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a b s t r a c t

Hydraulic fracturing is a crucial technology for improving permeability and production of shale reser-
voirs. The precise estimation of the stress distribution has a significant guidance for optimizing the
placement of hydraulic fracturing. Assuming that the shale gas reservoir is a weakly anisotropic medium
with orthorhombic symmetry, a new stress indicator parameterized by rock mechanical parameters and
fracture parameters is firstly presented to predict the differential horizontal stress ratio in shale gas
reservoirs. Then, we derive a novel simplified P-to-P reflection coefficient and a logarithmic normalized
elastic impedance (EI) as a function of Young's modulus, Poisson's ratio, Thomsen's WA parameter db and
normal excess compliance ZN. Next, we adopt azimuthal EI inversion in a Bayesian framework to estimate
rock mechanics parameters and fracture parameters directly on a fractured shale gas field seismic data.
Finally, the stress indicator is determined by utilizing four inverted parameters. Synthetic examples
demonstrate that the proposed approach produces stable parameter estimates even with moderate
noise, verifying the feasibility and effectiveness of the method. Test on a field data set illustrates that the
inversion results can be reasonably estimated, and the stress indicator derived by the inversion accords
with the geomechanics result. Compared with the previous method, the new stress indicator has a higher
capability to describe stress characteristics in the shale reservoir. We conclude that this stress evaluation
procedure can provide reliable guidance for well location deployment and hydraulic fracturing
reformation.
© 2022 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Stress prediction is one of the crucial technologies for hydraulic
fracturing and well location deployment in shale reservoirs.
Crampin (2001, 2006) utilized seismic shear-waves to indicate the
direction of the stress based on the shear-wave splitting phenom-
enon. Warpinski and Smith (1989) described the rock mechanics
and fracture geometry and proposed that the stress is important to
hydraulic fracturing. Price and Cosgrove (1990) deduced a theo-
retical foundation for using curvature to estimate the stress. Iverson
(1995) expanded in-situ horizontal stress formulas into anisotropic
rocks and improved the accuracy of stress prediction. Sayers (2004)
and Macbeth et al. (2012) used time-lapse seismic method to
g).

y Elsevier B.V. on behalf of KeAi Co
predict the stress. Starr (2011) used seismic data to estimate the
closure stress gradient. Sena et al. (2011) combined well-log in-
formation and prestack seismic data to estimate geomechanical
properties and in-situ principal stresses. Gray et al. (2010, 2012)
considered anisotropic characteristics of subsurface media and
proposed the differential horizontal stress ratio (DHSR) to evaluate
the stress property of unconventional reservoirs. Brew (2012) used
anisotropy theory to identify the location and magnitude of
regional stress and illustrated that there is a certain correlation
between stress and azimuthal seismic data, but the quantitative
relationship is unclear. Zhang et al. (2015) established a petrophy-
sics model based on the prior information to obtain the elastic
stiffness matrix of fractured anisotropic media and described the
stress distribution of unconventional reservoirs. Ma et al. (2017,
2018) derived a new stress indicator expressed by shear-wave ve-
locity and fracture parameters for the induced fracture ortho-
rhombic model and used azimuthal pre-stack seismic data to
mmunications Co. Ltd. This is an open access article under the CC BY-NC-ND license
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estimate DHSR. Du et al. (2021) modified the DHSR equation for
evaluating the stress property of the equivalent HTI media for gas-
bearing shale reservoirs. Chen et al. (2020) present a nonlinear
inversion workflow for a stress-sensitive parameter based on the
CP model.

Young's modulus and Poisson's ratio, as a kind of geomechanical
parameters, play a crucial role in predicting in-situ stresses acting
on shale reservoirs (Sena et al., 2011). Iverson (1995) shows that
Young's modulus and Poisson's ratio can be used to estimate the in-
situ stress state of anisotropic rocks. As the concept of rock brit-
tleness, Young's modulus reflects the rocks' ability to maintain a
fracture under stress and Poisson's ratio reflects the rocks' ability to
fail once the rock fractures. Brittle shale is more likely to develop
fractures and respond to hydraulic fracturing treatments (Rickman
et al., 2008). Gray et al. (2012) illustrated that DHSR, as the differ-
ential ratio of the maximum and minimum horizontal stresses
calculated from Young's modulus and Poisson's ratio, is a very
important parameter in determining how these rocks will fracture
under the stresses induced by hydraulic fracturing. On the other
hand, fractures are important storage zones of hydrocarbon in shale
reservoirs (Bachrach et al., 2009; Pan et al., 2018a). The actual shale
reservoir is usually assumed to a weakly orthorhombic media
constructed by a suite of parallel vertical fractures embedded in a
vertical transversely isotropic background. Thomsen's weakly
anisotropic parameters and fracture weaknesses play a significant
role in fracturedmedia, but it is difficult to derive an analytical P-to-
P reflection coefficient expression due to the complexity of seismic
wave propagation. Much researches have been discussed in
simplifying the reflection coefficient expression of orthorhombic
media (Rüger, 2002; P�sen�cík and Martins, 2001; Bachrach et al.,
2009; 2015). Bakulin et al. (2002) integrated the relations be-
tween Thomsen's weakly anisotropic parameters and fracture
weaknesses to estimate fracture parameters of orthorhombic
models. Pan et al. (2018b) combined the weak anisotropic
assumption and scattering theory to derive linearized reflection
coefficient expressed by moduli parameters, density, and aniso-
tropic parameters in an orthorhombic medium. In the last decades,
elastic impedance inversion method has beenwidely implemented
in seismic inversion due to its practicability (Connolly, 1999;
Mallick, 2001; Martins, 2006; Yin et al., 2013).

Under the assumptions that the shale gas reservoir is a weakly
orthorhombic medium constituted by horizontal layered strata
with vertical fractures, we first construct a new orthorhombic dif-
ferential horizontal stress ratio (ODHSRnew) utilizing Young's
modulus, Poisson's ratio, and fracture parameters as the stress in-
dicator. Next, we deduce a simplified P-to-P reflection coefficient
and an azimuthal elastic impedance expression in terms of Young's
modulus, Poisson's ratio, Thomsen's WA parameter, and normal
excess compliance. Finally, we estimate rockmechanics parameters
and fracture parameters directly by using Bayesian EI inversion
approach and calculate the new stress indicator ODHSRnew.
Compared with previous azimuthal EI inversion, the proposed
approach avoids accumulation errors caused by the indirect esti-
mation of Young's modulus and Poisson's ratio and improves the
stability of inversion process since reducing the number of esti-
mated parameters. The test results are consistent with geology
interpretation in the study field and demonstrate that the proposed
approach has the potential of precise stress prediction.

2. Theory and method

2.1. Stress indicator for weakly orthorhombic media

Schoenberg and Helbig (1997) presented that a single suite of
parallel vertical fractures embedded in a VTI medium can be taken
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as an orthorhombic medium (Fig. 1), and the effective elastic
compliance tensor SOA of the orthorhombicmedium is expressed as
(Rüger, 2002)

SOA ¼ C�1
OA ¼

2
6666664

s11 s12 s13 0 0 0
s12 s22 s23 0 0 0
s13 s23 s33 0 0 0
0 0 0 s44 0 0
0 0 0 0 s55 0
0 0 0 0 0 s66

3
7777775
; (1)

where, the compliance coefficients sij (i ¼ 1e6, j ¼ 1e6) in the
matrix are related to rock mechanical parameters and fracture
parameters (Pan et al., 2018a), which are given in detail in
Appendix A.

Based on the constitutive equation of orthorhombic media and
the general expression of Hooke's law, the relationship between the
strain and the stress with the compliance matrix is expressed as

2
6666664

ε1
ε2
ε3
ε4
ε5
ε6

3
7777775
¼

2
6666664

s11 s12 s13 0 0 0
s12 s22 s23 0 0 0
s13 s23 s33 0 0 0
0 0 0 s44 0 0
0 0 0 0 s55 0
0 0 0 0 0 s66

3
7777775

2
6666664

s1
s2
s3
s4
s5
s6

3
7777775
; (2)

where, εi (i¼ 1e6) represents the strain tensor of the orthorhombic
medium, and si (i ¼ 1e6) represents the stress tensor of the
orthorhombic medium.

Under the assumptions that one principal stress is vertical, the
other two are horizontal, and the rock is bounded and cannot be
moved, so the strains in all direction of the rock is zero (Gray et al.,
2012).

εx ¼ ε1 ¼ s11sx þ s12sy þ s13sz ¼ 0 (3)

εy ¼ ε2 ¼ s12sx þ s22sy þ s23sz ¼ 0 (4)

where, εx and εy represent the xz� and xy� plane stress tensors,
respectively. sx, sy and sz represent the xz� and xy� plane strain
tensors, respectively.

Using the compliance coefficients sij expressed by Young's
modulus, Poisson's ratio, and fracture parameters in Eq. (1) to re-
express Eqs. (3) and (4), we derive the minimum horizontal stress
sx and the maximum horizontal stress sy in terms of rock me-
chanical parameters and fracture parameters as

sx ¼ sz
s12s23 � s13s22
s11s22 � s212

¼ sz
s� Esð1�sÞ

ð1þsÞð1�2sÞZN þ ð1� sÞdb
1� s� Es2

ð1þsÞð1�2sÞZN
(5)

sy ¼ sz
s12s13 � s11s23
s11s22 � s212

¼ sz
s� Es2

ð1þsÞð1�2sÞZN þ ð1� sÞdb
1� s� Es2

ð1þsÞð1�2sÞZN
; (6)

where sz represents the vertical stress of weakly orthorhombic
media, E and s represent Young's modulus and Poisson's ratio of
homogeneous isotropic media, db is the Thomsen's WA parameter
of VTI background media, and ZN is the normal excess compliance
of aligned vertical fractures (Thomsen, 1986; Schoenberg and
Helbig, 1997).

Hence, a new stress indicator for orthorhombic media,
ODHSRnew, which is parameterized by rock mechanics parameters
and fracture parameters, is given by
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ODHSRnew ¼ sy � sx
sy

¼ EsZNð1� 2sÞ
2s3ðdb � 1Þ � s2ðEZN þ db þ 1Þ þ sð1� 2dbÞ þ db

(7)
RisoPP ðqÞ ¼
�

1
2ðnþ 2Þsec

2qþ n
2ðnþ 2Þ � 2gsin2q

	
DE
E

þ
�
2gsin 2 q

1� 2g
3� 4g

þ
�

1
2ðnþ 2Þ sec

2 qþ n
2ðnþ 2Þ

	� ð2g � 3Þð2g � 1Þ2
gð4g � 3Þ

Ds
s

(11)
To avoid the error accumulation of indirect calculations and
enhance the stability of inversion process, we next discuss a
simplified four-term P-to-P reflection coefficient in terms of
Young's modulus E, Poisson's ratio s, Thomsen's WA parameter db,
and normal excess compliance ZN and then implement Bayesian
elastic impedance (EI) inversion workflow to directly estimate
unknown parameters.

2.2. Derivation of P-to-P reflection coefficient and azimuthal elastic
impedance for a weakly orthorhombic medium

Based on the weakly anisotropic theory and scattering function,
Pan et al. (2018a) proposed a P-to-P reflection coefficient of
orthorhombic media expressed by P- and S-wave moduli, density,
and five anisotropic parameters.

RPPðq;4Þ ¼ RisoPP ðqÞ þ DRaniPP ðq;4Þ (8)

where,

RisoPP ðqÞ ¼
sec 2 q

4
DM
M

� 2gsin 2 q
Dm
m

þ 1
2

�
1� sec 2 q

2

�
Dr

r
(9)
DRaniPP ðq;4Þ ¼
sin 2 qtan 2 q

2
Dεb þ

sin 2 q

2
Ddb �

sec 2 q

4

h
2
m

M

�
sin 2 qsin 2 4þ cos 2 q

�
� 1

i2
DdN

þm

M
sin 2 qcos 2 4DdT �

m

M
sin 2 qtan 2 qsin 2 4cos 2 4DdH

(10)
where, E, m, and r represent P-wave modulus, S-wavemodulus, and
density of the isotropic background, respectively. εb and db are
Thomsen's weakly anisotropic parameters of VTI background, dN,
dT, and dH are the normal fracture weakness, vertical fracture
weakness and horizontal tangential fracture weakness, respec-
tively. The sign D represents the perturbation across the reflection
interface.

However, the linearized P-to-P reflection coefficient proposed
by Pan et al. (2018a) is complicated and difficult to invert all eight
parameters accurately using observed seismic datasets. To solve
this problem, we first select rock mechanics parameters and
2066
fracture parameters which have crucial impacts in stress prediction
of shale gas reservoirs to simplify Eq. (8).

For the isotropic section RisoPP ðqÞ, referring to the approximate
reflection coefficient formula derived by Zong et al. (2012), we use
the relationship between the density and P-wave velocity of
Gardner formula (Gardner et al., 1974) to eliminate the density term
(Du et al., 2015), so the simplified expression is given by
where, g ¼ ð1 � 2sÞ=ð2 � 2sÞ, q is the incidence angle, 4 is the
azimuthal angle, E and s are the averages over the interface, DE, Ds,
Ddb, and DZN are the corresponding contrasts, and the constant n
represents the power exponent of P-wave velocity in Gardner for-
mula, which is related to the rock characteristics of shale reservoirs.
In this study, we set n ¼ 0:044.

For the anisotropic section DRaniPP ðq;4Þ, in the case of a weakly
anisotropic medium, we neglect the higher-order terms about DdH,
and when fractured reservoirs are filled with gas, we can replace
DdT with DdN (Bakulin et al., 2000)

DdT ¼ 4gð1� gÞ
3� 2g

DdN: (12)

We use the relationship between the normal fracture compli-
ance and the normal fracture weakness to yield (Schoenberg and
Helbig, 1997)

DdN ¼ Eð1� gÞ
gð3� 4gÞZN (13)

Substituting Eq. (12) and Eq. (13) into Eq. (10), the anisotropic
part DRaniPP ðq;4Þ is given by
DRaniPP ðq;4Þ ¼
1
2
sin 2 qDdb þ

�

� 1
4
sec 2 q

h
2g

�
sin 2 qsin 2 4þ cos 2 q

�
� 1

i2
þ 4g2ð1� gÞ

3� 2g
sin 2 qcos 2 4

�
Eð1� gÞ
gð3� 4gÞDZN

(14)

Combining Eq. (11) and Eq. (14), we obtain the simplified P-to-P
reflection coefficient for a weakly orthorhombic medium as



Fig. 1. An orthorhombic model combining thin horizontal layers and a set of parallel
vertical cracks (Rüger, 2002).
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� 1
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�
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3� 2g
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DZN

(15)
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We use a two-layer model (in Table 1) to analyze the accuracy of
the novel approximation in Eq. (15). Table 1 shows elastic param-
eters and fracture parameters of the isotropic and the ortho-
rhombic medium. Fig. 2 display the comparison of the novel
approximation (the curves in green), the approximation of Pan et al.
(2018b) (the curves in red), and the exact equation of Zoeppritz and
Erdbebenwellen (1919) (the curves in black) for azimuths of 0� and
90�. We observe that the novel approximate equation are in good
agreement with exact Zoeppritz's equation when the incidence
angle is less than 40�. Compared with the approximation of Pan
et al. (2018b), the proposed novel equation is more accurate at
large azimuthal angles.

To further analyze the sensitivity of the P-to-P reflection coef-
ficient to model parameters, we use the model parameters given by
the two-layer model (in Table 1) to calculate the reflection co-
efficients by using Eq. (15).

First, we illustrate the perturbations in Young's modulus E,
Poisson's ratio s that how they affect the reflection coefficient
equation. Fig. 3a shows that the reflectivity of Young's modulus DE=
E contributes to RPP over the whole range of incidence and
azimuthal angles with a close weight, which means that DE=E can
be invertedwell. Fig. 3b shows that the reflectivity of Poisson's ratio
Ds=s also contributes to RPP over the whole range of incidence and
azimuthal angles, but it is more responsive at the large angles.
Table 1
Elastic and anisotropic parameters of the two-layer model.

Layers a, km=s b, km=s r, g=cm3 db εb dN dT dH

Isotropic 5.049 3.342 2.541 0.000 0.000 0.000 0.000 0.000
OA 4.645 2.851 2.395 0.07 0.1 0.541 0.240 0.065
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Therefore, the seismic data containing large incidence angle in-
formation is necessary to estimate Ds=s accurately.

Fig. 3c and d show that the effects of perturbations in Thomsen's
WA parameter db and the normal excess compliance ZN on the P-to-
P reflection coefficient. We observe that reflection amplitudes in
the range of small incidence angle almost have no perturbation
with the variation of Thomsen's WA parameter Ddb, but it is
responsive at the large incidence angle of approximately 40�

(Fig. 3c). Meanwhile, the perturbations in DZN contribute to the
reflection coefficient among the full range of incidence and
azimuthal angles, especially it is sensitive over the middle inci-
dence angle of 20� (Fig. 3d). Therefore, we need high-angle seismic
data to estimate db and ZN precisely.

Following Connolly (1999) and Martins (2006), we obtain the
relationship between P-to-P reflection coefficient and azimuthal
elastic impedance:

RPPz
1
2
DEI

EI
z

1
2
D ln EI; (16)
where,

DEEzD ln E DsszD ln s; (17)

Combining Eqs. 15e17, we derive the perturbation in EI as

DlnEI¼
�

1
nþ2

sec2qþ n
nþ2

�4gsin2q

�
DlnE

þ
"
4gsin2q

1�2g
3�4g

þ
�

1
nþ2

sec2qþ n
nþ2

�ð2g�3Þð2g�1Þ2
gð4g�3Þ

#
Dlns

þsin2qDdbþ
Eð1�gÞ
ð3�4gÞ

�
� 1
2g

sec2q
h
2g

�
sin2qsin24þcos2q

�
�1

i2
þ8gð1�gÞ

3�2g
sin2qcos24

�
DZN

(18)

Finally, we obtain the elastic impedance expression as

EIðq;4Þ ¼ EI0

�
E
E0

�aðqÞ� s

s0

�bðqÞ
exp½cðqÞdb þ dðq;4ÞZN � (19)

where,

aðqÞ¼ 1
nþ 2

sec2qþ n
nþ 2

� 4gsin2q; (20)



Fig. 2. Comparison of Zoeppritz's equation (the curves in black), Pan's approximation (the curves in red), and the novel approximation (the curves in green) for azimuths of 0� and
90� .
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bðqÞ¼4gsin 2 q
1� 2g
3� 4g

þ
�

1
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sec 2 qþ n
nþ 2

� ð2g � 3Þð2g � 1Þ2
gð4g � 3Þ ; (21)

cðqÞ¼ sin 2 q (22)
dðq;4Þ¼ Eð1� gÞ
ð3� 4gÞ

�
� 1
2g

sec 2 q
h
2g

�
sin 2 qsin 2 4þ cos 2 q

�
� 1

i2 þ8gð1� gÞ
3� 2g

sin 2 qcos 2 4

�
(23)
2.3. Bayesian EI inversion for Young's modulus, Poisson's ratio, and
orthorhombic anisotropic characteristic parameters

Bayesian EI inversion workflow is widely used to estimate
elastic parameters (e.g., Young's modulus and Poisson's ratio) and
fracture parameters (e.g., Thomsen parameters and fracture
compliance), we accomplish it as a two-step process involving: 1)
8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ln
�
EIðq1;41Þ

EI0

	
¼ aðq1Þln

�
E
E0

�
þ bðq1Þln

�
s

s0

�
þ cðq1Þdb þ dðq1;41Þ

«

ln
�
EIðqk;41Þ

EI0

	
¼ aðqkÞln

�
E
E0

�
þ bðqkÞln

�
s

s0

�
þ cðqkÞdb þ dðqk;41ÞZ

«

ln
�
EIðq1;4mÞ

EI0

	
¼ aðq1Þln

�
E
E0

�
þ bðq1Þln

�
s

s0

�
þ cðq1Þdb þ dðq1;4m

«

ln
�
EIðqk;4mÞ

EI0

	
¼ aðqkÞln

�
E
E0

�
þ bðqkÞln

�
s

s0

�
þ cðqkÞdb þ dðqk;4mÞ
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the inversion for anisotropic EI datasets using partially incidence-
angle-stacked seismic data; and 2) the estimation of Young's
modulus, Poisson's ratio, and anisotropic parameters from the
inverted EI datasets.

Analyzing the azimuthal anisotropic elastic impedance formula
in Eq. (19), we observe that there is a nonlinear exponential rela-
tionship between rock mechanics parameters and anisotropic pa-
rameters and azimuthal elastic impedance. In the present study, we
first express the logarithmic azimuthal EI as
ln
�
EIðq;4Þ
EI0

	
¼ aðqÞln

�
E
E0

�
þ bðqÞln

�
s

s0

�
þ cðqÞdb þ dðq;4ÞZN:

(24)

In the case of m azimuthal angles and k incidence angles, Eq.
(24) is expressed as
ZN

N

ÞZN

ZN

; (25)



Fig. 3. Effects of perturbations in Young's modulus E, Poisson's ratio s, Thomsen's WA parameter db, and the normal excess compliance ZN on the reflection coefficient, where (a)
DE=E variation from �0.2 to 0.2, (b) Ds=s variation from �0.2 to 0.2, (c) Ddb variation from �0.2 to 0.2, and (d) DZN variation from �0.2 to 0.2. The interval of changes in model
parameters is 0.1. The bottom sheets of (a)e(d) correspond to model parameter values of �0.2.
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To solve Young's modulus E, Poisson's ratio s, Thomsen's weakly
anisotropic parameter db, and the normal excess compliance ZN, Eq.
(25) can be concisely given by
d¼

2
666666664

LEIðq1;f1Þ
«
LEIðqk;f1Þ
«
LEIðq1;fmÞ
«
LEIðqk;fmÞ

3
777777775
kmJ�1

;m ¼

2
664
LE
Ls
db
ZN

3
775
4J�1

;G ¼

2
666666664

Aðq1Þ Bðq1Þ Cðq1Þ
« « «
AðqkÞ BðqkÞ CðqkÞ
« « «
Aðq1Þ Bðq1Þ Cðq1Þ
« « «
AðqkÞ BðqkÞ CðqkÞ
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where,
Dðq1;f1Þ
«
Dðqk;f1Þ
«
Dðq1;fmÞ
«
Dðqk;fmÞ

3
777777775
kmJ�4J

(26)



Fig. 4. The well-log data calculated by rock-physics model: Young's modulus E, Poisson's ratio s, Thomsen's WA parameter db, and the normal excess compliance ZN.
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and where, LEI ¼
�
ln
�

EI
EI0

�1
;/; ln

�
EI
EI0

�J
	T
J�1

, LE ¼

½ln E1;/; ln EJ �TJ�1, Ls ¼ ½ln s1;/; ln sJ �TJ�1, db ¼ 

db

1
;/; db

J�T
J�1,

ZN ¼
h
ZN

1;/; ZN
J
iT
J�1

,

AðqiÞ ¼ diag
h
a1ðqiÞ;…; aJðqiÞ

i
J�J

; BðqiÞ

¼ diag
h
b1ðqiÞ;…; bJðqiÞ

i
J�J

; CðqiÞ

¼ diag
h
c1ðqiÞ;…; cJðqiÞ

i
J�J

; DðqiÞ

¼ diag
h
d1

�
qi;4j



;…; dJ

�
qi;4j


 i
J�J

:

in which qi and 4j are the ith incidence angle and the jth azimuth,
respectively. The superscript and subscript J represents the number
of interfaces, and the diag means the diagonal matrix.

To solve the problem that model parameters have a general
correlation, we need to do the decorrelation process, which is given
in detail in Appendix B. Following the prestack EI inversion method
and Bayesian theory introduced by Zong et al. (2012), we use
Cauchy distribution as the prior probability model pðm0 Þ, and as-
sume that the seismic data noise conforms to the Gaussian distri-
bution and use it as the likelihood function pðdjm0 Þ. Hence, the
posterior probability distribution function of the model parameter
is consisted of the prior probability model and the likelihood
function as

pðm0
;snjdÞfpðm0 Þpðdjm0 Þ ¼

Y4J
i¼1

"
1

1þm02
i

.
s2m0

#

,exp

"
� ðG0

m
0 � dÞTðG0

m
0 � dÞ

2s2n

#
;

(27)

where s2n represents the noise variance, and s2m0 represents the
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variance of model parameter vector.
To enhance the stability of the inversion and maximize the

posterior probability distribution, we next add the low-frequency
constraints to the objective function, so the objective function is
expressed as

Fðm0 Þ ¼ ðd� G
0
m

0 ÞT ðd� G
0
m

0 Þ þ 2s2n
XM
i¼1

ln
�
1þm02

i

.
s2m0

�
þ L

(28)

where,

L ¼ lE
�
hE � PL

0
E

T�

hE � PL
0
E

þ ls

�
hs � PL

0
s


T�
hs � PL

0
s



þ ldb

�
hdb � PL

0
db

�T�
hdb � PL

0
db

�
þ lZN

�
hZN � PL

0
ZN

�T�
hZN

� PL
0
ZN

�

hE ¼ 1
�
2*lnðLE=LE0Þ; hs ¼ 1

�
2*lnðLs=Ls0Þ; hdb

¼ 1
�
2*ln

�
Ldb

�
Ldb0



; hZN ¼ 1

�
2*ln

�
LZN

�
LZN0



and lE , ls, ldb , and lZN are the constraint coefficients for the un-
known parameter to be estimated, LE0, Ls0, Ldb0, and LZN0 indicate
the initial model parameters.

3. Examples

3.1. Synthetic examples

To validate the feasibility of the proposed inversion strategy, a
well-log data of the shale gas reservoir is used as true model pa-
rameters. Young's modulus E, Poisson's ratio s, Thomsen's weakly
anisotropic parameter db, and the normal excess compliance ZN can
be calculated by the shale equivalent rock-physics model in Fig. 4.
Based on the convolution model, a 35 Hz Ricker wavelet is used to
generate synthetic seismic gathers at different incidence and



Fig. 5. Synthetic seismic angle gathers, in which (a) represents the case of noise-free, (b) represents the case of SNR ¼ 5, (c) represents the case of SNR ¼ 2.
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azimuthal angles in Fig. 5. Azimuths are 60�, 90�, 120�, and 150�,
and incidence angles range from 0� to 30�. Then we perform the
Bayesian EI inversion for four model parameters, as shown in
Figs. 6e11. In the case of noise-free synthetic seismic gathers being
employed in the inversion, comparisons between the initial models
(in green), the true values (in blue), and inverted results (in red) of
Young's modulus E, Poisson's ratio s, Thomsen's WA parameter db,
and the normal excess compliance ZN are displayed in Fig. 6. To
validate the accuracy of the inversion results with no noise in
seismic data, we show the relative prediction errors of model pa-
rameters which is the difference between true values and inversion
results divided by true values in Fig. 7. We observe the errors of
Young's modulus E, Poisson's ratio s are about within 4%, the errors
of Thomsen's WA parameter db and the normal excess compliance
ZN are about within 20%, which illustrates the parameters can be
estimated reasonably. Considering to add Gaussian noise into the
synthetic seismic gathers, we generate the synthetic seismic traces
with different signal-to-noise-ratios (SNR) to further examine the
stability and robustness of the inversionworkflow. In Figs. 8 and 10,
we show the comparison between the real and estimated E, s, db,
and ZN for the case of SNR of 5 and 2, respectively. In Figs. 9 and 11,
we can also see that the relative errors of Young's modulus E,
Poisson's ratio s are controlled within 5%, and the relative errors of
fracture parameters are controlled within 30% even in the case of
noise. The inversion results still have a high degree of agreement
with the well log data, even though adding Gaussian random noise.
Therefore, tests on synthetic seismic data demonstrate the feasi-
bility and robustness of our new inversion approach.
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3.2. Field data example

In order to demonstrate the stability and effectiveness of this
new stress indicator, a field-data example of prestack seismic angle
gathers is utilized to implement the Bayesian EI inversion. The
seismic data of incidence angles of 5� (stacked over 0�e10�), 15�

(stacked over 10�e20�), and 25� (stacked over 20�e30�), and the
azimuths of 60� (stacked over 30�e90�), 90� (stacked over
60�e120�), 120� (stacked over 90�e150�), and 150� (stacked over
120�e180�) are utilized as the input datasets.

Real data acquired is situated in the Sichuan Basin, Southwest of
China. The lithology is mostly black shale which contains brittle
minerals of quartz, feldspar, and carbonate. The reservoir zone is
situated at the bottom of the Longmaxi Formation and is rich in bio-
silica with a content ranging from 60% to 70%. The average value of
the total organic carbon (TOC) content which is an important in-
dicator for the hydrocarbon potential of shale reservoirs is 3.9%. The
average total porosity is about 5.1%. The average gas saturation is
65%. Fig. 12 shows the results of the formation microimager (FMI)
and fracture dip information of the different layers from well A.
From Fig. 12, we can see that in a burial depth of 3530e3582 m, the
Longmaxi Formation is a high-quality reservoir with plenty of
vertical or near-vertical fractures and a small number of horizontal
fractures developed. Therefore, we assume this gas-bearing shale
reservoirs to be orthorhombic media.

First, we use the azimuthal angle gathers with four azimuths to
perform the Bayesian EI inversion. Fig. 13 shows the corresponding
azimuthal EI inversion results with three incidence angles and four



Fig. 6. Comparisons between inversion results (red), initial model values (green), and true values (blue) of the model parameters without noise.

Fig. 7. Relative errors of the predicted model parameters without noise.
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azimuths, in which (a) represents the estimated EI datasets with
four different azimuths (60�, 90�, 120�, and 150�) at small incidence
angle of 5�, (b) represents the estimated EI datasets at middle
incidence angle of 15�, and (c) represents the estimated EI datasets
at large incidence angle of 25�. In Fig. 13, the red lines point out the
position of well log, and the white ellipses indicate the location of
target reservoirs. EI inversion results show relatively low values in
the vicinity of the shale reservoir.

We use the estimated azimuthal EI datasets to estimate Young's
modulus E, Poisson's ratio s, Thomsen's WA parameter db, and the
normal excess compliance ZN, as shown in Fig. 14 and Fig. 15.
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Figs. 14 and 15 show that the gas-bearing shale reservoir in the well
is in the white ellipse area, which is within the time window from
1923 to 1945 ms. We observe that the inverted Young's modulus
and Poisson's ratio exhibit relatively low values, while fracture
parameters exhibit anomalously high values in the target area of
the shale reservoir. Meanwhile, they all match the well log infor-
mation, and the estimated profiles have fine continuity, which are
consistent with the previous geology knowledge. Finally, the stress
indicator ODHSRnew is predicted utilizing the estimated unknown
parameters. Fig. 16 shows the inversion result of ODHSRnew, and the
high values marked by the white ellipse in the profile represent the



Fig. 8. Comparisons between inversion results (red), initial model values (green), and true values (blue) of the model parameters with SNR ¼ 5.

Fig. 9. Relative errors of the predicted model parameters with SNR ¼ 5.
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placements most likely to fracture into networks. Fig. 17 shows the
comparisons between inversion results (red) and the smooth re-
sults of well logs (blue) at the well location. From Figs. 16 and 17, we
observe there is a goodmatch between the inversion result and the
well-log data. The anomalously high ODHSRnew areas in white el-
lipse indicate that there exist a variety of natural micro-fracture in
the gas-saturated shale reservoir, and have the potential to develop
multidirectional fractures for hydrocarbon migration and
accumulation.

To further examine the reliability of the proposed approach, we
provide a comparison analysis between the proposed approach and
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the previous one. In Fig. 18, we show the estimated result of DHSR
which is proposed by Gray (2002). The applicability of the previous
stress indicator is restricted to the assumption of isotropic media
and HTI media. The novel stress indicator ODHSRnew, constructed
based on the orthorhombic medium, have a more accurate identi-
fication of the stress state in actual shale reservoirs. Compared
Fig. 18 with Fig. 16, we find that the lateral continuity of the
inverted DHSR from the previous method is not as great as the
novel stress indicator proposed, and the new stress indicator has a
higher capability to describe stress characteristics than the con-
ventional stress indicator in the target shale reservoir.



Fig. 10. Comparisons between inversion results (red), initial model values (green), and true values (blue) of the model parameters with SNR ¼ 2.

Fig. 11. Relative errors of the predicted model parameters with SNR ¼ 2.
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4. Conclusions

The stress prediction is crucial for guiding the well location
deployment and hydraulic fracturing of the gas-bearing shale
reservoir. First, considering the complicated fractured shale for-
mations in the field as a weakly orthorhombic medium, we
construct a new stress indicator expressed by Young's modulus,
Poisson's ratio, Thomsen's WA parameter and normal excess
compliance for a weakly orthorhombic medium. Second, we derive
and test a new simplified P-to-P reflection coefficient over a weakly
orthorhombic medium that reduces the number of inverted pa-
rameters and enhances the robustness of the inversion. Based on
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Bayesian azimuthal EI inversion workflow, inversion tests on the
synthetic examples show that rock mechanics parameters and
fracture parameters can be reasonably estimated in a gas-bearing
shale reservoir, and demonstrate the feasibility of the proposed
new equation and the robustness of the inversion approach.
Inversion tests on the field data examples reveal that the proposed
inversion method is stable and reliable for parameter estimation,
and the inverted results agree with well-log interpretation and
geological prior information. Compared with the conventional
method, the new approach effectively prevents the error accumu-
lation and reduces the inversion multiplicity in stress evaluation.
Finally, the distribution of stress indicator in the researched area



Fig. 12. FMI image logging picture of the vertical well A.
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Fig. 13. (a) Shows inverted azimuthal EI at small incident angle of 5� , (b) shows inverted azimuthal EI at middle incident angle of 15� , and (c) shows inverted azimuthal EI at large
incident angle of 25� . The red curve represents the well curve of EI data.
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Fig. 14. (a) Shows the estimation of Young's modulus E from azimuthal EI datasets, (b) shows the estimation of Poisson's ratio s from azimuthal EI datasets.

Fig. 15. (a) Shows the estimation of Thomsen's WA parameter db from azimuthal EI datasets, (b) shows the estimation of normal excess compliance ZN from azimuthal EI datasets.

Fig. 16. Estimation of the stress indicator ODHSRnew with proposed method in this study.
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agrees well with the well information and can indicate the fracture
developed zones. We conclude that the proposed stress indicator
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can provide theoretical guidance for stress evaluation and frac-
turing reformation for the shale gas reservoir.



Fig. 17. Comparisons between inversion results (red) and the smooth results of well logs (blue) at the well location, where (a) shows the inverted Young's modulus, Poisson's ratio,
Thomsen's WA parameter and normal excess compliance, (b) shows the inverted ODHSRnew

Fig. 18. Estimation of the stress indicator DHSR with conventional method.
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Appendix A

The elements in the compliance matrix in Eq. (1) are

s11 ¼
c22c33 � c223

c11c22c33 þ 2c12c23c13 � c11c223 � c33c212 � c22c213
(A-1a)

s12 ¼
c23c13 � c12c33

c11c22c33 þ 2c12c23c13 � c11c223 � c33c212 � c22c213
(A-1b)

s13 ¼
c12c23 � c22c13

c11c22c33 þ 2c12c23c13 � c11c223 � c33c212 � c22c213
(A-1c)
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s22 ¼
c11c33 � c213

c11c22c33 þ 2c12c23c13 � c11c223 � c33c212 � c22c213
(A-1d)

s23 ¼
c12c13 � c11c23

c11c22c33 þ 2c12c23c13 � c11c223 � c33c212 � c22c213
(A-1e)

s33 ¼
c11c22 � c212

c11c22c33 þ 2c12c23c13 � c11c223 � c33c212 � c22c213
(A-1f)

s44 ¼
1
c44

(A-1g)

s55 ¼
1
c55

(A-1h)

s66 ¼
1
c66

(A-1i)

where, the stiffness components of the weakly orthorhombic me-
dia in Eqs. (A-1) presented by Pan et al. (2018b) are
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C11 ¼ Eð1� sÞ
ð1þ sÞð1� 2sÞ �

E2ð1� sÞ2
ð1þ sÞ2ð1� 2sÞ2

ZN

þ 2Eð1� sÞ
ð1þ sÞð1� 2sÞεb (A-2a)

C12 ¼ Es
ð1þ sÞð1� 2sÞ �

E2sð1� sÞ
ð1þ sÞ2ð1� 2sÞ2

ZN

þ 2Eð1� sÞ
ð1þ sÞð1� 2sÞεb �

2E
ð1þ sÞgb (A-2b)

C13 ¼ Es
ð1þ sÞð1� 2sÞ �

E2sð1� sÞ
ð1þ sÞ2ð1� 2sÞ2

ZN

þ Eð1� sÞ
ð1þ sÞð1� 2sÞdb (A-2c)

C22 ¼ Eð1� sÞ
ð1þ sÞð1� 2sÞ �

E2s2

ð1þ sÞ2ð1� 2sÞ2
ZN

þ 2Eð1� sÞ
ð1þ sÞð1� 2sÞεb (A-2d)

C23 ¼ Es
ð1þ sÞð1� 2sÞ �

E2s2

ð1þ sÞ2ð1� 2sÞ2
ZN

þ Eð1� sÞ
ð1þ sÞð1� 2sÞdb (A-2e)

C33 ¼
Eð1� sÞ

ð1þ sÞð1� 2sÞ �
E2s2

ð1þ sÞ2ð1� 2sÞ2
ZN (A-2f)

C44 ¼
E

2ð1þ sÞ (A-2g)

C55 ¼
E

2ð1þ sÞ �
E2

4ð1þ sÞ2
ZV (A-2h)

C66 ¼ E
2ð1þ sÞ �

E2

4ð1þ sÞ2
ZH � E

ð1þ sÞgb (A-2i)

where, E and s represent Young's modulus and Poisson's ratio of
homogeneous isotropic media, and εb, gb, db represent Thomsen's
weak anisotropic parameters of VTI background media, and ZN, ZV,
and ZH represent the normal, vertical and horizontal tangential
excess compliances of vertical fractures.

Appendix B

The covariance matrix of the reflection coefficients for unknown
parameters is given by

Cr ¼

2
66666664

s2LE sLELs sLEdb sLEZN

sLELs s2Ls sLsdb sLsZN

sLEdb sLsdb s2db sdbZN

sLEZN sLsZN sdbZN s2ZN

3
77777775
; (B-1)

where s2LE is the variance of LE , and sLELs is the covariance of LE and
Ls.
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The parameter covariance matrix Cr is decomposed as Eq. (28)
based on the singular value decomposition (SVD) method (Down-
ton 2005), which is given by

Cr ¼ uLuT ¼ u

2
6666664

s21 0 0 0

0 s22 0 0

0 0 s23 0

0 0 0 s24

3
7777775
uT; (B-2)

where u is the eigenvector and L is the diagonal matrix of eigen-
values. The inverse of the eigenvector u is given by

u�1 ¼

2
664
u11 u12 u13 u14
u21 u22 u23 u24
u31 u32 u33 u34
u41 u42 u43 u44

3
775: (B-3)

In the case of J time sampling, the sparse covariance matrix of
4J � 4J is represented as

U�1¼

2
666666666666666664

u11 0 … u12 0 … u13 0 … u14 0 …

0 u11 0 0 u12 0 0 u13 0 0 u14 0

/

u21 0 … u22 0 … u23 0 … u24 0 …

0 u21 0 0 u22 0 0 u23 0 0 u24 0

/

u31 0 … u32 0 … u33 0 … u34 0 …

0 u31 0 0 u32 0 0 u33 0 0 u34 0

/

u41 0 … u42 0 … u43 0 … u44 0 …

0 u41 0 0 u42 0 0 u43 0 0 u44 0

/

3
777777777777777775
4J�4J

: (B-4)

We decorrelate the parameter matrixes for Eq. (26). The pre-
conditioned coefficient matrix G and model matrix m are

�
G

0 ¼ GU
m

0 ¼ U�1m
; (B-5)

and

d ¼ G
0
m

0
; (B-6)

where G
0
represents the coefficient matrix after decorrelation, U

represents the decorrelation matrix, and m
0
represents the model

parameter vector to be estimated after decorrelation.
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