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a b s t r a c t

The Stinger PDC cutter has high rock-breaking efficiency and excellent impact and wear resistance, which
can significantly increase the rate of penetration (ROP) and extend PDC bit life for drilling hard and
abrasive formation. The knowledge of force response and mechanical specific energy (MSE) for the
Stinger PDC cutter is of great importance for improving the cutter's performance and optimizing the
hybrid PDC bit design. In this paper, 87 single cutter tests were conducted on the granite. A new method
for precisely obtaining the rock broken volume was proposed. The influences of cutting depth, cutting
angle, and cutting speed on cutting force and MSE were analyzed. Besides, a phenomenological cutting
force model of the Stinger PDC cutter was established by regression of experimental data. Moreover, the
surface topography and fracture morphology of the cutting groove and large size cuttings were measured
by a 3D profilometer and a scanning electron microscope (SEM). Finally, the rock-breaking mechanism of
the Stinger PDC cutter was illustrated. The results indicated that the cutting depth has the greatest in-
fluence on the cutting force and MSE, while the cutting speed has no obvious effects, especially at low
cutting speeds. As the increase of cutting depth, the cutting force increases linearly, and MSE reduces
with a quadratic polynomial relationship. When the cutting angle raises from 10� to 30�, the cutting force
increases linearly, and the MSE firstly decreases and then increases. The optimal cutting angle for
breaking rock is approximately 20�. The Stinger PDC cutter breaks granite mainly by high concentrated
point loading and tensile failure, which can observably improve the rock breaking efficiency. The key
findings of this work will help to reveal the rock-breaking mechanisms and optimize the cutter
arrangement for the Stinger PDC cutter.
© 2022 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Since the polycrystalline diamond compact (PDC) cutter was
invented in the 1970s, PDC bits have been commonly employed in
oil & gas drilling and geothermal drilling due to the high rock
breaking efficiency and long duration life (Dai et al., 2021a; Zhu
et al., 2022). However, in deep/ultra-deep hard rock formations,
conventional PDC cutters still faced severe wear and impact failure
challenges (Jamali et al., 2019). In 2010, a conical-shaped PDC cutter
(Stinger PDC cutter) was invented, which has twice the thickness of
the polycrystalline diamond layer as conventional PDC cutters, and
the wear and impact resistance are improved by 25% and 100%
g).
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respectively as shown in Fig. 1 (Azar et al., 2013). During the last ten
years, the hybrid PDC bit, on which the Stinger PDC cutter is stra-
tegically positioned at the bit center or behind the conventional
PDC cutter, has completedmore than 33million feet of drilling, and
the drill bit footage and rate of penetration (ROP) were significantly
improved in hard and interbed formation (Gunawan et al., 2018;
Schlumberger, 2022).

Although the hybrid PDC bit has beenwidely used in the drilling
fields (Al-Enezi et al., 2017; German et al., 2015; Gunawan et al.,
2018), the study of Stinger PDC cutters breaking hard rock is rela-
tively few. The fundamental research is lagging behind the field
application of hybrid PDC bits. The excellent rock-breaking per-
formance of Stinger PDC cutters has not yet been brought into play.
The single cutter test is considered an effective and straightforward
way to research the cutting performance and mechanism of PDC
cutters (Cheng et al., 2019a; Zijsling, 1987). Hence, former
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Fig. 1. (a) The shape of conventional and Stinger PDC cutters and their location on the hybrid PDC bit; (b) Comparison of two cutters' performances (Azar et al., 2013).
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researchers have conducted a large number of single cutter tests to
investigate the force responses, cutting efficiency, chip formation,
and rock failure behavior during the cutting process of conven-
tional PDC cutters (Aresh et al., 2022; Che et al., 2017; Cheng et al.,
2018; Dai et al., 2021a; Rajabov et al., 2012). For the Stinger PDC
cutter, Durrand et al. (2010) tested the impact resistance, wear
resistance, and life duration in the laboratory for the first time.
Since then, many researchers studied the rock-breaking charac-
teristics of Stinger PDC cutters. Sun et al. (2014) conducted single
cutter tests to research the variations of cutting force with cone tip
diameter, cutting angle, and rock hardness. He (2014) and Dou and
Yang (2015) established a numerical model to study the influence of
cutting angle, cone tip angle, cone tip diameter and cutting depth
on the rock breaking efficiency. Hempton et al. (2015) carried out
the impact experiments with a single PDC cutter. The results
showed that under the condition of 80 kN impact force, conven-
tional PDC cutters are broken after one impact, but Stinger PDC
cutters are still not damaged after 100 impacts. Liu et al. (2019)
studied the cutting force and rock-breaking efficiency under
different pre-cutting depths when the Stinger and conventional
PDC cutter are placed at the same track. Xiong et al. (2020b) carried
out single cutter tests with Stinger and conventional PDC cutters
respectively. The difference in cutting characteristics and rock-
breaking mechanism between the two kinds of cutters were
analyzed. Compared with conventional PDC cutters, Stinger PDC
cutters have 46.14% less cutting force and 34.09% higher rock-
breaking efficiency. In addition, Xiong et al. (2021) established a
3D cutting force analytical model considering the influences of
confining pressure and thermal stress. Xiong et al. (2022) carried
out mixed tool cutting granite experiments with Stinger and con-
ventional PDC cutters. The influences of the cutting sequence,
spacing, and depth difference of mixed cutters on the effect of rock
breaking were analyzed.

The above studies are mainly focused on the test of character-
istics of the Stinger PDC cutter. There is a lack of systematic and in-
depth experimental research on the mechanism of Stinger PDC
cutters breaking hard rock. Furthermore, the cutting force and
mechanical specific energy (MSE) of a single cutter directly deter-
mine the whole PDC bits’ working stability and drilling efficiency
(Chen et al., 2021; Glowka, 1989). Investigating the cutting per-
formance andmechanism of a single Stinger PDC cutter can provide
theoretical guidance for the hybrid PDC bit design and further
improve the ROP. In this paper, a single cutter test experimental
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setup was developed and a series of cutting tests were conducted
on the granite by a Stinger PDC cutter. A new method of precise
obtaining the rock broken volume is proposed: the x, y, and z co-
ordinates of each point on the surface of the cutting groove were
measured by the ST400 3D Profilometer. Then, the shape of the
cutting groove was rebuilt and the rock broken volume was
calculated. Furthermore, the influences of cutting depth, cutting
angle, and cutting speed on cutting force and MSE were analyzed
and discussed, and a phenomenological cutting force model is
established based on the experimental data. Finally, the surface
topography and fracture morphology of the cutting grove and
large-size cuttings are discussed to reveal the rock-breaking
mechanism of Stinger PDC cutters.

2. Experimental

2.1. Experimental setup

An experimental apparatus was developed for single cutter tests
as shown in Fig. 2. It mainly consists of a cutter and rock sample
clamping system, a movement system, and a control/measurement
system. The rock sample is fixed on the horizontal bed with two
long bolts and a flat plate. The horizontal bed driven by an electric
motor can move on the two horizontal guide rails with a constant
velocity (1.6e230 mm/s). The Stinger PDC cutter is mounted on the
clamps and locked by three locking screws once the cutting depth
and cutting angle are set well. During the cutting process, the
Stinger PDC cutter stayed still, and the rock moves in a straight line.
Four load sensors are mounted in front of the rock sample along the
cutting direction to measure the cutting force. The range and ac-
curacy of the sensors are 0e10 kN and 1 N, respectively, which can
meet the cutting force measurement in the experiment of single
PDC cutter breaking rock (Che and Ehmann, 2014). The control/
measurement system can control the cutting speed/cutting length
and records the cutting force. More details of this experimental
apparatus were introduced in our previous work (Dai et al., 2021b).

2.2. Cutters and rock materials

In this research, the oilfield commonly used Stinger PDC cutter
was selected to carry out cutting experiments. This cutter was
produced by Wuhan Ninestones Superabrasives Co., Ltd, which
consists of a diamond layer and a tungsten carbide (WC) stud. The



Fig. 2. Experimental setup for the single cutter tests.
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geometric parameters were shown in Fig. 3(a). Before the experi-
ment, the Stinger PDC cutter is mounted on the cutter clamp with
super glue as shown in Fig. 3(b). The cutter clamp is designed with
different inclination angles, e.g., 0�, 10�, 20�, 30�, etc. In addition,
the inclination angle can also be fine-tuned within the range of
0�e10� by rotating the cutter holder. The resolution of the angle
fine tuning is 1�. Therefore, the cutting angle can be adjusted by
selecting an appropriate cutter clamp and rotating the cutter holder
to satisfy the requirements of experiments.

As shown in Fig. 3(c), the granite rock sample used in single
cutter tests was collected from outcrops in Shandong Province,
China. The mineral compositions are measured by X-ray diffraction
(XRD) as shown in Table 1, it mainly consists of K-feldspar (38.3%),
and plagioclase (29.9%). Moreover, the physical and mechanical
properties of this granite are also tested by RTR-1500 HTHP rock
triaxial apparatus. The main parameters of the system are as fol-
lows: a maximum loading confining pressure of 140 MPa, a
maximum axial static pressure of 1000 kN, a maximum axial dy-
namic pressure of 800 kN, and a maximum sample diameter of
Fig. 3. The Stinger PDC cutter and granite sample used in the tests: (a) Stinger PDC cutte
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54 mm. The basic physical and mechanical properties of granite are
shown in Table 2. Before the cutting experiment, the large size
granite blocks with no obvious cracks or other damages were
selected and cut into small cube blocks with 150 � 150� 150 mm3.

2.3. Experimental procedures

In this study, 29 experimental scenarios were designed under
different cutting parameters including the depth of cut (DOC), the
cutting angle (g), and the cutting speed (vc). In the drilling field, the
bottom-hole rock is removed layer by layer. The thickness of a layer
corresponds to the cutting depth of PDC cutters for the laboratory
cutting experiment. According to the drilling speed and rotary
speed data of PDC bits used in the northwest Chocolate Mountains
geothermal drilling projects (Raymond et al., 2012), it can be
calculated that the thickness of each layer is between 1 and 3 mm.
Thus, in this experiment, the cutting depth is set to five levels,
i.e.:1.0, 1.5, 2.0, 2.5, and 3.0 mm. During the hybrid PDC bits design,
the rake angle of Stinger PDC cutters is generally less than 30�. In
r parameters; (b) Cutter clamps with different inclination angles; (c) Granite block.



Table 1
Mineral compositions of granite specimens tested by XRD.

Mineral composition Quartz K-feldspar Plagioclase Dolomite Siderite Pyrite Amphibole Glauberite Augite Clay minerals

Content, % 9.7 38.3 29.9 2.4 0.5 0.4 8.3 3.6 6.3 0.6

Table 2
Basic physical and mechanical properties of granite specimens.

Properties Density, g/cm3 Young's modulus, GPa Poison's ratio Cohesive strength, MPa Internal friction angle, degree Tensile strength, MPa UCS, MPa

Avg 2.63 41.30 0.27 42.29 46.19 11.16 129.78
SD 0.02 2.08 0.01 2.60 3.46 2.08 10.48

Note: The properties were tested three times; Avg represents the average value of the results for the tests and SD is the standard deviation.
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previous studies, the cutting angle of Stinger PDC cutters in single
cutter tests was usually chosen at 10�e30� (Sun et al., 2014). Thus,
in this paper, the cutting angle is set to five levels, i.e.: 10�, 15�, 20�,
25�, and 30�. Referring to the cutting speed chosen by former re-
searchers for conventional PDC cutters cutting rocks (Cheng et al.,
2018), the cutting speed is set to five levels, i.e.: 5, 10, 15, 20, and
25 mm/s. Each experiment was conducted three times on the same
surface of the granite sample to reduce the experimental error.

During the cutting process, the cutting depth should be kept
constant. So, before the experiment, the rock surfaces were finished
with high-precision machine tools to ensure parallelism and flat-
ness. The experimental procedure is as follows: (1) put the pre-
pared granite sample on the horizontal bed, and use the rock
clamping system to fix the rock sample; (2) put the Stinger PDC
cutter clamp on the cutter holder, adjust the cutting angle and the
cutting depth, then lock the cutter clamp to ensure the Stinger PDC
cutter could notmove during the cutting process; (3) set the cutting
speed and cutting distance (180 mm) on the control/measurement
panel; (4) open data acquisition and control software, click the
“Start” button on the control/measurement panel and the software
interface. The horizontal bed and the rock sample are driven by the
electric motor to move along the horizontal guide rail and the
cutting experiment begins. The cutting force was recorded with a
sample rate of 200 points/s during the whole cutting period; (5)
after the cutting tests, open the rock clamping system, take out the
granite sample, and one cutting test is finished.
2.4. Experimental data processing method

Fig. 4 shows a set of typical experimental data which is the
cutting force variationwith the cutting distance at different cutting
Fig. 4. The variation of cutting force with cutting distance (vc ¼ 5 mm= s and g ¼ 30�).
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depths. It is clearly shown that the cutting force has significant
oscillations due to the brittle fracture characteristics and the
inhomogeneous microstructure of the rock (Che et al., 2017; Dai
et al., 2021a). The cutting force varies periodically and constantly
repeats a process: gradually increasing, reaching a peak, and then
decreasing rapidly. The average deviation of cutting force at 1, 1.5,
2.0, 2.5, and 3.0 mm cutting depth is 575, 854, 1067, 1148, and 1385
respectively, which can be used to evaluate the degree of data
fluctuation (Dai et al., 2020). When the cutting depth increases, the
fluctuation amplitude of the cutting force significantly increases.
This is because the rock is broken with the brittle failure mode as
the cutting depth is deep and at the shallow cutting depth, the rock
is mainly broken with ductile failure mode (He and Xu, 2015; Liu
et al., 2018). In addition, the average cutting force is considered
as a good representative of the dynamic cutting force responses in
single cutter tests (Che et al., 2017). In this paper, the cutting force
at the cutting distance ranging from 40 to 160 mm is selected to
calculate the average cutting force to decrease the error caused by
the boundary effects (Xiong et al., 2020b). Except for special in-
structions, the cutting forces in this article are average cutting
forces.

Mechanical specific energy (MSE) is defined as the amount of
mechanical energy consumed for breaking a unit volume of rock
(Teale, 1965). In single cutter tests, the cutting depth is fixed, thus
the work done by the normal force is zero. The MSE can be
simplified as (Rafatian et al., 2010):

Ems ¼Q
V

¼ Fc � L
V

(1)

where Ems is the mechanical energy; Q is the work done by the
cutter in the cutting process, J; V is the rock broken volume, m3; Fc
is the average cutting force, N; L is the cutting distance, m.

According to Eq. (1), accurately estimating the rock broken
volume is crucially important for calculating MSE. For conventional
PDC cutters, the cutting groove has regular geometric shapes as
shown in Fig. 5(a). The cross-section is a regular arc, which is
related to the diameter of cutters, cutting depths, and cutting an-
gles. Thus, the rock broken volume can be easily calculated by the
analytical method. However, due to the completely different cutter
shapes and rock-breaking mechanism between the Stinger and
conventional PDC cutters, the cutting groove geometric shape of
Stinger PDC cutters is very irregular as shown in Fig. 5(b). Thus, it is
very difficult to calculate the rock broken volume by cutting pa-
rameters and geometric parameters of Stinger PDC cutters.

In this paper, a new method is proposed to obtain the rock
broken volume: first, the ST400 3D Profilometer, which is a
noncontact device designed with leading-edge chromatic confocal
technology, is used to scan the surface topography of cutting
grooves; then, the x, y; and z coordinates of each point on the



Fig. 5. The geometric shape of cutting grooves: (a) Regular shape formed by a conventional PDC cutter; (b) Irregular shape formed by a Stinger PDC cutter.
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surfaces of the cutting groove are accurately measured and recor-
ded; last, based on the coordinates of these points, the shape of
cutting groove can be rebuilt and rock broken volume can be
calculated by programming. As shown in Fig. 6, assuming the points
A, B, C, and D are located on the surface of the cutting groove, the
Fig. 6. The schematic diagram of calculating rock broken volume according to x, y, and
z coordinates of each point on the cutting groove surface.
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volume of micro-unit ABCDEFGH can be approximately expressed
as:

Vi ¼
1
4
Dx,Dy,ðz1 þ z2 þ z3 þ z4Þ (2)

thus, the rock broken volume can be calculated by adding the
volumes of all the micro-units, which can be expressed as:

V ¼
Xn
i¼1

Vi (3)

After the single cutter tests, all cutting grooves were measured
by the ST400 3D Profilometer. The scanned cutting groove length is
100 mm. The measurement resolution in the x-axis and the y-axis
direction is set as 20 mm. In other words,Dx and Dy are 20 mm. Then,
the rock broken volumes were calculated by the programming
according to Eqs. (2) and (3). Last, MSE was calculated by Eq. (1).
3. Experimental results

3.1. Influence of cutting parameters on cutting force

Studying the influence of cutting parameters on cutting force
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can help to optimize the cutter arrangement design of hybrid PDC
bits. Fig. 7 shows the variation of cutting force with the cutting
depth. It can be noted that the cutting force has the same variation
tendency at different cutting angles. When the cutting depth is
shallow, the cutting force is small. With the rise of cutting depth,
the cutting force gradually increases. By fitting analysis, there is a
Fig. 7. The variation of cutting force with cu

1092
good linear function correlation between the cutting force and the
cutting depth. For the conventional PDC cutter, it is generally
accepted in the literature that the cutting force increases with the
cutting depth (Che et al., 2017; Dai et al., 2020). It can be concluded
that the variation trend of cutting force with cutting depth is in-
dependent of cutter geometry.
tting depth at different cutting angles.
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The cross-section area of cutting grooves has a great influence
on the cutting force. The larger cross-section area means that more
rock in front of the cutter needs to be removed, thus a larger cutting
force needs to be applied. Cheatham Jr and Daniels (1979) quanti-
tatively evaluated the relationship between cutting force and cross-
section area based on the experimental data. They concluded that
cutting force is proportional to the cross-section area. In addition,
the cross-section area is predominantly affected by the cutting
depth except for the geometry parameters of the PDC cutter. An
increase in the cutting depth leads to an increase in cross-section
area. For instance, the cross-section area of the cutting groove
produced by the Stinger PDC cutter in this paper is approximately
1.0 and 9.0 mm2 in theory when the cutting depth is 1 and 3 mm,
respectively. The cross-section area for 3 mm cutting depth is
remarkedly larger than that of 1 mm cutting depth. Therefore, the
cutting force increases with increasing cutting depth at all cutting
angles shown in Fig. 7.

Fig. 8 shows the variation of cutting force with the cutting angle
at different cutting depths. As increasing the cutting angle, the
cutting force increases linearly. Many researchers also concluded
that the cutting force of a conventional PDC cutter increases with
increasing the cutting angle (Coudyzer and Richard, 2005; Rajabov
et al., 2012; Rostamsowlat et al., 2018). This variation trend of
cutting force with cutting angle is consistent with that of the
Stinger PDC cutter. The reasons for increased cutting forces of the
Stinger PDC cutter with increasing back rake angle can be attrib-
uted to the fact that the cutter-rock interaction area increases with
the rise of the cutting angle. The increased interaction area causes
the cutter needs to overcome greater friction force, thus the larger
cutting force needs to be applied for breaking the same rock. In this
paper, at 3 mm cutting depth, the cutter-rock interaction area at a
10� cutting angle is 19.5 mm2. At the 30� cutting angle, it is
38.9 mm2 which enlarges 100% more than the 10� cutting angle.

As shown in Fig. 9, the cutting force is plotted at different cutting
speeds. With the increase in cutting speed, the cutting force nearly
keeps constant,which indicates that the cutting speed ranging from5
to 25 mm/s has no obvious influence on the cutting force. Rock frag-
mentation is the process ofmicro-cracks generation and propagation
under the forces of PDC cutters. The crack propagation speed is far
greater than the cutting speed (Che et al., 2018). Thus, the impacts of
cutting speed on the cutting processes can be nearly ignored.

3.2. A phenomenological cutting force model

During the PDC bit design, estimating the bit force response is
an important job, which directly affects the working stability,
drilling efficiency, and the duration life of PDC bits. However, a force
response model of the PDC bit is usually derived by integrating the
force contribution from all the cutters (Chen et al., 2021). To this
end, numerous single cutter force models for the conventional PDC
cutter were established. Cheatham Jr and Daniels (1979) firstly
concluded that the cutting force is proportional to the cross-section
area of the cutting groove based on their experimental results.
Following this conclusion, many phenomenological force models
for the conventional PDC cutters were developed, which can be
classified as the cutting area-based modeldnamely, the cutting
force is proportional to the cross-section area (Chen et al., 2016;
Jianyong, 2012; Richard et al., 2010).

However, it should be noted that, for conventional PDC cutters,
the interaction face between the cutter and rock is a plane. The
Stinger PDC cutter is a three-dimensional cutter and the interaction
face of the cutter-rock is a conical surface. In addition, the conven-
tional PDC cutter has a sharp ledge that cuts the rock mainly with
shearing action, while the Stinger PDC cutter break rock with
plowing action (Xiong et al., 2020b). These differences can be
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reflected in the geometric shape of cutting grooves in Fig. 5. The
Stinger PDC cutter has a completely different rock-breaking mode
and force response than conventional PDC cutters. Fig. 10(a-1) and
(b-1) present the schematic of force responses for the conventional
and Stinger PDC cutter. From a physical perspective, N is generated
by the squeezing effect of cutters and it's perpendicular to the cut-
ter's rake face while S is generated due to the frictional action (Che
et al., 2017). N and S can be decomposed along parallel and
perpendicular cutting directions to obtain the cutting force Fc and
normal force Fn. Because the rake face of conventional PDC cutters is
flat, the force analysis is relatively easy. For the Stinger PDC cutter,
there is still existence squeezing force N and fraction force S like the
conventional PDC cutter. But the direction of N and S is changed with
the place of force application on the three-dimensional conical sur-
face, which makes the derivation of cutting force and normal force
becomes complex and difficult (Xiong et al., 2021). Thus, in this part,
we want to obtain a phenomenological cutting force model for
Stinger PDC cutters based on the above experimental data.

Numerous phenomenological cutting force models of conven-
tional PDC cutters are based on the assumption that the cutting
force is proportional to the cross-section area. Is there a similar
quantity relationship between the cutting force and the cross-
section area for Stinger PDC cutters? As shown in Figs. 10(a-2)
and (a-3), the real contact area between the cutter and the rock,
namely the interaction area S1, is an arc plane. The cross-section
area S2 of cutting grooves is an elliptic arc plane. They are the
function of cutting depth h and cutting angle a. The cross-section
area S2 is a projection area of the interaction area S1 along a
plane perpendicular to the cutting direction. For the Stinger PDC
cutter, in the cutting process, the real contact area between the
cutter and rock is a three-dimensional conical surface G-DAC as
shown in Figs. 10(b-2). The cross-section area, in theory, is an
isosceles triangle as shown in Figs. 10(b-3). But actually, the shape
of the cross-section area of the cutting groove is irregular as shown
in Fig. 5, and it is difficult to assess the cross-sectional area quan-
titatively. The three-dimensional squeezing force on the interaction
area has the action to make the micro-cracks propagate to the sides
of the cutting direction, which causes the cross-section of the
cutting groove to be irregular. On the other hand, the interaction
area is the real contact surface between the Stinger PDC cutter and
rock, and the squeezing force and friction force are acted on this
area. Exploring the relationship between the interaction area and
the cutting forcemay bemore reasonable for the Stinger PDC cutter.

Figs. 10(b-2) shows the schematic of the interaction area be-
tween Stinger PDC cutters and rock. The interaction area Sr�c is the
three-dimensional conical surface G-DAC. Sr�c can be derived and
expressed as Eq. (4). The detailed derivation process is shown in
Appendix A.

Sr�c¼
ffiffiffi
2

p
a2

ðp2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K1 cos4bþK2 cos3bþK3 cos2bþK4 cosbþK5

q
,db

(4)

where K1 ¼ � 2A2, K2 ¼ � 2AB, K3 ¼ � 2A2 � A, K4 ¼ � B, and

K5 ¼ 1� A. In addition, A ¼ sin2a and B ¼ m=a, m and a are
denoted as:

a ¼ h,
1þ tan2a

1� tan2a

m ¼ a� h
1� tana
1þ tana

(5)

where a is the cutting angle; h is the cutting depth.



Fig. 8. The variation of cutting force with cutting angle at different cutting depths.
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It can be found that the integrand in Eq. (4) is a functionwithout
an elementary antiderivative. Hence, in this paper, we use the
fundamental theorem of calculus to compute the integral Eq. (4) by
programming. The calculating results are shown in Fig. 11. The
interaction area significantly increases with the increase of cutting
depths for a constant cutting angle as shown in Fig. 11(a). But the
1094
larger the cutting angle, the more obvious the interaction area
changes with the cutting depth. Fig. 11(b) shows the variation of
interaction area with cutting angles at different cutting depths.
With the increase of cutting angles, the interaction area gradually
increases. It can be noted that when the cutting angle is smaller
than 20�, the interaction area slightly increases with the rise of



Fig. 9. The variation of cutting force with cutting speed.

C. Xiong, Z.-W. Huang, H.-Z. Shi et al. Petroleum Science 20 (2023) 1087e1103
cutting angles. When the cutting depth is 1 mm, the changes in
cutting angle nearly have no e on the interaction area. By
comparing Fig.11(a) and (b), it can be concluded that cutting depths
have a great influence on the interaction area than cutting angles.
Combined with the experimental results in Section 3.1, we can
reasonably guess that there is a certain correspondence between
the interaction area and the cutting force.

Setting the interaction area as x-axis and cutting force as y-axis,
the variation of cutting force with the interaction area is plotted in
Fig. 10. Schematic of force responses, interaction
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Fig. 12. By nonlinear fitting analysis, it is found that there is a
quadratic polynomial correlation between the cutting force and the
interaction area. The cutting force can be expressed as:

Fc ¼ � 1:63S2 þ 135:86Sþ 815:75 R2 ¼ 0:9670 (6)

where Fc is the cutting force, N; S is the interaction area, mm2. The
cutting force increases obviously when the interaction area in-
creases, however, the increasing rate reduces with a larger inter-
action area. When the interaction area is equal to 0, the cutting
force is 815.75 N, which represents the friction force acting on the
spherical part of the Stinger PDC cutter's tip. This friction force is
mainly affected by the rock properties and diameter of the cone tip.
Although this model is obtained by regression from the experi-
mental data, it still can be used to establish the force response
model of hybrid PDC bits and optimize the bit design.

3.3. Influence of cutting parameters on MSE

MSE is a good index for evaluating rock-breaking efficiency.
Fig. 13(a) shows the tendency of MSE with the increase in cutting
depth. In general, the MSE versus cutting depth under different
cutting angles present a similar tendency, i.e., as the cutting depth
increases, MSE can be remarkably reduced. This is because the rock
failure mode transforms from ductile mode to brittle model when
the cutting depth gradually increases (Dai et al., 2020; He and Xu,
2016; Zhou and Lin, 2013). When the cutting depth is shallow,
the rock contacted with the Stinger PDC cutter is mainly com-
pressed into powder-like cuttings and the rock failure is dominated
by ductile mode. As the cutting depth is deep, although there is still
area, and cross-section area of two cutters.



Fig. 11. The variation of interaction area with cutting depth and cutting angle.

Fig. 12. The variation of cutting force with the interaction area.
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existence of ductile failure mode around Stinger PDC cutters tip, the
micro-cracks initiate at the periphery of the crushing area and
propagate to rock-free surface to generate large size debris (Xiong
et al., 2020b). This failure process is mainly dominated by the
brittle mode. With the increase in cutting depth, the proportion of
brittle failure increases gradually. According to the new surface
theory of Von Rittinger (Grady and Kipp, 1985), there is more en-
ergy needed to break the rock into smaller fragments. In addition,
Cheng et al. (2018) also, through the single cutting tests for the
conventional PDC cutter, concluded that the mass fraction of cut-
tings and MSE are related, and the higher the powderlike cuttings
mass fraction is, the larger the MSE. Hence, the larger proportion of
brittle failure in rock breaking usually means a lower MSE and
higher rock-breaking efficiency. Therefore, MSE significantly
reduced with increasing the cutting depth as shown in Fig. 13(a).

After each experiment, the cuttings are collected and sieved
with different mesh size screens: 8 mesh (2.36 mm), 14 mesh
(1.40 mm), 30 mesh (0.60 mm), and 60 mesh (0.30 mm). The cut-
tings from each group were weighed and the mass fraction of each
group is calculated. The mass fraction is defined as the mass ratio of
cuttings within a certain size range to all cuttings. Fig. 14 presents
the variation of mass fraction of different size cuttings with the
cutting depth at 20� cutting angle. Cuttings in the group of 60/þ∞
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mesh are very small and like powder, that is generated when the
rock failure with the ductile mode. While the group of 0/8 mesh is
the large size debris, which is produced by the brittle failure of rock.
As the cutting depth increases from 1.0 to 3.0mm, themass fraction
of powder-like cuttings, that is cuttings in the size group of 60/þ∞
mesh, reduces significantly. It means that the rock breaking effi-
ciency is improved and the MSE is reduced. This is consistent with
the tendency of MSE versus cutting depth shown in Fig. 13(a).

By nonlinear fitting analysis, it can be found that there is a
quadratic polynomial correlation between MSE and cutting depths.
For the deeper cutting depth, the reducing rate of MSE gradually
decreases. It is also reflected in the changes of cuttings mass frac-
tion with the cutting depth. Fig. 14 shows that when the cutting
depth reaches 2.5 mm, the mass fraction of powder-like cuttings
and large size debris changes little with further increasing cutting
depths. This indicates that when the cutting depth reaches a critical
value, the proportion of brittle failure in rock will be kept constant,
and the MSE will reduce slightly. In this paper, the critical depth is
between 2.0 and 2.5 mm.

Fig. 13(b) shows the tendency of MSE with cutting angles under
different cutting depths. With the increase of cutting angle, the
MSE decreases first and then increases. When the cutting angle is
nearly 20�, the MSE reaches the minimum value, which means the
highest rock breaking efficiency. It can be attributed to the special
rock breaking mechanism mode, that is plowing action, and the
conical geometry shape of Stinger PDC cutters. On the one hand,
increasing the cutting angle can promote the micro-cracks to
propagate to the rock surface and enhance the effects of the
plowing action, which can contribute to the generation of large size
debris, and improve the rock-breaking efficiency and reduce the
MSE (Xiong et al., 2020b). On the other hand, increasing the cutting
angle will significantly increase the interaction area. As shown in
Fig. 11(b), the interaction area increases with cutting angles, espe-
cially when the cutting angle is larger than 20�, the increasing
tendency is more obvious. The increase of interaction area will
enlarge the magnitude of the normal squeezing force and sharply
increase the friction force. A lot of energy will be dissipated as heat
and can't help to break rock (Akbari et al., 2014; Che et al., 2017;
Rafatian et al., 2010; Rostamsowlat et al., 2018). Thus, the MSE will
increase. When the cutting angle is larger than 20�, the increase of
friction force is the main factor affecting the MSE. As a result, the
MSE increases as the cutting angle is larger than 20� shown in
Fig. 13(b). During the design of the hybrid PDC bit, the Stinger PDC



Fig. 13. The variation of MSE with the cutting depth, the cutting angle, and the cutting
speed.

Fig. 14. The variation of cuttings mass fraction with the cutting depth for 20� cutting
angle.
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cutters are preferentially arranged with 20� former rake angle.
Fig. 13(c) shows the variation of MSE with cutting speed. It is

clearly shown that the cutting speed has nearly no effect on the
MSE. Many researchers also obtained a similar conclusion for the
conventional PDC cutter, especially at the low cutting speed. Che
et al. (2017) and Liu and Zhu (2019) believed that the cutting
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speed has little influence on the chip formation and the size and
number of generated chips. It indicates that the cutting speed has
little influence on theMSE. Majidi et al. (2011) found that MSE stays
constant till about 100 RPM above which MSE slightly decreases
with an increase in RPM. It is because a larger cutting speed helps to
clear the fragmented cuttings from in front of the cutter and im-
proves the rock breaking efficiency. Cheng et al. (2018) also
conclude that MSE slightly reduces with increasing cutting speeds
by experiment. In this paper, the cutting speed is relatively small.
Therefore, the cutting speed nearly does not influence MSE.

3.4. Experimental repeatability and reproducibility

To evaluate the reliability of experimental results, experimental
repeatability and reproducibility analyses were conducted. In this
paper, the coefficient of variation (CV) (Hong et al., 2021; Pryseley
et al., 2010) was used to calculate the repeatability of the mea-
surement values, which can be expressed as:

CV¼ s

m
� 100% (7)

where s represents standard deviation; m is the average value.
Table 3 shows the coefficient of variations for the experimental
results. The maximum value of CV for cutting force, rock broken
volume, and MSE is 17.73%, 13.79%, and 10.27%, respectively. They
are smaller than 20%, which indicates the experimental results have
adequate repeatability.

4. Discussion

4.1. Surface topography and fracture morphology analysis

The cutting groove and large size debris are produced when the
rock is broken by Stinger PDC cutters. The failure surface of these
rock fragmentation products retains intuitive and primeval evi-
dence for revealing rock breaking mechanisms (Che et al., 2016;
Cheng et al., 2019b; Zeuch et al., 1983; Zuo et al., 2007). In this
section, surface topography and fracture morphology of a cutting
groove and large-size cuttings were measured by a 3D profilometer
and a scanning electron microscope (SEM). Fig. 15 clearly presents
the surface topography of a cutting groove and large-size cuttings,
which were generated in the cutting tests with 2 mm cutting depth
and 20� cutting angle. As shown in Fig. 15(a), the edge of cutting
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grooves is very irregular, showing a serrated shape. The maximum
width of the cutting groove is 24.23mm, and theminimumwidth is
5.45 mm. The formation of irregular cutting groove edges can be
attributed to the fact that the micro-cracks propagate to two sides
of the cutting direction and generate large-size cuttings (Xiong
et al. 2020a, 2020b). Furthermore, there is a narrow groove (blue
area) with a width of about 2 mm at the center of cutting grooves.
This is because the rock in the tip area of Stinger PDC cutters is
compressed into powder-like cuttings due to the high point load
(German et al., 2015; Radhakrishnan et al., 2016). The width of the
compression area is equal to the cone tip diameter of Stinger PDC
cutters as shown in Fig. 3(a).

The largest size debris was produced at location A in Fig. 15(a).
The surface topography of the upper surface and lower surface
were presented in Fig. 15(b) and (c). It should be noted that the
failure surface in the upper surface was produced when large size
cuttings was formed last time, while the failure surface in the lower
surface was generated when large size cuttings was formed this
time. The points on the failure surface along with line OB and line
OC were extracted and the shape of the failure surface was shown
in Fig. 15(d) and (f). It can be seen clearly that the shape of the
fracture surface is arc-shaped. The parameter Sa (arithmetical
mean deviation of the surface) was usually used to evaluate the
surface roughness, which can reflect the rock failure mode. When
the rock is broken by tensile stress, the surface is relatively rough,
while the asperities on the rock surfaces will be crushed during the
shearing action and the surface roughness will reduce (Sun and Li,
2019). The surface roughness of the side-wall (area I) and the
bottom area (area II) of the cutting groove and the fracture surface
in the upper and lower surface of large-size cuttings were
measured and shown in Fig. 15(e). It is clearly presented that the
surface roughness of the side-wall (area I) is significantly larger
than the bottom area (area II). In addition, the surface roughness of
the lower fracture surface and upper fracture and the side-wall
Table 3
Repeatability of experimental results.

No. Cutting speed, mm/s Cutting angle, degree Depth of cut, mm Cutting

Mean

1 5 10 1.0 853.00
2 1.5 1222.93
3 2.0 1656.77
4 2.5 2202.07
5 3.0 2634.97
6 5 15 1.0 999.47
7 1.5 1412.73
8 2.0 1895.97
9 2.5 2471.40
10 3.0 2990.17
11 5 20 1.0 1289.67
12 1.5 1668.50
13 2.0 2118.03
14 2.5 2640.53
15 3.0 3239.43
16 5 25 1.0 1339.93
17 1.5 1826.13
18 2.0 2360.00
19 2.5 2874.70
20 3.0 3429.93
21 5 30 1.0 1674.47
22 1.5 2112.77
23 2.0 2519.43
24 2.5 3248.03
25 3.0 3623.57
26 10 20 1.0 1303.97
27 15 1274.23
28 20 1291.53
29 25 1290.83
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(area I) are very close. This indicates that the rock failure mode at
the bottom is significantly different from the side-wall and the
mechanism of the formation of large-size debris is the same every
time.

To further reveal which kind of force is dominating in rock
breaking, the fracture morphology of cutting grooves and large size
cuttings was observed and the SEM images are shown in Fig. 16. It
can be seen that there are many micro-cracks and fine powder
particles at the bottom area (area II) shown in Fig.16(a) and (b). This
is because the high point load applied by Stinger PDC cutters not
only compresses the rock into fine powder cuttings but also induces
micro-cracks at the bottom area of cutting grooves. Fig. 16(c), (d),
(e), and (f) shows the fracture morphology of side-wall (area I) of
cutting grooves and the lower fracture surface of large-size cut-
tings. These fractures mainly appear transgranular type, which
possesses characteristics of river-like patterns, cleavage steps,
lacerated ridges, and triangular pits. They are the typical charac-
teristics of tensile fracture (Xiong et al., 2020b; Xu et al., 2008; Zuo
et al., 2007). Thus, combined with the measurement results of the
surface roughness mentioned above, it can be concluded that the
micro-cracks propagating to two sides of the cutting direction and
forming the large size cuttings is controlled by tensile stress.
Moreover, it is general knowledge that the compressive strength
and shear strength of rock is larger than its tensile strength. Rock is
easy to break under tension. Hence, the Stinger PDC cutter breaks
rock mainly with tensile stress, which is one of the most important
reasons for the high rock breaking efficiency.

4.2. Rock breaking mechanism of stinger PDC cutters

Based on the above experimental analysis and our previous
works (Xiong et al. 2020a, 2020b, 2022), the rock-breaking mech-
anism of Stinger PDC cutters can be revealed as shown in Fig. 17.
Due to the innovative conical shape, the Stinger PDC cutter can
force, N Rock broken volume, mm3 MSE, MPa

SD CV, % Mean SD CV, % Mean SD CV, %

71.30 8.36 241.83 12.38 5.12 352.37 11.94 3.39
128.79 10.53 465.00 37.58 8.08 262.87 16.13 6.14
159.13 9.60 781.40 86.56 11.08 212.27 5.19 2.45
194.99 8.85 1318.43 47.87 3.63 171.23 17.59 10.27
143.42 5.44 1953.87 89.85 4.60 135.17 12.14 8.98
177.16 17.73 312.50 39.57 12.66 318.53 16.09 5.05
134.87 9.55 602.70 83.13 13.79 235.33 10.36 4.40
132.67 7.00 1018.30 39.71 3.90 186.13 10.41 5.59
216.31 8.75 1565.47 61.77 3.95 157.70 8.51 5.40
190.207 6.36 2249.40 106.15 4.72 132.87 2.21 1.66
96.80 7.51 422.77 23.06 5.45 305.00 13.04 4.28
131.30 7.87 747.03 80.61 10.79 223.80 7.00 3.13
106.20 5.01 1117.70 51.63 4.62 189.47 0.85 0.45
147.28 5.58 1640.67 30.18 1.84 160.87 6.34 3.94
183.03 5.65 2333.47 93.00 3.99 138.77 3.03 2.18
103.15 7.70 395.10 43.59 11.03 340.30 19.70 5.79
193.13 10.58 674.40 44.15 6.55 270.40 14.97 5.54
68.12 2.89 1065.30 59.80 5.61 221.77 6.36 2.87
122.82 4.27 1522.03 94.99 6.24 189.00 3.77 2.00
64.89 1.89 2194.23 88.22 4.02 156.40 3.50 2.24
94.62 5.65 427.53 22.62 5.29 391.77 13.15 3.36
199.81 9.46 648.57 37.96 5.85 325.33 13.14 4.04
102.75 4.08 1020.63 73.86 7.24 247.30 11.43 4.62
111.59 3.44 1513.30 93.64 6.19 214.87 5.77 2.69
176.47 4.87 2164.50 115.91 5.35 167.43 2.90 1.73
76.02 5.83 419.53 13.06 3.11 310.87 16.00 5.15
91.92 7.21 432.37 15.50 3.59 294.50 10.61 3.60
78.80 6.10 421.23 13.76 3.27 306.53 11.75 3.83
83.41 6.46 430.40 16.03 3.72 299.80 12.87 4.29



Fig. 15. Surface topography of a cutting groove and large size cuttings.

Fig. 16. The fracture morphology of the cutting groove and large size cuttings.
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create a concentrated point loading at the cutter tip (German et al.,
2015; Radhakrishnan et al., 2016), which compresses the rock and
forms a crushed zone (Cheng et al., 2018; Zeuch et al., 1983). In this
zone, the rock is squeezed into powder-like cuttings. After the
cutting tests, the powder-like cuttings are cleaned and the obtained
real cutting depth is larger than the set cutting depth. It clearly
shows that the real cutting depth is nearly 3 mm in Fig. 15(a), while
the set cutting depth is 2 mm. Furthermore, there are numerous
micro-cracks initiated at the periphery of the crushed zone (Souissi
et al., 2015). As the cutter moves forward, the micro-cracks induced
at the front of cutters propagate to the rock surface and form the
main crack under the tensile stress (Cheng et al., 2019a; Xiong et al.,
2020b). The main crack is arc-shaped, which has been proved in
Section 4.1 by surface topography analysis. Then, the volumetric
breakage occurs and the large size cuttings are produced. In addi-
tion, due to the micro-cracks, the damaged area at the bottom of
cutting grooves is formed and these micro-cracks have been clearly
observed in Fig. 16(a) and (b). The formation of the damaged area
can help to improve the rock breaking efficiency of the next cutting,
which has been proved by the experiment in our previous works
(Xiong et al., 2022). The rock-breaking mechanism can be sum-
marized as: the high concentrated point loading is easy to induce
the micro-cracks in the rock; the tensile stress significantly pro-
motes the propagation of micro-cracks and produce the large size
debris. Thus, under the double effects of the high concentrated
point loading and tensile failure, the Stinger PDC cutter can achieve
the high rock-breaking efficiency.

So according to our rock breaking mechanism model of Stinger
PDC cutters, the periodical oscillations of cutting force shown in
Fig. 4 can be explained and the reasonability of our model can be
further proven. When T ¼ t, the cutter finishes a cutting period and
begins a new cutting period. Due to the large size cuttings flying out
from the rock surface, the most of rock in front of the cutter has
been removed. The cutting force decreases to the minimum value.
As the cutter further moves forward and compresses the rock, the
cutting force gradually increases. In this phase, the rocks directly
contacted with the cutter are crushed into the fine powder and the
cutting force fluctuates slightly. When T ¼ tþ t0, the micro-crack
propagates to the rock surface and form the main crack. The large
Fig. 17. The schematic of the rock breaking
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size debris is formed and the cutting force reaches a peak. Due to
the strain energy release, the debris flies out from the rock surface.
The contact relation in the cutting direction between the cutter and
rock is broken. The cutting force is rapidly dropped. This cutting
period ends and begins the next cutting period. The rock breaking
repeats the above process and the cutting force also repeats a
process: gradually increasing, reaching a peak, and then decreasing
rapidly.
5. Conclusions

In this paper, a series of single cutter tests were carried out with
a Stinger PDC cutter, and the influences of cutting depth, cutting
angle, and cutting speed on cutting force and MSE were analyzed.
The mechanism of Stinger PDC cutters breaking hard rock was
revealed. The major conclusions can be obtained as follows:

(1) The cutting force increases linearly with the increase of
cutting depth and cutting angle. Cutting speed has no
obvious effect on the cutting force, and cutting depth has the
largest influence.

(2) The interaction area between the Stinger PDC cutter and rock
increases with increasing cutting depth and cutting angle.
Cutting depth has a great influence on the interaction area
than cutting angles. There is a good quadratic polynomial
relationship between the cutting force and the interaction
area.

(3) The MSE remarkably decreases with increasing cutting
depth. The cutting speed has few influence on the MSE. With
the increase of cutting angle, MSE gradually decreases first
and then increases. When the cutting angle is nearly 20�,
MSE reaches minimum values, which means the highest
rock-breaking efficiency. In the design of cutter arrangement
for hybrid PDC bits, the inclination angle of Stinger PDC
cutters is preferably 20�.

(4) The Stinger PDC cutter breaking rock mainly depends on the
high concentrated point loading and the tensile failure,
which can significantly improve the rock-breaking efficiency.
mechanism of the Stinger PDC cutter.
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Appendix A. Derivation of interaction area between Stinger
PDC cutter and rock

In this section, the detailed derivation process of Eq. (4) is pro-
vided. Fig. A-1(a) shows the schematic of the interaction area. The
cone tip diameter of the Stinger PDC cutter is ignored in this
derivation due to its little influence on the interaction area. The
interaction area between the Stinger PDC cutter and the rock is the
three-dimensional conical surface G-DAC. The plane xoy coincides
with the top surface of the rock, which is the horizontal plane. The
intersection line of the Stinger PDC cutter and the horizontal plane
is an ellipse. It can be expressed by:

x2

a2
þ y2

b2
¼1 ða＞b＞0Þ (A-1)

Fig. A-1. Schematic of the interaction area between the Stinger PDC cutter and the
rock

Thus, OA ¼ OB ¼ a, OD ¼ OC ¼ b. In addition, the cone tip angle
:AGB is p=2 as shown in Fig. 3(a). Hence, OG ¼ OA ¼ OB ¼ a. The
points E, C, F, D are located on a circle, which is perpendicular to the
axis of the Stinger PDC cutter GH, and the center of the circle is point
K . Thus, KE ¼ KC ¼ KF ¼ KD. The angle between this circle and the
horizontal plane is the cutting angle a. According to the geometrical
relationships, the following equations can be obtained: :KFG ¼
p=4, :OBG¼:OGB ¼ p=4�a,:KOG¼ :KFGþ :OGB ¼ p⁄ 4þ p

=4� a ¼ p⁄ 2� a. In RtDOKG, KG ¼ OG$sinð:KOGÞ ¼ a$cosa, KO ¼
OG$cosð:KOGÞ ¼ a$sina. In RtDKOD, there is the following
relationship:
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b ¼ OD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KD

2 � KO
2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða,cosaÞ2 � ða,sinaÞ2

q

¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2a� sin2a

q
(A-2)

In RtDAGB, :GAB ¼ p=2�:OBG ¼ p=4þa. Therefore, AB can
be expressed as:

AB ¼ h
tanð:GABÞ þ

h
tanð:GBAÞ ¼ 2h,

1þ tan2a

1� tan2a
¼ 2a (A-3)

where h is the cutting depth.
PointM is the projection of the vertex G of the Stinger PDC cutter

into the horizontal plane as shown in Fig. A-1(b). The line from any
point Qð � a$cosb;�b$sinbÞ on the elliptic arc AC to point G is the
hypotenuse of a right triangle, and the other two legs of the right
triangle are MQ and the cutting depth h, respectively. Hence, set
m ¼ OM, it can be expressed as:

m ¼ OA�MA ¼ a� h
tanð:GABÞ ¼ a� h

1� tana
1þ tana

(A-4)

The point M is ð�m;0Þ and the point Q is ð � a$cosb;�b$sinbÞ.
Therefore, the length of the line segment GQ can be expressed as:

GQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MQ

2 þ h2
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2cos2bþ b2sin2bþm2 � 2amcosbþ h2

q
(A-5)

When b ¼ p=2, GQ ¼ GC, and GC ¼ GE ¼
ffiffiffi
2

p
GK ¼

ffiffiffi
2

p
acosa. Thus,

there is the following equation:

b2 þm2 þ h2 ¼ 2a2cos2a (A-6)

Substituting Eq. (A-2) into Eq. (A-6) gives:

m2 þ h2 ¼ a2

a2 þ b2 ¼ 2a2cos2a
a2 � b2 ¼ 2a2sin2a

(A-7)

Substitute Eq. (A-7) into Eq. (A-5), GQ can be simplified as:

GQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2 sin2acos2b� 2amcosbþ 2a2cos2a

q
(A-8)

The interaction area Sr�c can be derived by integrating b, it can
be expressed as:

Sr�c¼2
ðp2

0

1
2
,GQ,ds¼

ðp2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a2sin2acos2b�2amcosbþ2a2cos2a

q
,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2sin2bþb2cos2b

q
,db ¼

ffiffiffi
2

p
a2

ðp2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2acos2b�m

a
cosbþcos2a

r
,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2sin2acos2b

q
,db (A-9)

Set A¼ sin2a， B¼ m=a, Eq. (A-9) can be expressed as:



Sr�c ¼
ffiffiffi
2

p
a2

ðp2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2A2cos4bþ 2ABcos3bþ

�
2A2 � A

�
cos2b� Bcosbþ ð1� AÞ

r
,db (A-10)
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Set K1 ¼� 2A2， K2 ¼ 2AB, K3 ¼ 2A2 � A, K4 ¼� B, K5 ¼ 1� A,
Eq. (A-10) can be expressed as:

Sr�c ¼
ffiffiffi
2

p
a2

ðp2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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