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a b s t r a c t

During the production, the fluid in the vicinity of the directional well enters the wellbore with different
rates, leading to non-uniform flux distribution along the directional well. However, in all existing studies,
it is oversimplified to a uniform flux distribution, which can result in inaccurate results for field appli-
cations. Therefore, this paper proposes a semi-analytical model of a directional well based on the
assumption of non-uniform flux distribution. Specifically, the direction well is discretized into a carefully
chosen series of linear sources, such that the complex well trajectory can be captured and the non-
uniform flux distribution along the wellbore can be considered to model the three-dimensional flow
behavior. By using the finite difference method, we can obtain the numerical solutions of the transient
flow within the wellbore. With the aid of Green's function method, we can obtain the analytical solutions
of the transient flow from the matrix to the wellbore. The complete flow behavior of a directional well is
perfectly represented by coupling the above two types of transient flow. Subsequently, on the basis of the
proposed model, we conduct a comprehensive analysis of the pressure transient behavior of a directional
well. The computation results show that the flux variation along the direction well has a significant effect
on pressure responses. In addition, the directional well in an infinite reservoir may exhibit the following
flow regimes: wellbore afterflow, transition flow, inclined radial flow, elliptical flow, horizontal linear
flow, and horizontal radial flow. The horizontal linear flow can be observed only if the formation
thickness is much smaller than the well length. Furthermore, a dip region that appears on the pressure
derivative curve indicates the three-dimensional flow behavior near the wellbore.
© 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Directional wells have been widely applied in petroleum
exploration and development to improve production performance
(Guan et al., 2021). Particularly in developing offshore reservoirs,
directional wells can significantly reduce the required number of
platforms compared to vertical wells (Islam and Hossain, 2021).
Pressure transient analysis is a powerful tool to forecast well per-
formance and evaluate reservoir properties (Zarrouk and Mclean,
2019). In field applications, studying the pressure transient of
directional wells can provide theoretical instruction for optimizing
production systems. Three types of methods have beenwidely used
for conducting pressure transient analysis, including numerical
method, analytical method, and semi-analytical method. Among
these three types of methods, the numerical method is greatly
o).

y Elsevier B.V. on behalf of KeAi Co
effective for describing the transient flow behavior of complex well
types (Gill et al., 2007). However, the numerical method is normally
more computationally demanding and inconvenient because it
requires numerous discrete grids to model three-dimensional flow
behaviors. Moreover, various analytical methods have been devel-
oped to conduct the pressure transient analysis on different well
types (Fair et al., 1999; Ozkan and Raghavan, 2000; Bond et al.,
2006). Cinco et al. (1975) first used the instantaneous source
function to study the pressure response of directional wells with a
uniform flux distribution. Ozkan et al. (1999) presented a 3D
analytical model to simulate the transient pressure behavior of
slant and horizontal wells. Sousa and Moreno (2015) presented a
new study of the directional well with a uniform flow condition
using Green's function and superposition principle. Feng and Liu
(2015) studied the wellbore pressure dynamics of slant wells by
using the mirror image principle on the basis of the point source
solution. Miranda et al. (2016) provided a uniform-flux solution of
the restricted-entry well in anisotropic reservoirs based on Green's
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Nomenclature

a, b, c, A Parameters defined in Appendix A
A, B1, B2, C, D, G, pw, qn Matrices defined in Appendices A and B
Aw The area of the wellbore cross-section
B Formation volume factor, m3/m3

ctm Matrix total compressibility, MPa�1

ctw Wellbore total compressibility, MPa�1

cs Dimensionless coefficient defined in this work
Cw Wellbore storage coefficient, bbl/psi
CwD Dimensionless wellbore storage coefficient
h Formation thickness, m
hD Dimensionless formation thickness
km Matrix permeability, mD
kw Wellbore permeability, mD
kD Dimensionless wellbore permeability
l Space position along the inclined direction of the

well, m
li Space position along the inclined direction of thewell

panel (i), m
lD Dimensionless space position along the inclined

direction of the well
L Well total length along the inclined direction, m
Dl Wellbore-element length along the inclined

direction, m
DlD Dimensionless wellbore element's length along the

inclined direction
Nw Number of elements of the discretized well
p Pressure, MPa
pi Initial reservoir pressure, MPa
pw Wellbore pressure, MPa
pwD Dimensionless wellbore pressure
pwb Bottomhole pressure, MPa
pwbD Dimensionless bottomhole pressure
q Flux rate from the matrix to the wellbore under

standard conditions, m3/d
qD Dimensionless flux

qw Well production rate under standard conditions, m3/
d

qw-wb Flux rate from the heel of the directional well into the
vertical wellbore under the standard condition, m3/d

qw-wbD Dimensionless flux rate from the heel of the
directional well into the vertical wellbore

rw Wellbore radius, m
rwD Dimensionless wellbore radius
t Time, d
tD Dimensionless time
x, y and z x-, y- and z-coordinates, m
xD, yD, zD Dimensionless coordinate
x0, y0, z0 Center position coordinates of the linear source, m
x0D, y0D, z0D Dimensionless center position coordinates of the

linear source
ze Reservoir dimension, m
zeD Dimensionless reservoir dimension
zw Distance between the center of the directional well

and the upper reservoir boundary, m
zwD Dimensionless distance between the center of the

directional well and the upper reservoir boundary
x(li), z(li) Coordinates at position li, m
a Diffusivity coefficient, m2/d
b Unit conversion factor that is equal to 0.0853
g Dimensionless coefficient
d The instantaneous flux
q Inclined angle, �

m Oil viscosity, mPa s
fm Matrix porosity
ff Effective porosity in the wellbore system

Subscript and superscript
i Initial condition
m Matrix
t Total
w Wellbore
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function. Xu et al. (2021) developed an analytical model of the in-
clined well in a triple-porosity carbonate gas reservoir based on
Laplace transform and pressure drop superposition. Shi et al. (2023)
established a novel analytical solution to characterize the transient
pressure behavior of horizontal wells in the multibranched fault-
karst reservoir. From these studies, we have a preliminary under-
standing of the pressure transient behavior of directional wells. It is
worth noting that, although the analytical solution has been used to
study the pressure response of the directional wells in various
complex field conditions. However, the effect of flux variation
cannot be accounted for in their articles because of the pro-
assumption, which will lead to errors with the actual situation.

In addition to the numerical method and the analytical method,
numerous scholars have proposed various semi-analytical methods
to characterize complicated flow behaviors (Khatteb et al., 1991;
Wang et al., 2020; Albattat et al., 2022). Ezulike and Igbokoyi (2012)
studied the pressure transient behavior of horizontal wells in
anisotropic composite reservoirs and conducted a sensitivity
analysis about the influence of key reservoir parameters on the
pressure drop responses. Simonov et al. (2017) developed a semi-
analytical model for describing the transient flow behavior of a
multilateral well and considered the effects of finite conductivity
fractures and friction losses. Luo et al. (2018) presented a semi-
analytical model to research the productivity index of horizontal
1766
wells and obtained the distribution of dimensionless productivity
index along the horizontal well. Teng and Li (2019) introduced a
semi-analytical model to study the pressure transient behavior of
the partially-penetrating inclined fracture and thoroughly
researched the effect of flux variation with different fracture con-
ductivities. Al-Kabbawi (2022) established an optimal semi-
analytical model of the horizontal well with infinite conductivity.
In this work, the instantaneous uniform-flux segmentary source
function was used instead of the pressure superposition. Currently,
it can be recognized that the semi-analytical method not only can
consider the effect of flux variation but is more convenient than
traditional numerical methods. This is because the semi-analytical
method only requires discretization along the wellbore, without
the need to discrete the entire reservoir. However, there is a lack of
literature that can provide a semi-analytical model for describing
the transient flow behavior of a directional well that would take
into account the existence of flux variation along the wellbore.

In this paper, we conduct a comprehensive analysis of the
pressure responses of a directional well that has a non-uniform flux
distribution. With the aid of the semi-analytical method, the
directional well is discretized into a certain number of segments to
account for the complex well trajectories and the non-uniform flux
variations. For each segment, the behavior of flow rate and pressure
over time can be monitored. The validity of the method is
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demonstrated by comparing it with results generated numerically
by Eclipse. Subsequently, we apply the proposed model to depict
the flux distribution along the wellbore at different wellbore pa-
rameters and successfully distinguish the main flow regimes from
the computational results. In addition, we carry out the sensitivity
analysis to clarify the influences of wellbore storage, wellbore
radius, inclined angle, well vertical position, and formation thick-
ness on the pressure dynamics.
2. Methodology

This work studies the pressure transient behavior of a direc-
tional well that produces single-phase oil from a single-layer
reservoir. The schematic of the directional well and the reservoir
are shown in Fig.1. The upper and lower boundaries of the reservoir
are impermeable, and the reservoir extends indefinitely in the
horizontal direction. The assumptions employed to derive a semi-
analytic model are listed as follows:

� The fluid and rock properties in the reservoir are assumed to be
homogeneous and isotropic;

� The reservoir is bounded with impermeable upper and lower
boundaries along the vertical direction and boundless along the
horizontal direction;

� The vertical projection of the directional well is parallel to the x-
axis;

� The flux variation along the wellbore is considered;
� The reservoir contains only single-phase oil;
� The equivalent wellbore permeability is obtained with the
Poiseuille formula;

� The oil is produced with a constant rate;
� The gravity effect within the wellbore and wellbore storage are
taken into account in the model;

� The temperature variation in the reservoir is neglected.
2.1. Definition of the dimensionless parameters

For the convenience of analysis and discussion, we define the
following dimensionless variables:

pD ¼2pbkmhðpi � pÞ
qwBm

; pwD ¼2pbkmhðpi � pw Þ
qwBm

(1)

tD¼ bkmt
fmmctmL2

(2)
Fig. 1. Physical model of the directional well in a single-layer reservoir.

1767
qD ¼ q
qw

; qw-wbD ¼ qw-wb
qw

(3)

xD ¼ x
L
; yD ¼ y

L
; zeD ¼ ze

L
; lD ¼ l

L
(4)

hD ¼h
L
; rwD ¼ rw

L
(5)

g¼0:0434Br2w
L2

; CwD ¼ Cw
2phfmctmr2w

(6)

Cs ¼ fwctw
fmctm

; kD ¼ kw
km

(7)

2.2. Numerical formulation of the directional well system

As shown in Fig. 2, we discrete the directional well into Nw el-
ements in the proposed model to capture its trajectory, and these
elements have the same dimension. In this figure, Dl is the length of
the discrete element along the inclined direction, and Aw is the area
of the wellbore cross-section. The cross-section of the wellbore is
much smaller than the length of the well, therefore the flow of fluid
in the wellbore can be simplified to one-dimensional flow. The
transient flow equation of a directional well can be expressed as
(Ertekin et al., 2001)

v2pw
vl2

þ Bmq
bDlAkw

¼ mfwctw
bkw

vpw
vt

(8)

Eq. (8) is derived from the mass balance equation. Inserting Eqs.
(1)e(7) into Eq. (8) and rewriting Eq. (8) into finite difference
format gives 

1
Dl2D

þ Cs
kD

1
DtD

!
pnDi

� 1
Dl2D

pnDi�1

� 1
Dl2D

pnDiþ1
þ 2hD
kDDlDr2wD

qnDi
¼ Cs
kD

1
DtD

pn�1
Di

(9)

Applying Eq. (9) to the Nw linear sources and arranging these Nw
finite difference equations into a matrix format yield

A ,pnw þ B11qn � B21qnw-wD ¼ C1pn�1
w (10)
Fig. 2. Schematic of the directional well discretization along the inclined direction.
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whereʘ is the Hadamard product operator; qw-wD is dimensionless
flux from the heel of the directional well into the vertical wellbore;
and the matrices of A, pw, B1, qn, B2, and C are defined in Appendix
A.
2.3. Analytical solution of the matrix system

As aforementioned, the directional well is discretized into Nw
elements, each of which can be considered a linear source. The
pressure response that is induced by a single continuous linear
source can be expressed as
pi � pðx; y; z; tnÞ¼ B
fmctmDl

1
ze

Xn
k¼1

qk
ðtk
tk�1

(
exp

"
� ðy� y0Þ2
4aðtn � tÞ

#, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4paðtn � tÞ

q )

,

ðli¼Dl

li¼0

(
exp

"
� ðx� x0ðliÞÞ2

4aðtn � tÞ

#, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4paðtn � tÞ

q )
,

(
1þ2

X∞
m¼1

exp
�
�m2p2aðtn � tÞ

z2e

�
cos

mpz
ze

cos
mpz0ðliÞ

ze

)
dlidt

(11)
where x, y, and z are the spatial coordinates of the desired pressure
response, and x0, y0, z0 are the spatial coordinates of the central
position of the linear source. Since the pressure response at an
arbitrary position is influenced by all the Nw linear sources, ac-
cording to the superposition principle, the total pressure change at
position (x, y, z) can be obtained by summing up the pressure
change induced by all the linear sources, which yields
pi � pðx; y; z; tnÞ¼ B
fmctmDl

1
ze

XNw

i¼1

Xn
k¼1

qki

ðtk
tk�1

(
exp

"
� ðy� y0iÞ2
4aðtn � tÞ

#, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4paðtn � tÞ

q )

,

ðli¼Dl

li¼0

(
exp

"
� ðx� x0ðliÞÞ2

4aðtn � tÞ

#, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4paðtn � tÞ

q )
,

(
1þ2

X∞
m¼1

exp
�
�m2p2aðtn � tÞ

z2e

�
cos

mpz
ze

cos
mpz0ðliÞ

ze

)
dlidt

(12)
Inserting the dimensionless coefficients in Eqs. (1)e(7) into Eq.
(12), Eq. (12) can be rewritten as
pwD
�
xD; yD; zD; t

n
D
�¼ hD

2DlD

1
zeD

XNw

i¼1

Xn
k¼1

qkDi

ðtkD
tk�1
D

(
exp

"
� ðyD � yD0iÞ2�

tnD � tD
�
#, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

tnD � tD
�q )

,

ðlDi¼DlD

lDi¼0

(
exp

"
� ðxD � xD0iÞ2�

tnD � tD
�
#, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

tnD � tD
�q )

,

(
1þ2

X∞
m¼1

exp

"
�m2p2�tnD � tD

�
z2eD

#
cos

mpzD
zeD

cos
mpzD0ðlDiÞ

zeD

)
dlDidtD

(13)
Applying Eq. (13) to all the linear sources and arranging these
equations into a matrix form give

pnw � Gqn ¼D (14)

The matrices G and D are defined in Appendix B.
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2.4. Wellbore storage and wellbore representation

In this work, the effect of wellbore storage on the pressure
response is considered. Based on the method proposed by van
Everdingen and Hurst (1949), the dimensionless wellbore storage
equation is expressed as

1� gCwD

DtnD

�
pnwD � pn�1

wD

�
¼ qnw�wbD (15)

The bottomhole pressure is defined at the left surface of the 1st
discretized linear source (see Fig. 2). According to Darcy's law
(Darcy, 1856), the relationship between the dimensionless bot-
tomhole pressure and the dimensionless pressure of the 1st dis-
cretized element can be expressed as

pwbD � pwD ¼2bhDDlD
kDr2wD

qnw-wbD (16)
2.5. Solution methodology

Based on pressure and flow continuity, the finite difference
equations of the directional well (Eq. (10)), the analytical solution of
the matrix system (Eq. (14)), the wellbore storage equation (Eq.
(15)), and the wellbore representation equation (Eq. (16)) can be
put together to form a system of linear equations. The system of
linear equations can be written as



Fig. 3. Schematic of reservoir model built in the Eclipse. (a) Top view of the overall grid
system; (b) Side view of the local grid system.
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8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

A,pnw þ B1,q
n � B2,q

n
w�wD ¼ C,pn�1

w

pnw � Gqn ¼ D

1� gCwD

DtnD

�
pnwD � pn�1

wD

�
¼ qnw-wD

pwD � pwbD ¼ 2bhDDlD
kDr2wD

qnw-wbD

(17)

In this system of linear equations, there are 2Nwþ2 unknowns (Nw
dimensionless pressure, Nw dimensionless withdrawal rates, 1
dimensionless bottomhole pressure, 1 dimensionless flux from
well-element to wellbore) and 2Nwþ2 linear equations (Nw well-
flow equations, Nw matrix-flow equations, 1 wellbore-storge-
effect equation, 1 flow equation from well-element to wellbore)
at each timestep. Thus, the system of linear equations is closed and
can be readily solved by using the Gaussian elimination method.

3. Validation against numerical software and analytical
model

In this section, we demonstrate the validity of the proposed
semi-analysis method by comparing its outputs against the results
Fig. 4. Comparison of the pressure drops and pressure derivatives calculated by the
proposed model, the model of Sousa and Moreno (2015), and the numerical software.
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from commercial software (Eclipse). According to Holmes et al.
(1998), the numerical software (Eclipse) can consider the non-
uniform flux distribution by dividing the wellbore into several
one-dimensional segments. In the Eclipse, the authors discrete the
reservoir into 101� 101� 27 grids, and the dimensions of each grid
are 10 � 17 � 1 m3. Therefore, the reservoir is sufficiently large to
avoid the boundary effect during production. Fig. 3 shows a top and
a side view of the grid system, where a directional well locates at
the center of the reservoir. The fluid and rock properties used in
both the Eclipse model and the semi-analytical approach are
consistently set as follows: h ¼ 27 m, fm ¼ 0.2, ctm ¼ 0.0012 MPa�1,
km ¼ 0.01 mD, kw ¼ 3.16 � 1011 mD, ctw ¼ 0 MPa�1, Cw ¼ 0 bbl/psi,
pi ¼ 30 MPa, qw ¼ 0.1 m3/d, m ¼ 1 mPa s, B ¼ 0.985 (dead oil),
rw ¼ 0.05 m, L ¼ 100 m, and q ¼ 10�. Moreover, for a more
comprehensive comparison, the calculation results based on the
assumption of Sousa and Moreno (2015) (i.e., the uniform flux
distribution along the wellbore) are also presented in the valida-
tion. In their studies, the analytical solution of the slanted linear
source well can be obtained by integrating the point source along
the wellbore trajectory. Fig. 4 shows the pressure drops and pres-
sure derivatives calculated by the proposed model, the model of
Sousa and Moreno (2015), and numerical software. It can be seen
that the calculation results from the proposed model are in excel-
lent agreement with those of the numerical software, which
demonstrates the validity of the proposed model. The pressure
drops from the model of Sousa and Moreno (2015) are significantly
larger than the other two, which shows the assumption of uniform
flux can result in a significant error for field applications. Therefore,
the proposed model with the non-uniform flux distribution can
more accurately simulate the pressure transient behavior of the
directional wells.
4. Results and discussion

In this section, the flux variations along the directional well
under different inclined angles and wellbore radii are investigated.
Subsequently, we distinguish all the flow regimes that can be
observed during the production of a directional well. Finally, a
comprehensive study was conducted to examine the pressure
transient behavior of a directional well with different scenarios. The
values of the dimensionless parameters of the benchmark model
are as follows: hD ¼ 0.3, rwD ¼ 1 � 10�4, CwD ¼ 100, zD ¼ 0.5, q ¼ 6�,
B ¼ 0.985, g ¼ 4.27 � 10�10, and Cs ¼ 0.
Fig. 5. Comparison between the pressure responses of the proposed model and the
uniform flux model of Sousa and Moreno (2015).



Fig. 6. Dimensionless flux distribution of the directional well with different inclined angles at different dimensionless times: (a) tD ¼ 1 � 10�8; (b) tD ¼ 1 � 10�4; (c) tD ¼ 1 � 10�1;
(d) tD ¼ 1 � 101.
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4.1. Flux distribution along the directional well

In the existing studies, the uniform-flux models have been
widely used for characterizing the transient flow behavior of the
directional well. In these uniform-flux models, the directional well
is represented with a single linear source and it was assumed that
the flux variation along the directional well is neglected. In practice,
the three-dimensional flow behavior in the vicinity of the wellbore
should be physically present in the production period (Zhang and
Yang, 2014; Teng and Li, 2019). Therefore, it is necessary to study
the effect of the flux variation on the pressure responses in the
entire production. Fig. 5 shows the comparison between the pres-
sure responses of the proposed model and the uniform flux model
of Sousa and Moreno (2015). As one can see in Fig. 5, both the
pressure drop plots and the pressure derivative plots exhibit
remarkable differences, implying that the flux variation along the
direction well can significantly influence the simulation outputs.
1770
Besides, the inclined radial flowcannot be observed on the pressure
derivative plots based on the assumption of uniform flux distri-
bution. Since the flux variation can really be observed along the
directional well, the assumption of uniform flux is an over-
simplification for real cases, which can cause misidentification of
flow regimes.

Moreover, we examine the effect of the inclined angle of the
directional well on the flux distribution. Four inclined angles are
considered, including q ¼ 1�, 6�, 11�, and 16�. Fig. 6 shows the flux
distribution along the directional well with different inclined an-
gles and different dimensionless times (i.e., tD ¼ 1 � 10�8, 1 � 10�4,
1 � 10�1, and 1 � 101). As one can see in Fig. 6(a), at the early
production period (wellbore afterflow), the dimensionless flux near
the well heel is larger than that near the well toe. As the inclined
angle is increased, the difference becomes more significant. This is
ascribed to the effect of gravity, which can result in a lower pressure
but higher flux near the well heel. The flux distribution in Fig. 6(b)



Fig. 7. Dimensionless flux distribution of the directional well with different wellbore radii at different dimensionless times: (a) tD ¼ 1 � 10�8; (b) tD ¼ 1 � 10�4; (c) tD ¼ 1 � 10�1;
(d) tD ¼ 1 � 101.

Fig. 8. Identification of the flow regimes that can be observed during the production of
the benchmark model.
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exhibits a slight difference, representing the appearance of radial
flow around the directional well. Fig. 6(c) and (d) show the flux
distribution during the late production period. A higher dimen-
sionless flux can be observed near the well toe and heel, and a
lower flux occurs at the middle part of the well.

Fig. 7 shows the dimensionless flux distribution of the direc-
tional well by varying the dimensionless wellbore radius from
0.25� 10�4 to 1� 10�4. It is interesting to note that the influence of
wellbore radius on the flux distribution can only be observed in the
early production period with tD ¼ 1 � 10�8. In Fig. 7(a), a larger
wellbore radius can induce a lower dimensionless flux distribution.
This is because thewellbore storage effect is more significant with a
larger wellbore radius, and the wellbore storage effect will prevent
the fluid from entering the wellbore. The non-uniform flux distri-
butions shown in Figs. 6 and 7 provide a further justification that
the flux variations along the well trajectory should not be neglected
to accurately model the transient flow behavior of a directional
well.



Fig. 9. The flow behavior of various flow regimes occurring during the production of
the benchmark model: (a) Inclined radial flow from 3D view and side view; (b)
Elliptical flow from 3D view and top view; (c) Horizontal radial flow from 3D view and
top view.

Fig. 10. Identification of the flow regimes that can be observed during the production
of a horizontal well.
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4.2. Flow regimes of a directional well

The flow regimes can be identified according to the slope on the
pressure derivative curve. Fig. 8 presents the dimensionless pres-
sure drop and pressure derivative of the benchmark directional
well model that is calculated with the proposed semi-analytical
approach. In this figure, five flow regimes can be distinguished,
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including (1) wellbore afterflow (1-slope), (2) transition flow
(hump), (3) inclined radial flow (0-slope), (4) elliptical flow (1/3-
slope), and (5) horizontal radial flow (0-slope). The wellbore
afterflow occurs in the early production period, which reflects the
effect of fluid elastic energy in the wellbore on the bottomhole
pressure (Khatteb et al., 1991). The first 0-slope period on the dia-
gram represents inclined radial flow, whose schematic is shown in
Fig. 9(a) (Ozkan et al., 1999). During this period, the fluid near the
wellbore flows radially to the directional well along the inclined
direction. As the drainage area expands, the produced fluid can be
from a further position than the near-well region, leading to an
elliptical flow (see Fig. 9(b)). The elliptical flow presents a 1/3 slop
on the pressure derivative curve (Teng and Li, 2018). Fig. 9(c) shows
the schematic of horizontal radial flow, which can be observed
during the late production period. On the pressure derivative curve,
the second 0-slope region represents the horizontal radial flow
(Sousa and Moreno, 2015).

Fig. 10 depicts the pressure drop and pressure derivative curves
that are calculated with the proposed model with another set of
parameters. The values of the parameters that are different from
the benchmark model are as follows: hD ¼ 0.05 and q ¼ 0�. It is
noted that q ¼ 0� indicates that the well is horizontal, which can be
regarded as a special directional well. Comparing Fig. 10 with Fig. 8,
we can find that the main difference is that there is a 1/2-slope
region appearing between the inclined radial flow and the ellip-
tical flow on the pressure derivative curve. The 1/2-slope repre-
sents the occurrence of horizontal linear flow, which is
schematically illustrated in Fig. 11 (Gill et al., 2007). In addition, the
results in Figs. 8 and 10 imply that the horizontal linear flow can be
observed only if the formation thickness is sufficiently small
compared to the well length.

4.3. Sensitivity analysis

With the aid of the proposed model, a thorough sensitivity
analysis is conducted to investigate the influences of wellbore
storage, wellbore radius, inclined angle, well vertical position, and
formation thickness on the pressure transient behavior of a direc-
tional well.

4.3.1. Wellbore storage
In this section, different dimensionless wellbore storage co-

efficients are investigated to explore their effects on the pressure-
transient behavior of the directional well. Fig. 12 shows the pres-
sure drop and pressure derivative curves obtained by varying CwD
from 1 � 102 to 1 � 105 with the proposed model. As shown in this
figure, the wellbore storage mainly affects the early stage of pro-
duction. The wellbore afterflow regime is diagnosed as a straight
line with one slope on the pressure derivative curve, and different
wellbore storage coefficients are shown as a group of curve clusters
parallel to each other in Fig. 12. With the increase of the wellbore
storage coefficient, the duration of the wellbore afterflow regime
becomes longer and the pressure drop becomes smaller. Further-
more, the wellbore storage can exert a significant effect on the in-
clined radial flow. For example, for the scenario of CwD ¼ 1 � 105,
the inclined radial flow cannot be identified on the pressure de-
rivative curve because it is covered by the wellbore afterflow. In
addition, if the dimensionless time is sufficiently large (e.g.,
tD > 1 � 10�2), the pressure derivative curves of different dimen-
sionless wellbore storage coefficients exhibit negligible differences.

4.3.2. Wellbore radius
To examine the effect of wellbore radius on the pressure tran-

sient behavior of a directional well, different dimensionless well-
bore radii are considered, including rwD ¼ 0.5 � 10�4, 1 � 10�4,



Fig. 11. The flow behavior of an exclusive flow regime occurring during the production
of a horizontal well: horizontal linear flow from 3D view (a) and top view (b).

Fig. 12. Impact of wellbore storage on the pressure drops and pressure derivatives of a
directional well.

Fig. 13. Impact of wellbore radius on the pressure drops and pressure derivatives of a
directional well.

Fig. 14. Impact of smaller inclined angle change on the pressure drops and pressure
derivatives of a directional well.

Fig. 15. Impact of larger inclined angle change on the pressure drops and pressure
derivatives of a directional well.
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1.5 � 10�4, and 2 � 10�4. The pressure drops and pressure de-
rivatives calculated by the proposed model with different wellbore
radii are shown in Fig. 13. As one can see in Fig. 13, the wellbore
radius mainly influences the early production period, and its in-
fluence on the pressure transient behavior is similar to thewellbore
storage. This is because wellbore storage represents the magnitude
of fluid elastic energy within the wellbore. A larger wellbore radius
leads to a larger volume of fluid in the wellbore, as well as a larger
wellbore storage effect. Therefore, as the dimensionless wellbore
1773
radius is increased, the during of the wellbore afterflow is
increased.

4.3.3. Inclined angle
Fig. 14 demonstrates the pressure response of a directional well

with different inclined angles (i.e., q ¼ 1�, 6�, 11�, and 16�). It can be
found in Fig. 14 that the inclined angle mainly influences the
elliptical flow period. As the inclined angle is increased, the slope
on the pressure derivative curve is decreased, and the elliptical flow
is less pronounced. This is due to the interference from the lower
and upper boundaries. If the inclined angle is sufficiently large, the
interference from the lower and upper boundaries can change the
fluid streamlines before the occurrence of the elliptical flow. In
addition to the benchmark reservoir model, a reservoir model with
a larger formation thickness (hD ¼ 1) is considered to explore the
effect of the inclined angle on the pressure transient behavior of a
direction well. Fig. 15 presents the pressure changes and pressure
derivatives of a direction well model by varying the inclined angle
from 0� to 90� with hD ＝ 1. It is noted that, for the scenario of hD ＝
1, although the inclined angle of the directional well is varied from
0� to 90�, the well will not penetrate beyond the upper and lower
boundaries. Comparing Fig. 15 with Fig. 14, one can find that the
transition between the inclined radial flow and the horizontal



Fig. 16. Impact of vertical position on the pressure drops and pressure derivatives of a
directional well.

Fig. 17. Impact of formation thickness on the pressure drops and pressure derivatives
of a directional well.
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radial flow is changed from a positive-slope region to a dip region
as the formation thickness is increased. The dip region in Fig. 15
indicates a three-dimensional (3D) flow near the wellbore. For
example, the 3D spherical flow will induce a �1/2 slope on the
pressure derivative curve. Since a larger inclined angle is more
favorable for causing a 2D-type flow (e.g., for the case of q¼ 90�, the
well is vertical and flow can be simplified to 2D), the dip region in
Fig. 15 is more noticeable for a smaller inclined angle.

4.3.4. Vertical position
In real field cases, the directional well may not be located at the

center along the vertical direction. Thus, in this section, we explore
the effect of the vertical position on the pressure transient behavior
of a direction well. The vertical position in this section is charac-
terized by a dimensionless parameter zwD, which is defined as

zwD ¼ zw
h

(18)

In Eq. (18), zw indicates the distance between the center of the
directional well and the upper reservoir boundary. According to the
definition of zwD, zwD ¼ 0.5 represents that direction well is located
at the center along the vertical direction, and a smaller value of zwD

indicates that the well is nearer to the upper boundary. The pres-
sure response curves of the directional well with different zwD (i.e.,
zwD ¼ 0.2, 0.3, 0.4, and 0.5) are shown in Fig. 16. In Fig. 16, the effect
of the well vertical position can be observed between the inclined
radial flow period and the elliptical flow period. If the directional
well is nearer to the upper boundary, the inclined radial flow will
terminate earlier due to the boundary effect. Therefore, one can
observe a longer transition period between the inclined radial flow
and the elliptical flow with a smaller value of zwD.

4.3.5. Formation thickness
Fig. 17 depicts the effect of formation thickness on the pressure

transient behavior of a directional well. In Fig. 17, the dimensionless
formation thickness is varied from 0.2 to 0.5. It is worth noting that,
a larger dimensionless formation thickness leads to a larger value of
dimensionless pressure drop. This is because the dimensionless
pressure drop is proportional to the formation thickness according
to Eq. (1). But this does not imply that the physical wellbore pres-
sure will undergo a higher drop in a thicker formation. In addition,
on the pressure derivative curves, the inclined radial flow
perpendicular to the wellbore is maintained for a longer time with
a larger formation thickness. This is due to the fact that the distance
between the well and the top-bottom boundary becomes longer
and the time for the pressure front to reach the boundary will be
increased.

4.4. Application of the proposed model to a field example

In this section, the proposed model is used to fit the pressure
buildup data from a directional well, which is deviated 52� from the
horizontal direction. The well was produced at 3.28 m3/d for three
days, followed by a four-day pressure buildup. The other known
data of the reservoir and well are given in Table 1. The unknown
parameters (including the matrix permeability and the wellbore
storage coefficient) can be determined by the history matching of
the test data. Fig. 18 presents a log-log plot of the measured pres-
sure data and simulated ones. It can be seen that the calculated
pressure buildup data is in excellent well with the measured
pressure buildup data, such that the values of unknown parameters
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can be also obtained (see Table 2). Besides, the wellbore afterflow
and radial flow can be significantly identified in Fig. 18.

5. Conclusions

This paper applies a novel semi-analytical model to research the
pressure transient behavior of directional wells. With the aid of the
proposed model, we consider the effect of flux variation on pres-
sure dynamics and distinguish the flow regimes appearing in
directional wells during production. Moreover, the effects of well-
bore storage, wellbore radius, inclined angle, vertical position, and
formation thickness on pressure response are studied. The calcu-
lation results lead us to draw the following conclusions:

C The flux distribution along the directional well is non-
uniform. During the late production, subject to the hori-
zontal radial flow, the flux distribution is higher at the well
toe and heel and lower in the well middle.

C For a given reservoir condition, a directional well may exhibit
the following flow regimes: wellbore afterflow, transition
flow, inclined radial flow, horizontal linear flow, elliptical
flow, and horizontal radial flow. Horizontal linear flow can be



Table 2
History matching results for the pressure buildup data.

Parameter Value Parameter Value

km, mD 1.3 Cw, m3 MPa�1 0.016

Table 1
Known data of the reservoir and well in a real field example.

Parameter Value Parameter Value

qw, m3/d 3.28 ctm, MPa�1 1.216 � 10�3

h, m 5.5 fm 0.15
B, m3/m3 1.0974 rw, m 0.07
m, mPa s 4.6 q, o 52

Fig. 18. Comparison of the measured pressure data and calculated ones using the
history-matched model.
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observed on the pressure derivative curve of a horizontal
well only if the formation thickness is sufficiently small
compared to the well length.

C A larger wellbore storage coefficient, as well as a larger
wellbore radius, tends to result in a smaller pressure drop
and a longer duration of the wellbore afterflow regime.

C For the case of a smaller formation thickness (hD ¼ 0.3), as
the increasing inclined angle, the slope of the elliptical flow
on the pressure derivative curve decreases. For the case of a
larger formation thickness (hD ¼ 1), a smaller inclined angle
will induce the 3D spherical flow, whereas a larger inclined
angle is more conducive to causing a 2D radial flow.

C The inclined radial flow is maintained for a longer time with
the increase in formation thickness and the value of zwD.

The practical importance of this work is the advancement of the
pressure transient analysis of the directional well subject to flux
variation. With the aid of the semi-analytical method, this work has
high computational efficiency on the basis of ensuring the accuracy
of the model. In addition, the proposed model is suitable for fully
penetrating and partially penetrating directional wells. Future
work will improve the method for application to complex forma-
tion conditions, including anisotropic and heterogeneous reser-
voirs and various outer boundaries.
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Appendix A. Numerical formulation for the oil flow in the
wellbore system

In this work, the governing equation describing the seepage
phenomenon occurring in the wellbore system is written as

v2pw
vl2

þ Bmq
bDlAkw

¼ mfwctw
bkw

vpw
vt

(A-1)

The dimensionless form of Eq. (A-1) is expressed as

v2pwD

vl2D
� 2hD
kDDlDr2wD

qnD¼ Cs
kD

vpwD

vtD
(A-2)

Applying the finite-difference approximation to the first term on
the left-hand side of Eq. (A-2) at the time level tnD, thenwe can have

v2pwD

vl2D
z

1
DlD

2
64	vpnwD

vlD



iþ1 =

2

�
	
vpnwD
vlD



i�1 =

2

3
75

z
1
DlD

0
BBBB@
pnwDiþ1

� pnwDi

DlD
iþ1 =

2

� pnwDi
� pnwDi�1

DlD
i�1 =

2

1
CCCCA

(A-3)

Considering the discrete well elements have a uniform dimen-
sion in this work, Eq. (A-3) can be written as

v2pwD

vl2D
¼ 1
Dl2D

�
pnwDiþ1

� 2pnwDi
þpnwDi�1

�
(A-4)

Similarly, the first term on the right-hand side of Eq. (A-2) can be
written as

Cs
kD

vpwD

vtD
¼ Cs
kD

1
DtnD

�
pnwDi

� pn�1
wDi

�
(A-5)

Substituting Eqs. (A-3) and (A-5) into Eq. (A-2), we can have
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1
Dl2D

�
pnwDiþ1

� 2pnwDi
þpnwDi�1

�
þ 2hD
kDDlDr2wD

qnDi
¼ Cs
kD

1
DtnD

�
pnwDi

� pn�1
wDi

�
(A-6)

Merging similar terms of Eq. (A-6), we can have

 
2
Dl2D

þ Cs
kD

1
DtnD

!
pnwDi

� 1
Dl2D

pnwDiþ1

� 1
Dl2D

pnwDi�1
þ 2hD
kDDlDr2wD

qnDi
¼ Cs
kD

1
DtnD

pn�1
wDi

(A-7)

For convenience, we define the following parameters:

aiþ1 ¼ ai�1 ¼ 1
Dl2D

; b ¼ 2hD
kDDlDr2wD

; c ¼ Cs
kD

1
DtnD

(A-8)

Ai ¼ aiþ1 þ ai�1 þ c (A-9)
A point source function in 3� D¼A linear source function in the x direction
�A linear source function in the y direction
�A linear source function in the z direction

(B-1)
It's worth noting that

�
i ¼ 1; ai�1 ¼ 0
i ¼ Nw; aiþ1 ¼ 0 (A-10)

As such, the approximated flow equation for the well element
controlling output should be written as

Aip
n
wDi

� aiþ1p
n
wDiþ1

� ai�1p
n
wDi�1

þ b
�
qnDi

� qnw�wDi

�
¼ cpn�1

wDi

(A-11)

Applying Eq. (A-11), the flow equations for the Nwwell elements
can be written in a matrix format:

A1pnw þ B11qn � B21qnw�wD ¼ C1pn�1
w (A-12)

where ʘ is the Hadamard product operator, and A is the matrix of
the coefficients Ai. The matrix pnw, B1, qn, and B2 are detailed as
follows:
pi�pðx;y;z;tÞ¼ d

fmctm
,exp

"
�ðx�x0Þ2

4at

#, ffiffiffiffiffiffiffiffiffiffiffi
4pat

p
,exp

"
�ðy�y0Þ2

4at

#
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pnw ¼

2
6666666664

pnw1

«

pnwiw

«

pnwNw

3
7777777775
; B1 ¼

2
4b«
b

3
5; qn ¼

2
6666666664

qnw1

«

qnwiw

«

qnwNw

3
7777777775
; B2 ¼

2
66664
0
«
b
«
0

3
77775; C¼

2
4c«
c

3
5

(A-13)

where the iw indicates the location of the wellbore element. The
position of constant b in matrix B2 is consistent with the position of
pressure pnwiw

in matrix pnf .
Appendix B. Analytical solution for the oil flow in the matrix
system

Introduced by Carslaw and Jaeger (1959) and Gringarten and
Ramey (1973), an instantaneous point source pressure function in
a three-dimensional reservoir can be described by the Newman
product method as
where the instantaneous linear source function in the x and y di-
rections have the same form, and the function in the x-direction at
time t is given as follows:

fc½pi � pðxðyÞ; tÞ�
d

¼ exp

"
� ðx� x0Þ2

4at

#, ffiffiffiffiffiffiffiffiffiffiffi
4pat

p
(B-2)

where d is the instantaneous flux, a is diffusivity which is defined as
a ¼ km/mfmct. Similarly, the instantaneous linear source function
used to describe bounded reservoir in the z-direction at time t is

fc½pi � pðz; tÞ�
d

¼ 1
ze

(
1þ2

X∞
m¼1

exp
�
�m2p2aðt � tÞ

z2e

�

cos
mpz
ze

cos
mpz0
ze

) (B-3)

where t presents the time when the source function is activated.
Inserting Eqs. (B-2) and (B-3) into Eq. (B-1) can obtain the instan-
taneous point source function in a three-dimensional single-layer
reservoir:
, ffiffiffiffiffiffiffiffiffiffiffi
4pat

p
,
1
ze

(
1þ2

X∞
m¼1

exp
�
�m2p2aðt�tÞ

z2e

�
cos

mpz
ze

cos
mpz0
ze

)

(B-4)
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where x0, y0, and z0 represent the position of the point source along
with the x, y, and z directions, and ze represents the reservoir size
along with the z directions. By integrating Eq. (B-4), the linear
source function along the inclined direction is obtained
pi � pðx; y; z; tÞ¼ d

fmctm

1
ze

,
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exp

"
� ðy� y0iÞ2
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p )
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cos
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ze

)
dli

(B-5)
where Dl is the wellbore-element length along the inclination di-
rection; li represents the spatial position of the wellbore element
(i); x0(li) and z0(li) represent the space coordinates of the wellbore
element (i) in x and z directions. By integrating over time, the linear
source function with a constant withdrawal rate of q is obtained
pi � pðx; y; z; tÞ¼ Bq
fmctmDl

1
ze

ðt2
t1

(
exp
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� ðy� y0Þ2
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ze

cos
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ze

)
dlidt

(B-6)
where (t1, t2) represents the linear source lasting from the time t1
to time t2. Besides, thewithdrawal rate of awellbore element varies
with time. With the aid of the superposition principle, we can
calculate the pressure response caused by a linear source that has a
flux rate varying with time:
pi � pðx; y; z; tnÞ¼ B
fmctmDl

1
ze

Xn
k¼1
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(B-7)
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The pressure response caused by a single-linear source has been
obtained. However, the directional well is discretized into Nw ele-
ments. Therefore, we should sum up the pressure response from all
of the elements to obtain the pressure response caused by the
entire directional well, and the equation is expressed as



pi � pðx; y; z; tnÞ¼ B
fmctmDl

1
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XNw
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Rewriting Eq. (B-8) into a dimensionless form, we can obtain
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For simplifying Eq. (B-9), we define that
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As such, Eq. (B-9) is rewritten as

pwD
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qkDiG
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(B-11)

Note that at each time step, the term Gk
i can be easily calculated

because all the parameters are known. Subsequently, we apply Eq.
(B-11) to all of thewellbore elements and arrange thesematrix flow
equations into a matrix format. Eq. (B-11) can be rewritten as

pnw � Gqn ¼D (B-12)

where the matrices of G and D are as follows:
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