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a b s t r a c t

Research on seismic anisotropy and attenuation plays a significant role in exploration geophysics. To
enhance the imaging quality for complicated structures, we develop several effective improvements for
anisotropic attenuation effects in reverse-time migration (Q-RTM) on surface and vertical seismic
profiling (VSP) acquisition geometries. First, to suppress pseudo-shear wave artifact and numerical
instability of the commonly used anisotropic pseudo-acoustic wave equations, an optimized pure P-wave
dispersion relation is derived and the corresponding pure-mode wave equation is solved by combining
the finite-difference and Possion methods. Second, a simplified anisotropic pure-mode visco-acoustic
wave equation (PVAWE) based on standard linear solid model is established. Third, a time-dispersion
correlation strategy is applied to improve the modeling accuracy. Fourth, we extend a target-oriented
scheme to anisotropic attenuated modeling and imaging. Instead of the conventional wavefield
modeling and RTM, the proposed approach can extract available wavefield information near the target
regions and produce high imaging resolution for target structures. Last, both anisotropic surface and VSP
Q-RTMs are executed by combining optimized PVAWE, time-dispersion correlation and target-oriented
algorithm. Modeling examples demonstrate the advantages of our schemes. Moreover, our modified
Q-compensated imaging workflow can be regarded as a supplement to the classical anisotropic RTM.
© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

In exploration seismology, conventional seismic imaging
methods based on the isotropic elastic assumption are not always
suitable because of the existence of seismic anisotropy and atten-
uation in underground media. When directly applying isotropic
wave equations for reverse-time migration (RTM) in anisotropic
attenuation media, it may give rise to malposed imaging profiles
and low resolution of the geologic targets. Therefore, developing
improved imaging schemes based on the seismic anisotropy and
attenuation theory are significant. The classical RTM workflow re-
lies on high accuracy wavefield extrapolations for source forward
propagation and receiver backward propagation (Baysal et al., 1983;
McMechan, 1983). In anisotropic media, which is typically repre-
sented by transversely isotropic (TI) cases, acoustic wave equations
ol of Geological Engineering
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are widely used in seismic modeling and imaging because they
have higher efficiency, simpler forms and more specific wavefield
characteristics than elastic ones (Tsvankin, 1996; Alkhalifah, 1998;
Du et al., 2007; Duveneck and Bakker, 2011; Zhan et al., 2012). To
describe acoustic wave propagation in anisotropic media,
Alkhalifah (1998) adopts pseudo-acoustic approximation to simply
the original coupled dispersion relation. Through setting the SV-
wave velocity along the symmetry axis to zero, one can obtain a
pseudo-acoustic wave equation (PWE), which is unphysical but
useful for seismic modeling and imaging. Following the idea of the
pseudo-acoustic assumption, different variations of PWEs have
been exploited for anisotropic modeling and RTM (Zhou et al.,
2006; Du et al., 2007; Zhang and Zhang, 2008; Fletcher et al.,
2009; Duveneck and Bakker, 2011). However, previous experi-
ences shown that the modeling and imaging results of PWEs may
suffer from strong SV-wave artifacts and numercial instability
when anisotropy parameters can't meet the pseudo-acoustic
assumption, especially for tilted TI (TTI) media with large varia-
tions in symmetry dip or azimuth angle (Fletcher et al., 2009).
Developing anisotropic pure acoustic wave equations (PAWEs) can
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tackle the problem of anisotropic PWEs. Liu et al. (2009) decouple
the original P-SV dispersion relation and derive isolated equations
for pure-mode P- and SV-waves, respectively. Since then, a series of
numercial algorithms have been developed to deal with the
decoupled pure-mode disperion relations and wave equations (Chu
et al., 2011; Zhan et al., 2012; Sun and Alkhalifah, 2021). These
schemes mainly use Taylor expansion (TE) to approximate the
original dispersion relation, and then generate the corresponding
wave equations. TE methods can only keep high accuracy at small
wavenumbers. To improve the accuracy, optimization-based
methods and other numerical algorithms get further de-
velopments (Alkhalifah, 2013; Fomel et al., 2013; Li and Zhu, 2018;
Zhang et al., 2019; Mu et al., 2020; Li et al., 2022). Among them, Li
and Zhu (2018) develop an optimal pure acoustic wave dispersion
relation and solve the equation by the fast Possion approach. Then,
through utilizing different kinds of optimization algorithms to es-
timate the original pure-mode dispersion relation can effectively
balance computational accuracy and efficiency (Zhang et al., 2019;
Mu et al., 2020). Following such previous work, we apply a least-
square (LS) approach for our optimized PAWE modeling and
imaging.

On the basis of anisotropy, many researches have been devel-
oped in attenuation compensation. Up to now, the constant Q
model and generalized standard linear solid (SLS) model are usually
adopted to describe the attenuation characteristic of seismic wave.
The former uses power exponential functions to depict attenuation
and illustrates that the Q factor is independent of frequency
(Kjartansson, 1979; Carcione et al., 2002; Zhu and Harris, 2014; Zhu
et al., 2014; Sun et al., 2015; Chen et al., 2016; Mu et al., 2022). The
latter uses a series of SLS elements to approximate the constant Q
model in a specific frequency band (Carcione et al., 1988; Blanch
et al., 1995; Bai et al., 2014; Blanc et al., 2016; Wang et al., 2019).
Compared with the SLS approximation, constant Q model is more
accurate, but the solution is more difficult owing to its complexity.
To simulate the attenuated mechanisms in anisotropic media,
Carcione (1992,1995) builds thewave equation theory based on the
linear viscoelastic anisotropy theory. Zhu and Harris (2014) develop
variable spatial fractional Laplacian viscoacoustic wave equation
(VAWE) by adopting various approaches for seismic modeling and
Q-RTM. Zhu et al. (2014) present a methodology of Q-RTM that can
alleviate attenuation and dispersion effects in the migrated images.
Bai and Tsvankin (2016) put forward a time-domain FD method for
viscoelastic wave modeling in VTI media. Yang and Zhu (2018)
derive a time-domain complex-valued wave equation for simu-
lating viscoacoustic wave propagation in frequency-independent Q
media. Via transforming fractional time derivatives into fractional
Laplacians, Zhu and Bai (2019) implement wavefield modeling in
attenuation VTI media. Recently, Hao and Alkhalifah (2019) derive
several general expressions of scalar and vector VAWEs in aniso-
tropic media. Xing and Zhu (2019) propose a new spatial
independent-order decoupled fractional Laplacian VAWE in
anisotropic media. Zhou et al. (2020) decouple the amplitude and
phase terms for the VAWE, and develop a Q-compensated RTM
frame based on FD algorithm in TTI media. In conclusion, exploiting
modified VAWEs for anisotropic pure acoustic wave modeling and
RTM is an important research content.

Besides, improving the imaging accuracy is a common goal for
seismic exploration. Absorption attenuation, high-speed body
shielding, observation system limitation, and so on, may result in
insufficient illumination, which can affect the final imaging quality.
To improve the resolution for subsalt imaging, many efforts have
been proposed, such as, illumination compensation (Liu et al.,
2011), walkaway vertical seismic profiling (VSP) RTM (Shi and
Wang, 2016), weak signal compensation (Yuan et al., 2016),
target-oriented imaging (Chen and Jia, 2014; Song et al., 2021), and
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so on.
Our goal is to improve the imaging accuracy for anisotropic Q-

RTM. Therefore, we share our advancements from the following
aspects: first, an optimized pure P-wave equation is established to
address the problems of conventional PWEs. Second, a simplified
pure-mode VAWE (PVAWE) based on the SLS model is derived.
Third, a time-dispersion correlation (TDC) scheme is executed to
increase the accuracy. Fourth, we use the target-oriented approach
to obtain available reflection and transmission information. Last,
the above-mentioned schemes are applied to anisotropic Q-RTM
based on surface and VSP acquisition geometries. Numerical ex-
amples demonstrate the advantages of our proposed schemes.

2. A simplified anisotropic pure-mode visco-acoustic wave
equation based on optimization strategy

2.1. An optimized pure-mode acoustic wave equation in anisotropic
media

The exact P-SV wave dispersion relation in VTI media can be
expressed as (Tsvankin, 1996; Alkhalifah, 1998; Pestana et al., 2011)

u2 ¼ V2
P0
2

�
ð2� f þ 2εÞk2x þ ð2� f Þk2z±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 8ðε� dÞfk2xk2z

q �
;

(1)

where A ¼ ðf þ 2εÞk2x þ fk2z , u denotes the angular frequency, VP0 is
the P-wave velocity along the symmetry axis, ε and d are the
Thomsen's anisotropy parameters (Thomsen, 1986). kx and kz are
orthogonal spatial wavenumbers. It is noted that, in Eq. (1), f ¼ 1

and the plus sign “þ” correspond to P-wave case, f ¼ 1� V2
S0

V2
P0
and the

minus sign “�” correspond to SV-wave case (Tsvankin, 1996;
Alkhalifah, 1998; Pestana et al., 2011). Equation (1) can exactly
represent pure-mode dispersion relations in VTI media. However, it
is hard to solve this relation by adopting some commonly used
numerical methods because of the square root term.

To address the square root in Eq. (1), one first needs to
approximate it using several mathematical operations (Zhan et al.,
2012; Liu et al., 2009; Chu et al., 2011). By expanding the square
root to TE and rearranging it, one can obtain the first-order and
second-order approximations as follows (Zhan et al., 2012; Chu
et al., 2011):

u2z
V2
P0
2

 
ð2� f þ 2εÞk2x þ ð2� f Þk2z±

 
A� 4ðε� dÞfk2xk2z

A

!!
;

(2)

u2z
V2
P0
2

 
ð2� f þ 2εÞk2x þ ð2� f Þk2z±

 
A� 4ðε� dÞfk2xk2z

A

� 8ðε� dÞ2f 2k4xk4z
A3

!!
: (3)

In comparison with the first-order Eq. (2), the second-order
expansion (3) can provide high approximation accuracy, but re-
quires more computational cost. To improve the solving accuracy of
pure-mode dispersion relation on the premise of balancing the
computational efficiency, we employ a modified strategy to eval-
uate the square root term in Eq. (1) as follows (Li and Zhu, 2018):

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 8ðε� dÞfk2xk2z

q
za1k

2
x þ a2k

2
z þ

a3k
2
xk

2
z

ð1þ 2ε=f Þk2x þ k2z
: (4)
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It can be observed that Eq. (4) is a linear systemwith respect to
right-side expansion coefficients a1, a2 and a3. Based on this feature,
via minimizing the difference between left- and right-sides, opti-
mized coefficients can be estimated by computing the following
objective function:

Error ¼ ∬
0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � 8ðε� dÞfk2xk2z

q
� 

a1k
2
x þ a2k

2
z þ

a3k2xk
2
z

ð1þ 2ε=f Þk2x þ k2z

!
1
CCCA

2

dkxdkz:

(5)

Substituting Eq. (4) into Eq. (1) and rearranging it, one has

u2z
V2
P0
2

 
ð2� f þ2ε±a1Þk2xþð2�f ±a2Þk2z±

a3k
2
xk

2
z

ð1þ2ε=f Þk2xþk2z

!
;

(6)

which is the optimized pure-mode dispersion relation.
Equation (6) contains a complicated coupled operator
k2x k

2
z

ð1þ2ε=f Þk2xþk2z
, which is difficult to be solved by several commonly

used algorithm for seismic modeling and imaging. To facilitate the
calculation, Eq. (6) can be simplified as (Chu et al., 2011; Li and Zhu,
2018)

u2z
V2
P0
2

 
ð2� f þ 2ε±a1Þk2x þ ð2� f ± a2Þk2z±

a3k
2
xk

2
z

k2x þ k2z

!
: (7)

Transforming it to the time-space domain, we obtain

v2P
vt2

¼ V2
P0

0
BB@b1

v2P
vx2

þ b2
v2P
vz2

±b3
v4

vx2vz2

v2

vx2 þ v2

vz2

P

1
CCA; (8)

where

b1 ¼ ð2� f þ 2ε±a1Þ=2;
b2 ¼ ð2� f±a2Þ=2;
b3 ¼ a3=2:

(9)

To solve Eq. (8), we introduce an auxiliary wavefield U and
separate it into two parts as follows (Chu et al., 2011; Li and Zhu,
2018)

v2P
vt2

¼ V2
P0

 
b1

v2P
vx2

þ b2
v2P
vz2

±b3
v4U

vx2vz2

!
; (10)

v2U
vx2

þ v2U
vz2

¼ V2U ¼ P: (11)

Equations (10) and (11) represent the optimized pure-mode wave
equations. Among them, Eq. (10) is an explicit form and can be
computed by regular-grid FD, Eq. (11) is an implicit one and can be
solved by using Possion method (Li and Zhu, 2018), in which we
briefly describe the implementation procedure in Appendix A.

If we adopt rotated wavenumbers k̂x and k̂z to replace orthog-
onal wavenumbers kx and kz in Eqs. (1)e(7), and employ rotated

derivatives v2

vx̂2
and v2

vẑ2
to replace orthogonal derivatives v2

vx2 and v2

vz2

in Eqs. (8)-(10), one can obtain pure-mode dispersion relation and
wave equation in TTI media. The wavenumbers and derivatives in
orthogonal and rotated coordinate systems have the following
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relations, respectively,

k̂x ¼ kxcos q� kzsin q; k̂z ¼ kxsin qþ kzcos q; (12)

and,

v2

vx̂2
¼ cos2q

v2

vx2
þ sin2q

v2

vz2
� sin2q

v2

vxvz
;

v2

vẑ2
¼ sin2q

v2

vx2
þ cos2q

v2

vz2
þ sin2q

v2

vxvz
;

(13)

where q denotes the dip angle of the symmetry axis in TTI media.
It should be emphasized that, in the following seismic wave

modeling and imaging, we are mainly interested in the P-wave
component and will focus on f ¼ 1 and “þ” in Eqs. (2)-(10).

To examine the accuracy, Fig. 1 displays several snapshots for a
three-layered model. The model size is 3000 m � 3000 m, the
depths of the second and third layers are 1050 m and 1800 m,
respectively. Other parameters are depicted in Fig. 1(a). For com-
parison, we adopt PWEswith zero and nonzero S-wave velocities to
produce pseudo-acoustic wavefields (Du et al., 2007; Fletcher et al.,
2009). From these figures, one can observe that the wavefield
computed by PWE with zero S-wave velocity suffers from insta-
bility. The pseudo-acoustic wavefield using nonzero S-wave ve-
locity contains strong SV-wave artifacts. The slice generated by
optimized pure P-wave equation is free from SV-waves while pre-
serving the P-wave event better.
2.2. Extending pure-mode acoustic wave equation to attenuation
media

Here, we first review a kind of simplified VAWE in isotropic
media. Based on the SLS model (Carcione et al., 1988; Blanch et al.,
1995; Bai et al., 2014; Blanc et al., 2016), Wang et al. (2019) propose
a simplified VAWE, which both considers amplitude attenuation
and phase distortion, as follows:

v2P
vt2

¼ v2DP
zffl}|ffl{part 1

� tv

2

ffiffiffiffiffiffiffi
�D

p v

vt
P

zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{part 2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 1

p
� 1

Q2 v2DP

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{part 3

; (14)

where, v is velocity in isotropic media, D ¼ v2

vx2 þ v2

vz2 is Laplacian
operator, Q is quality factor, t is relaxation variable and is function
of the quality factor Q as follows:

t ¼ tε
td

� 1;

tε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 1

q
þ 1

u0Q
;

td ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 1

q
� 1

u0Q
;

(15)

where u0 is the reference angular frequency. As described in the
right side of Eq. (14), the first term (part 1) is the original acoustic
wave equation, the second term (part 2) depicts the amplitude
attenuation, and the third term (part 3) depicts the phase distor-
tion, respectively. We can combine FD and pseudo-spectral method
(PSM) to calculate it (Wang et al., 2019). When Q is infinite, Eq. (14)
degenerates to the isotropic acoustic wave equation.

For anisotropic media, there are less studies on the corre-
sponding VAWEs, especially for pure acoustic media. Therefore, we



Fig. 1. Wavefield slices in (a) a three-layered anisotropic model calculated by (b) PWE with zero S-wave velocity, (c) PWE with nonzero S-wave velocity and (d) the optimized pure
P-wave equation, respectively.
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develop a simplified PVAWE by combining the above-mentioned
isotropic SLS-based VAWE and optimized PAWE. We start from
PAWE (10) and rewrite it as a unified form as follows:

v2P
vt2

¼ V2
P0HP; (16)

in which, the operator H can be expressed as

HP ¼ b1
v2P
vx2

þ b2
v2P
vz2

þ b3
v4U

vx2vz2
: (17)

It can be observed that, the operator D in Eq. (14) and the
operator H in Eq. (17) both consist of different partial derivatives,
which are related to thewavefield. Thus, if one adopts operatorH to
replace D, we can obtain a simplified PVAWE in anisotropic media
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as follows:

v2P
vt2

¼ V2
P0HP � tVP0

2

ffiffiffiffiffiffiffi
�D

p v

vt
P �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 1

p
� 1

Q2 V2
P0HP; (18)

the solution of the term HP has illustrated in the previous section.
The term

ffiffiffiffiffiffiffiffi
�D

p
v
vt P can be computed by the PSM as follows:

ffiffiffiffiffiffiffi
�D

p v

vt
P ¼ F�1

"
jkjF

 
P00;0 � P�1

0;0

Dt

!#
; (19)

where k denotes the wavenumber vector, F and F�1 are Fourier
forward and inverse transforms.

Compared with the anisotropic acoustic Eq. (16), Eq. (18)
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includes two additional terms that represent the amplitude
attenuation and phase distortion. If the phase distortion is dis-
appeared, Eq. (18) becomes

v2P
vt2

¼ V2
P0HP � tVP0

2

ffiffiffiffiffiffiffi
�D

p v

vt
P: (20)

Similarly, when the amplitude attenuation is ignored, Eq. (18) is
reduced to

v2P
vt2

¼ V2
P0HP �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 1

p
� 1

Q2 V2
P0HP: (21)

Using a homogeneous anisotropic model to test the equations
introduced above, the model parameters are VP0 ¼ 3000 m/s,
ε¼ 0.20, d¼ 0.05, q¼ 45�,Q¼ 20, respectively. In Fig. 2(a), we display
partial snapshots from the PAWE (16), the amplitude attenuation Eq.
Fig. 2. Simulated results computed by different equations for a homogen

Fig. 3. Waveform curves in a homogeneous anisotropic model computed using the referen
Note that (a) is extracted from surface seismic record and (b) is extracted from VSP seismic re
a long FD operator and a fine time step.

870
(20), the phase distortion equation (21), and the PVAWE (18).
Compared with the PAWE, the results from Eqs. (20) and (21) can
only result in amplitude attenuation or phase shift. In contrast, the
PVAWE takes both the amplitude attenuation and phase distortion
into consideration, and describes the attenuation feature better for
anisotropic media. Besides, several waveform curves are displayed in
Fig. 2(b), the same conclusion can be obtained.

3. Time-dispersion correlation strategy

A second-order FD is usually applied to estimate second-order
time derivative of the anisotropic wave equation, such as

v2P
vt2z

Poþ1
j;l �2Po

j;lþPo�1
j;l

Dt2 , where Dt is the time sampling interval. The
second-order accurate FD discretization may give rise to accumu-
lated temporal error during wavefield extrapolation. Koene et al.
(2018) demonstrate that this kind of the time dispersion error
eous anisotropic model. (a) Partial snapshots, (b) waveform curves.

ce solution, conventional method, and time-dispersion correction (TDC), respectively.
cord, respectively. The reference solution is produced by the conventional method with
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accelerates the input signal as a function of frequency and time step
only, and thus is independent of the medium type, propagation
path and spatial simulation error. Given these facts, they estimated
the time dispersion error by the forward time dispersion transform
(FTDT) and restrained the time dispersion from seismic records by
the inverse time dispersion transform (ITDT). It has been reported
that the related results hold for any time-invariant medium, spatial
simulation error, and is suitable for any forms of the second-order
wave equations (Koene et al., 2018). Their proposed schemes can
generate high numerical precision in wavefield simulation and
imaging. Here, to suppress time dispersion errors from anisotropic
seismic traces, we directly extend this effective scheme to our
anisotropic attenuation wavefield simulation and RTM workflow,
and refer to the following processes (Koene et al., 2018):

(1) For an input seismic wavelet, we pre-process it with FTDT.
Fig. 4. Wavefield modeling results in anisotropic three-layered complex model. (a) The im
V � 10�6. The real part is described in Fig. 3(a). (b) The real wavefield slice, (c) the imagina
wavefields.
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(2) Based on step (1), perform the standard pure-mode seismic
wavefield extrapolation and generate desired seismic
records.

(3) Apply ITDT to recorded seismograms from step (2), and
produce the time dispersion-free seismograms on both sur-
face and VSP observation systems.

Using a homogeneous anisotropic model to test the above-
mentioned scheme. The time step is 0.002 s. The related parame-
ters are VP0 ¼ 2400 m/s, ε ¼ 0.2, d ¼ 0.1, q ¼ 45�, and Q ¼ 30,
respectively. A Ricker wavelet with the main frequency of 40 Hz is
used to produce the vibration. Fig. 3 shows several waveform
curves extracted from surface and VSP seismic records computed
by different methods. From this figure, one observes that the
waveforms of the conventional method have strong numerical er-
ror. By contrast, the time-dispersion correlation can significantly
aginary part of the velocity model, the depth of the target region is 1800 m and ~V ¼
ry wavefield slice, and (d) several waveform curves extracted from real and imaginary
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enhance the simulation accuracy, because the waveform curves
match the reference curves much better.

4. Target-oriented PVAWE modeling and imaging

4.1. Target-oriented PVAWE modeling

In this section, we establish a target-oriented modeling scheme
to extract more available wavefield information related to the target
structure in anisotropic attenuation media (Chen and Jia, 2014).

We first adopt a uniform expression to rewrite optimized
PVAWE (18) as follows:

v2P
vt2

¼ V2QP; (22)

where V ¼ VP0; QP ¼
�
HP � t

2VP0

ffiffiffiffiffiffiffiffi
�D

p
v
vt P �

ffiffiffiffiffiffiffiffiffiffi
Q2þ1

p
�1

Q2 HP
�
, the
Fig. 5. Seismic records in anisotropic three-layered complex model. (a, b) Modeling results o
are based on real velocity field, (b, d) are based on imaginary velocity field.
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solution of auxiliary wavefield U has been illustrated earlier. To
construct awavefield that only includes reflection and transmission
information relevant to the target structure, we extend the target-
oriented wavefield extrapolation algorithm to our anisotropic me-
dia (Chen and Jia, 2014; Song et al., 2021).

Using a second-order FD to estimate temporal derivative, the
extrapolated scheme for Eq. (22) can be simplified as

Poþ1
j;l ¼ V2Po þ 2Poj;l � Po�1

j;l ; (23)

where Po ¼ ðDt=hÞ2LPo, operational character LPo denotes the
discretization scheme of differential operator QP in Eq. (22).

To conduct the target-oriented algorithm, we extend wavefield
variables to the complex domain as follows (Chen and Jia, 2014):
n surface observation system. (c, d) Modeling results on VSP observation system. (a, c)



Fig. 6. A modified anisotropic fault model. The related parameters
	
Vp0; ε; d; q; Q



are depicted in the figure.
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Poj;l ¼ P
o
j;l þ i~P

o
j;l; (24)

Po ¼ P
o þ i~P

o
; (25)

Vj;l ¼ Vj;l þ i~Vj;l; (26)

where i denotes the imaginary unit, the symbol “�” of all variables
is the real part, and the symbol “~” is the imaginary part, respec-
tively. Substituting Eqs. (24)-(26) into (23), and rearranging the
iteration scheme in complex domain yield

�
P
oþ1
j;l þ iP

�oþ1

j;l

�
¼
�
Vj;l þ iV

�
j;l

�2�
P
o þ iP

�o�
þ 2
�
P
o
j;l þ iP

�o

j;l

�

�
�
P
o�1
j;l þ iP

�o�1

j;l

�
:

(27)
Fig. 7. Imaging results for the modified anisotropic fault model on (a) surface observati
observation system are x ¼ 200 m and x ¼ 3800 m, respectively, as denoted by yellow ver
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Based on Eq. (27), the iteration schemes in the real and imagi-
nary domains can be respectively expressed as

P
oþ1
j;l ¼ V

2
j;lP

o þ 2P
o
j;l � P

o�1
j;l � 2Vj;l

~Vj;l
~P
o � ~V

2
j;lP

o
; (28)

~P
oþ1
j;l ¼ V

2
j;l
~P
o þ 2~P

o
j;l � ~P

o�1
j;l þ 2Vj;l

~Vj;lP
o � ~V

2
j;l
~P
o
: (29)

The target-oriented technique is carried out by assigning an
infinitesimal value to the imaginary part of the velocity; i.e., (Chen
and Jia, 2014):

Vj;l ¼ Vj;l;
~Vj;l

�
s0; within target region
¼ 0; within other region

: (30)

In practical terms, ~Vj;l is of the 10�6 order of magnitude (Chen
and Jia, 2014). For our anisotropic attenuation modeling and im-
aging, it should be emphasized that the velocity and wavefield
components are complex values, whereas the anisotropy parame-
ters, dip angle and Q factor all are real values.
4.2. Target-oriented Q-RTM

The target-oriented approach can be extended to anisotropic
RTM to produce an image of the target structure. The imple-
mentation is divided into as (Chen and Jia, 2014):

(1) Extrapolating the forward-propagating real wavefield Sr(x, z,
t) and imaginary wavefield Si(x, z, t) in the complex domain.

(2) Extrapolating the backward-propagating wavefield R(x, z, t)
only in the real domain.

(3) Applying the modified imaging conditions to generate two
kinds of the final profiles as follows:

Irðx; zÞ ¼
ðT
0

Srðx; z; tÞRðx; z; T � tÞdt; (31)
on system, (b) VSP observation system, respectively. The receivers positions of VSP
tical lines.



Fig. 8. The modified anisotropic Marmousi model. (a) VP0, (b) ε, (c) d, (d) q. Note that (a) is real velocity field, the imaginary velocity field is denoted by the yellow line in (a) and has
1000 m � x � 4000 m and z ¼ 3080 m. The imaginary velocity ~V is VP0 � 10�6 for target region and 0 for non-target region, respectively.

Fig. 9. Simulated results computed by anisotropic pure acoustic wave and pure visco-acoustic wave equations for the modified Marmousi anisotropic model. (a) Seismic records, (b)
waveform curves.
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Iiðx; zÞ ¼
ðT
0

Siðx; z; tÞRðx; z; T � tÞdt; (32)

where, the term Ir(x, z) is the real imaging result, which is exactly the
same as the result of the standard RTM, and Ii(x, z) is the imaginary
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imaging result that can be regarded as the image of the target
structure, which can be considered supplementary to the tradi-
tional RTM.

To test the target-oriented wavefield modeling algorithm, we
design a three-layered complex velocity model, the real part is
shown in Fig.1(a) and the Q factors of three layers are 30, 50 and 80,
respectively. The imaginary part is described in Fig. 4(a). Fig. 4(b)



Fig. 10. Surface imaging results for the modified anisotropic Marmousi model generated by (a) the isotropic acoustic wave equation, (b) the isotropic visco-acoustic wave equation,
(c) the anisotropic pure-mode acoustic wave equation, respectively.
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and (c) show two kinds of wavefield snapshots for this complex
model. Comparing the slices of the real and imaginary wavefields,
we observe that the imaginary wavefield only contains the trans-
mission and reflection informations relevant to the target region,
that is the second reflector. Note that the reference curve is
computed by PVAWE with the original velocity model. Fig. 4(d)
displays several normalized waveform curves of the real and
imaginary wavefields. The waveform of the real wavefield is closed
to the reference waveform on account of the imaginary velocity
approaching an infinitesimal value. Compared to the reference, the
imaginary wavefield associatedwith the first layer is restrained, but
the transmission and reflection characteristics related to the target
structure come to the front. Fig. 5 exhibits several seismic records
on surface and VSP observation systems, the same conclusions can
be obtained.

Considering that the amplitude is attenuated in PVAWE (18), the
amplitude should be compensated in the forward- and backward-
propagating during Q-RTM. To ensure the stability of wavefield
propagation, we add a regularization operator to PVAWE (18). This
operator is actually a low-pass filter that is a function of the
wavefield velocity and Q factor. Following the previous research
(Wang et al., 2019), the PVAWEs for the forward-propagating
wavefield Pf and backward-propagating wavefield Pb are modified
as

v2Pf
vt2

¼ 41HPf þ 42

ffiffiffiffiffiffiffi
�D

p v

vt
Pf þ 43HPf þ 44

v

vt
HPf ; (33)

and
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v2Pb
vt2

¼ 41HPb þ 42

ffiffiffiffiffiffiffi
�D

p v

vt
Pb þ 43HPb þ 44

v

vt
HPb; (34)

where,

41 ¼ V2
P0;

42 ¼ tVP0

2
;

43 ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ 1

p
Q2 V2

P0;

44 ¼ ta

2
V2
P0:

(35)

the fourth term in the right-side of Eqs. (33) and (34) is regulari-
zation item, which is mainly adopted to deal with the instability
during wavefield compensation. The compensated effect depends
on the choice of the parameter a. With the decrease of a, the effect
becomes better, but the stability becomes poor.

5. Numerical examples

First, a modified anisotropic fault model is used to examine the
proposed scheme. The model size is 4000 m � 3000 m, and the
model parameters are displayed in Fig. 6. Fig. 7 provides two im-
aging profiles produced by anisotropic pure-mode visco-acoustic
wave. It can be observed that, the imaging method on VSP obser-
vation system can produce higher accuracy than surface RTM for
inclined structures. Moreover, the imaging resolution can be



Fig. 11. Real imaging results for the modified anisotropic Marmousi model generated by the optimized pure-mode visco-acoustic wave equation. (a) Surface image, (b, c) VSP
images, (d) surface þ VSP images. The receivers depth of surface observation system is z ¼100 m. The receivers positions of VSP observation system are x ¼ 10 m and x ¼ 4990 m,
respectively, as denoted by yellow vertical lines.
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effectively improved by combining surface and VSP RTM schemes.
Then, we adopt the modified anisotropic Marmousi model, as

depicted in Fig. 8, to test the above-mentionedmethods. The model
size is 5000 m � 3500 m. The source signal is represented by a
Ricker wavelet with the peak frequency of 24 Hz. The Q model is

generated by the empirical formula of Q ¼ 3:516� V2:2
P0 � 10�6.

Fig. 9 displays several simulated results. It can be seen that,
compared with the PAWE, the proposed PVAWE takes amplitude
attenuation and phase distortion into consideration simulta-
neously, and can depict the attenuation characteristics better for
complicated anisotropic model. Figs. 10e12 illustrate several im-
aging profiles computed by different schemes. Note that we have
applied Laplace filtering to all slices. From these figures, one can
conclude that,

(1) For the seismic records produced by the PVAWE, the imaging
results of the isotropic acoustic wave, isotropic VAWE and
anisotropic PAWE all lead to malposed imaging profiles and
low resolution of the geologic targets, as displayed in Fig. 10.

(2) In comparison with conventional imaging schemes, our
developed PVAWE-based Q-compensated RTM can greatly
enhance the imaging accuracy and resolution. The imaging
method on VSP observation system can generate higher
resolution near the well than surface RTM. Through
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incorporating VSP image and surface image, one can obtain
satisfactory imaging result, as shown in Fig. 11.

(3) Compared with real images, the imaginary ones can provide
available structure informations near the target region.
Therefore, these two kinds of imaging methods can com-
plement each other, and generate high accuracy RTM results
for complicated anisotropic media, as depicted in Fig. 12.
6. Conclusions

We have developed several technical improvements for aniso-
tropic Q-RTM. A least-square-based pure P-wave equation is
derived to address the traditional pseudo-shear wave artifacts and
propagation instability. Then, a simplified pure visco-acoustic wave
equation is established by combining pure P-wave equation and
standard linear solid-based isotropic visco-acoustic wave equation.
To suppress numercial dispersion errors for attenuated wavefield
extrapolation and imaging, a time-dispersion correction approach
is adopted. To generate high quality imaging for complicated target
structures, a target-oriented anisotropic modeling and imaging,
which can extract effective reflection and transmission in-
formations near the target regions, is exploited. We jointly apply
the above-mentioned schemes to anisotropic surface and VSP Q-



Fig. 12. Imaginary imaging results for the modified anisotropic Marmousi model generated by the optimized pure-mode visco-acoustic wave equation. (a) Surface image, (b, c) VSP
images, (d) surface þ VSP images. The receivers depth of surface observation system is z ¼100 m. The receivers positions of VSP observation system are x ¼ 10 m and x ¼ 4990 m,
respectively, as denoted by yellow vertical lines.
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RTMs. The developed schemes can produce high modeling and
imaging accuracy, as demonstrated by several numercial examples.
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Appendix A

In this section, we briefly introduce the implementation pro-
cedures of Poisson algorithm from the following steps (Li and Zhu,
2018):

(1) Adopting five-points FD to approximate Eq. (11),

Uo
j�1;l þ Uo

jþ1;l þ Uo
j;l�1 þ Uo

j;lþ1 � 4Uo
j;l ¼ h2Poj;l; (36)

where h is the grid spacing.
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(2) Using forward sine transform to calculate the Fourier

response P̂ of wavefield component P:

P̂i;k ¼
1

LxLz

XLx�1

j¼1

XLz�1

l¼1

Poj;lsin
��jkp

Lx

�
sin
��lkp

Lz

�
; (37)

where Lx and Lz are spatial grid dimensions along x and z directions.

(3) Based on the step (2), compute the Fourier response of the
auxiliary wavefield U as follow:

Ûi;k ¼
P̂i;k
li;k

; li;k ¼ 4� 2cos
�
ip
Lx

�
� 2cos

�
kp
Lz

�
: (38)
(4) By combining the Fourier response Û , wavefield U can be
generated by the following inverse sine transform:

Uj;l ¼
XLx�1

i¼1

XLz�1

k¼1

Ûi;ksin
�
jkp
Lx

�
sin
�
lkp
Lz

�
: (39)
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