d
trðKÞAi

�
Ii � Q iQ i

T
�
Ai (44)

where d denotes the spatial dimension; Ai is a diagonal matrix
composed by interface areas. Q i ¼ orthðAiXiÞ is orthonormal basis,
where Xi is a diagonal matrix composed by the distance from
centroids to interface centroids. trðKÞ is the trace of K. Ii is an
identity matrix.

After calculating the local matrix T i, finally the interface flux ua;i

of phase a can be rewritten as

ua ¼ LaT ½CðPa � ragVzÞ � Dðta � ragVxÞ� (45)

where ua represents the interface fluxes of phase a; T denotes the
global matrix composed of fT ig; Pa and z are element pressure
vectors, capillary pressure vector and depth vector for elements,
respectively; ta, x are interface pressure vector, capillary pressure
vector and depth vector for interfaces, respectively; C is a block
diagonal matrix, which i-th column is given by bei; D is related to the
interface. The number of unit entries in the columns of D depends
on the properties of interfaces. If element number i contain inter-
face number j, then the corresponding entry Dij of D is 1, otherwise
Dij is 0.

Considering the velocity continuity condition on the boundary
surface of the element, the numerical calculation format of MFD
can be obtained as follows:



Fig. 12. A quarter five-spot reservoir physical model.
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2
66664

B �C D

CT 0 0

DT 0 0

3
77775

2
66664
v

p

t

3
77775 ¼

2
66664
0

q

0

3
77775 (46)

where B ¼

0
BB@

T�1
1

1

T�1
m

1
CCA; v is the element boundary surface

seepage velocity array; p is the element center pressure array; t is
the central pressure array of the unit boundary surface; q ¼ ½qi� is a
unit source sink term of Ui; m is the total number of grid cells.

5. Applied computational tests

In this section, the accuracy of a time-varying simulator devel-
oped using the MFD method was demonstrated. Two injection-
production models, namely the quarter five-point well pattern
and the inverted five-spot well pattern, were established to assess
the performance of the simulator under different scenarios. The
models were considered with different variations: no time-varying
properties, time-varying permeability, time-varying relative
permeability, and combined time-varying permeability and relative
permeability.

5.1. Validation tests results

Test 1: Quarter-five-point well pattern reservoir simulation.
In the first example, as shown in Fig. 12, we analyzed four

different scenarios with varying reservoir properties over time
using a quarter-five-point for production. The scheme details are
provided in Table 4.

As shown in Fig. 13(a)e(d), the simulation results reveal sig-
nificant differences among the four simulation scenarios. In Case 1,
which does not consider time-varying effects, the remaining oil is
distributed relatively uniformly throughout the reservoir. The flow
lines are spread out, and the pressure distribution is relatively
Table 4
Time-varying simulation parameters.

Case Time-varying factor uo, mPa s uw, mPa s

1 Without time-varying 3.5 1
2 Absolute permeability 3.5 1
3 Relative permeability 3.5 1
4 Comprehensive 3.5 1

2547
consistent. However, this scenario does not capture the impact of
time-varying factors on reservoir behavior. In Case 2, where time-
varying permeability is considered, the remaining oil tends to
accumulate on both sides of the dominant channel in the reservoir.
The flow lines are concentrated within this channel, and the pres-
sure in the channel is affected by fluid pressure loss, resulting in a
pressure drop. This effect highlights the importance of accounting
for time-varying permeability in accurately modeling fluid flow
behavior. Case 3 incorporates time-varying relative permeability,
which improves the displacement efficiency of water flooding and
reduces the residual oil saturation in the reservoir. Consequently,
the remaining oil, pressure, and flow lines become more evenly
distributed throughout the reservoir. In Case 4, both time-varying
permeability and time-varying relative permeability are consid-
ered. This scenario results in the formation of a dominant channel,
similar to Case 2, but the channel is relatively wider and exhibits
lower remaining oil saturation compared to Case 2.

In Fig.14(a) and (b), the recovery efficiencies of the four schemes
are 59.54%, 52.29%, 61.02%, and 55.31%, respectively, while the
water-free oil recovery periods for the four schemes are 1752, 1569,
2044, and 1715 d, respectively. It is evident that the increase in the
water-free oil recovery period leads to an increase in the recovery
rate. This can be explained from two perspectives. On one hand, the
long-term water injection flushes increase the permeability of the
reservoir, resulting in the formation of dominant channels within
the reservoir, exacerbating the water cone phenomenon, and
causing production wells to extract injected water earlier. On the
other hand, changes in relative permeability reduce the water-oil
mobility ratio, slowing down the flow of injected water, making
oil easier to displace, thereby prolonging thewater-free oil recovery
period.

Test 2: Inverted five-spot reservoir simulation.
In the second example, we considered inverted five-point well

pattern. Fig. 15 shows the numerical conceptual model of one-well
injection, four-well production grid. The injection rate at the in-
jection well qin is 0.004 PV/d, and the liquid production rate at the
productionwell qout is 0.001 PV/d. The simulation time is ten years.

As shown in Figs. 16 and 17, the results of the inverted five-point
well pattern are presented for the four different cases. Similar to the
one injection one production pattern, the presence of dominant
channels is observed in the case of time-varying permeability (Case
2). These dominant channels concentrate the remaining oil at the
edges of the reservoir, making it difficult to displace effectively. In
contrast, in the case of time-varying relative permeability (Case 3),
the displacement of the reservoir leads to a more uniform distri-
bution of the remaining oil content. The impact of time-varying
physical properties in the reservoir is intensified due to the large
injection and production rates in the inverted five-point well
pattern. Fig. 17 shows the degree of recovery in each case, with Case
2 achieving a recovery efficiency of 49%, Case 3 reaching 70.6%, and
Case 4 at 51.1%. Comparing these results to the one injection one
production pattern, it is evident that the influence of permeability
and relative permeability is enhanced in the inverted five-point
well pattern. Specifically, the development effect is worse when
considering time-varying permeability, while considering time-
varying relative permeability leads to a better development effect.
Swc Sor 4, % ro, kg/m3 rw, kg/m3

0.2 0.2 0.25 800 1000
0.2 0.2 0.25 800 1000
0.2 0.2 0.25 800 1000
0.2 0.2 0.25 800 1000



Fig. 13. Comparison of residual oil distribution, pressure field and streamline field with different time-varying parameters under a quarter five-spot reservoir.

Fig. 14. The comparison of the different time-varying cases under a quarter five-spot reservoir.
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5.2. Field study

K oilfield is a marine sandstone oilfield with abundant edge and
2548
bottom water energy. The porosity of the reservoir is 20.1%e30.5%,
and the permeability is 52e157 mD. The distribution of perme-
ability and well location are shown in Fig. 18. The oil has good



Fig. 15. Inverted five-spot reservoir physical model.
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physical property. The formation oil viscosity is 2.7 mPa s, and the
oil volume coefficient is 1.05. The formation water viscosity is
0.36 mPa s, and the formation water volume coefficient is 1.028.
The bound water saturation is 0.253, and the geological reserves
used in the reservoir are 4130 � 104 m3. The oil field has been
steadily developed for 23 years and adopts the high-speed devel-
opment strategy. The average daily fluid volume of a single well is
Fig. 16. Comparison of residual oil distribution, pressure field and streamline fiel
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up to 158m3. The current water-cut has reached 97%, and it is in the
ultra-high water-cut period. At present, there are problems such as
large water consumption, lowwater storage and difficult follow-up
development.

As shown in Fig. 19, at the early stage of development, the high
speed and low potential area is first formed near thewater wells. As
the water-cut increases, the low velocity and high potential area,
where oil production potential is higher, tends to be limited to
regions between the oil wells or the water wells. This suggests that
the remaining oil is mainly concentrated in these areas, while the
non-producing reserves areas become more dominant. When the
water-cut reaches a high level, such as 95%, an invalid water cir-
culation area forms near the water wells. This area represents re-
gions where water circulation becomes less effective in displacing
oil due to factors such as high-water saturation or increased
permeability. In this stage, the production contribution from these
areas may become negligible.

5.3. Discussion

The time-varying permeability and time-varying relative
permeability have distinct effects on the reservoir. The changes in
permeability caused by the erosion of injected water enhance the
d with different time-varying parameters under inverted five-spot reservoir.



Fig. 17. The comparison of the different time-varying cases under inverted five-spot reservoir.

Fig. 18. Distribution of permeability and well location in a layer.
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flow capacity of the dominant channels along the main stream
lines, leading to the premature breakthrough of injected water into
the productionwell. This negatively impacts reservoir development
by reducing the efficiency of oil displacement. On the other hand,
the flushing effect of water flooding alters the relative permeability
curve. The changes in the endpoint of the relative permeability
curve result in an increase in oil phase relative permeability and a
decrease in water phase relative permeability at the same water
saturation. This enhancement of oil flow capacity and weakening of
water flow capacity, combined with a reduced water-oil mobility
ratio, improve the sweep area of water flooding. Furthermore, the
reduction in residual oil saturation leads to improved displacement
efficiency and an increased degree of recovery. It is evident that
time-varying permeability has a negative effect on reservoir
development, while time-varying relative permeability has a pos-
itive effect. However, the impact of permeability is more significant
compared to relative permeability. As a result, when considering
the comprehensive time-varying effects, the production effect of
the oilfield is still worse. Therefore, it is crucial to consider the time-
varying effects comprehensively in reservoir simulation in order to
better reflect the real reservoir conditions and optimize reservoir
development strategies.

In summary, under two different productions well networks, the
simulator can show good adaptability, and the simulation results
meet the expected design requirements under different time-
varying schemes, and the calculation results are accurate and
effective. Meanwhile, as shown in Figs. 13 and 16, in the process of
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homogeneous simulation, the saturation field, pressure field and
streamline field, the model calculation results of either the quarter
well pattern or the reverse five-point well pattern have good
symmetry, indicating that the simulator is reliable.

The new simulator's simulation data shows a high degree of
matching with the actual production data of the field. This indicates
that the new simulator is effective in accurately fitting the historical
production behavior of the oilfield, particularly during the late
stage of long-term water drive development. This accurate histor-
ical fitting is valuable for guiding future production measures and
strategies in the oilfield. Compared to simulations that do not
consider time variation, the new simulator demonstrates improved
fitting effects for water rates and cumulative liquid production.
Additionally, the predicted distribution of remaining oil aligns well
with the actual production results in the early time steps. This in-
dicates that simulation models can provide more accurate oilfield
production prediction results, enhancing the understanding of
reservoir behavior and supporting decision-making processes.
6. Conclusions

In this study, a time-varying prediction model is established
based on core displacement experiments to investigate the effects
of long-term waterflooding on reservoir physical properties and
development performance. The following conclusions are drawn:

Long-term waterflooding leads to changes in core physical
properties. Permeability and porosity increase logarithmically with
the increase of injected water volume. The residual oil saturation
decreases, and the hydrophilicity of the reservoir strengthens. The
original relative permeability curve also undergoes changes.

An end value model of the oil-water relative permeability curve
is established using the alternating condition expectation method.
By combining this model with the normalized average relative
permeability curve of the reservoir, a prediction model for the oil-
water relative permeability curve is formed. The predicted values of
the model closely match the experimental values, indicating its
reliability.

Considering the time-varying effects of reservoir permeability
and relative permeability, a new reservoir time-varying program
was developed based on the mimetic finite difference method. A
quarter-five-spot well pattern and a reverse five-spot well pattern
were used to investigate and analyze the impact of different time-
varying factors on development dynamics and residual oil distri-
bution, thereby validating the correctness of the program. The



Fig. 19. Residual oil, pressure, and flow profile at different periods of development.
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newly developed simulator has helped improve the history
matching of water flooding reservoirs in the K oilfield, thereby
further enhancing the rationality and reliability of production
forecasting. Overall, the history matching is relatively good.
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